THE ALGORITHM FOR CALCULATING INTEGRALS OF HYPERGEOMETRIC
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Adanchik v.5., Marichev 0.1.
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The most veluminous bibliography of the analytical patheds for
cileulating ef integrals is represented in the article [19]. It is
shown there that the most effestive and the simplliess algorithn of
analytical integration was made by ©.I.Marichev {8, %, 12]. Later
it wag realized in the refecsnce-books [lé=%%, 20]. This algorithe
allows ud to caloulate definita and indefinite integrals of the
products of elementary and special functions of hypergesnetric Eype.

It smbraces about 70 per cent of ilntagrals which are included in the
world refersnca-literature. It allows te calculate many other inbags=
rala Boa.

The present article containa short descripcion of this algori-
thn and its realization in the REDUCE system during the process of
craation of INTEGRATOR system. Only ona gensral method of integrati=
on ia known to be realized on the computars, l.e. criteriom alae=
rithm for calculating of indaflnite integrals of elenentary functi=- 1
ons through elementery functions by themselwves {the aukthors of it
are M. Bronataln and other).

The idea of cur algorithn iz in the following. The Lnltial in-
tagrale is transfermed te esntour integral from the ratio of products |

of gamma-functions by means of Mel- |
Lin transform and parseval egquali-
Cy- The residue theorem is used for
the calculating of the receiwvad
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integral which duoe to the etrict rules regults in sups of hyperdecs
getric Eeeles. The valus &f integral iteelf and the integdrand fanc-
tions mee Lha spacinl cases of the well-known Heljer = G=functian
(4, 7. B, 12, 14, 181,

Progromaing paohket 1@ remlized in programming Langueges FASCAL
and BEDUCE. It slso effers the cpportanity of finding the values for
sope clessissl integral transferns (Laplooe, Henksl,Poorier, Hellln
and ste, ). The REDUCE's peet of packet contains the meain praperiies
of the well-knewn speoinl functichs, suoh oF the Bessel and geEma-
functione mnd kindred funetions, Anger funotien, Weber fanetion,
Whittaksr functions. generalized hypergeomstrle fupctlons. Speaial
plece in the pecket im gecupisd by Heijers’s G-function for which
the main propecties sush o= Finding the particular ceses mnd repre-
santatisn by means of hypergecmetric series mre pealized.

l;-E!!li!jgggx_ig:ggllgjgg_ k= 1t is known frow the residus
theory the follewing formola helds

ey j fsige =5 res HED, {1

s=d
* ealt T

uhers I im the cloaed comteur, embracing the poles & = 8, H =K
of the mnelyticel Fanction &s=) in pasitive divection. This formuim
is true alse for infinite conloors (for sxasple, if 2o peimm, Feu) }
srdee the sdditionsl gppdition that tha integral converges when ds
carry out of & 1imit trapaition from alosed eontooT to dissontinue=
us infinite ones.

Let fimisr{s+hs)ipi{s), unere e(a} is pnalytical fongtion in-
gide the contousr & and r{s) ia the geroe-function. Then

"
5#? Tea+hsiplaids = i 511—-9-[— ﬂ]. {2y
bh! o
el

*
whets Ke{G, 1, 2,...] with ocndltlon that the poles s=-(a+k)/b of
the functien Fiasbe} with the puzbere Mel are plaoed inside the con-
tagr £, sabracing in positive direation. For exsmple, ths formula
(2} gives the intereBting sonseguences fer the power function -'.1+:|.J°'
Indesd, the Following digtribution takes plmcs
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whare h?ﬁM is the Fochhampmer gymbol. IF we chooss in the
Cind

Fformula (2} mt Pirst w=0, b=l, e{z)sx ¥ M{-a-=}/Mla), at secend
az-a, b=-1, e{=)=x " F{s)/Ti-0) and cake ®={0, 1, 3, ,..] then with
geosunt oFf (3} we shall receive the agualities
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The contour & hers muet enbrace all pales of the tyes g=-k {for
lx|<i} ar the kind s=k-o (for [x[>1) passing to lsft (oF right)
infinity and what's more it may be #Tralght line Z={y-wm. P,
Oc¢re-Re a, Thess restrictlons and ocondition |arg x|« are suffici-
ent Por convergence of the corresponding integrsls by sontour ¥ and
pousr series.

This example demcnstrotes the process of transfors Prom functi-
cns prasented through power searies with producte of the Fochhossaer
srobols to integrals Frow ratioe of products of gamms-functicns.
Sueh series are called hypergecmetrio ssries and soch intedrals are
called Mallin=-Barmas type integrels. Highly general class of suoh
type ilntegrsls L& designated by the symbal G;:{a‘: whioch is defined
by the formule

{a ¥
LT ] P T o =3
G“ Lg) = GH[ z] ok ]] = 5 Jz{sl BT deE, (o)
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The Punotion (5) was introduced mnd etudied by C.5.Helier in
pupber of the seticles of 1B36-1858 yesrs (see [4]) and lster it das
gnlled Metier’'s G-function. In ita dafinition it is supposed that
the esontoor £ pay be of three kipds: £, £ or #’1_. The coptoae

q.pnnrd1n¢1g x, } iz the left {or cight) loop which e erranged
ln gome horizontel hnlt peging in the poipt of -okic (sewik), lea-
vas all polas -:—h'-f, 4=, 2,..., m, #=0. 1, 2,,,., of the integ=
rand funstion at the lef: mnd all poles ::1-uﬁ!. 351 Becaaa N,
=0, 3. 2...., 8@t the right of the contour and st last contour & fi-
nighes in the point -—etud [sail), wvhere a¢d, The contour £ |be-
gins in the point p-u= and finishes in the point peim, It separates
these pales in the sese way as L, . In partioular if the condition
of eeparetion of the poles allewe the contour £ to be ragtilinesr
gne then it may be considersd toc be a straight line (r-um, Jei=).

The integral {5),{6} convergses il any of the following four
conditions aee Eulfiled:

1) &=x . e 0, |arg z|:a'ﬂ
)y =K o =0, |are :|_n m, (g-plri-He M}

v
3y #=x__i peq, De|z]sm or p=u. O:{z|«1l or p=q, o "=0, Jz|=1. Bewdd;
4y Emx : pra, Oc|z]<w or p2q, |2]21 or p=q. 0 *x0, |z|=1, Beecd:
Here wa dencted
e sEEn-(p+a 2, p-z'n - E By (p=qis2 o+ 1, 'EJ-M Re &, {72
j=a Jad
Lm

1f o +0 then 9-function ig snalytical funstion for |ara =|‘°-”-
If g=p then G-Tunsticm. generally spenring, is pisce-—analytical fun-
etion mnd what s more if u':u then its copponents continue cne mno-—
ther spalyticelly through the cirele [2|=1 in the peetes |nrg z]ce m.
1F =0, g=p, Be p<l, then these coeponents are centinued for 2si
along the ray acg 2=0.

Hellin=Barnes integrale. i.e. Meijer‘s G-functione (8).{6) pro-
duos the full analytical fonctione. Any finite lineer cambinations
sf thess Panetions we shall call hypergecwetric type functions, The
fullest tabla of participal cases of @-functions containing sboat
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1000 formulas are given in the reference-book [18]1. In particuoler
the following repressntations sre truse:

1, O« (]
Hetxos 30 0% 1 - g [Iﬂ] (8
st _ [ lexyT "Dty _ in
-y = { § i} = reeifx| 5. (9)
a_ 1 T o+ i e i 0,178
{1+x) r_[_e.:. = L ] (l-g} = m Gu{: Dflr@]J {103
e = aafx] 30 3] (11)
sratandxy=- @ [*| 13 3] ertoo=ntelfet| 1, o). ao
sinix)
avea) J =" “u ' ”I SR T f1+1};i] (1%
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B (a)H(1-x)= G::txl1 ey B (18}
rie) S

R S S 1-m, 1-b) =

+ i Fia)Fib) “[ I 0. 1-#& Gk

These and sisilar formules may be founded with ths help of the
caloulation of the integral {5} by the residus theory due to the eg-
eallty (2). In partioular this equality on comnditions that O«|z|<=,
qQ*p or O<fg]<l, g=p and ssme restriotions on the paramstecs gives
thas Pfollowing formuls

Pk b ) g rileb -8
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Hera the syobol pr‘nizj denpies the Eeneralized hypergoomstric

furnation
-
= [ Boran o ML ] Zg:i bagdy CBgly oo da dy ¥ -
P"I'D' P | = ks
(i L] —— (b, ¥, (bdy o0 (B} ket

17 mentioned restricticna on the parameters are vipisted then
some indefinitsness moy appesr in the right side of (18) mnd it will
] be ehanged by the conbinstion of mere complicated peries containing
the logarithmic function, fuch logaeithmio cases are connected with
the sxistsnea of the sultiple polea in the product (€] and the for-
pulee of the works [1, 2] must be used For the celeulation of the
right eide of {16} {see anlso the srticls [2}, whees the logarithmic
sagé of high sultipleness studied). For exampls, for the Haodonsld
function K (£} with zera index thome poles have only the seccnd
mulciplensss nnd the following representetion takes place

R tz)= %E:‘:[:‘fﬁi o ,'J]F E}rT r’t!:‘{_i:]_sdl 3
2 (2o}

L d
wik+1) k
= = I (ehdalzf2) » “"_th'}’[_l_“] ; p(:*,.:—d—u In Tz}

In conelusion of this part we nust note that the fullest table
of the participal cases of the generalized hypergecmetrio funetlone
(18) i¥ contamined in the referance-booh [18]. These functlons for
many cases of thelr peranstexs moy bs teprasented through simpler
alepentary and special functions.

the article [18] (@ee mlma the book [1B, B.34E]).
1f smome conpditions of the convergénce for the integral Eiven
balom mre fulfiled then the following sguelity takes place

-
{ L]
J.xa_l ﬂ"[dr: E“:I] G'"[mm' ! p}] dx =
L (d 1) ™ I
a

(21}
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whers © . B ==e in (7} and

- [}
b" =est-(u+vd/2, e=Ld =Le » {u-v}2 + 1,

=1 =k
B . REl azk-1 (22
aik,a)= E ToE ¢t o# k

Thus the integral of the type {21) From Ehe predust of two
G-functiong lg alzo Heljer's G-Funstion.

Boeve-nentioned conditicna of convergence are subdivided inks
40 wariants joined in specisl table of conditions. The variely of
gonditions is saplained by the fact that every G-Functlone standing
under Ehe integrel has 2 or 3 singula: polnte {zerc, infinity and,
naybe, soBe alse) in which the aeyeptotic behaviocue of G-funoticn
hes the degres, exponsntially degres or oscillating charmcter [§, 7,
13, td4] (=ees examples (B)-{17)). For the illuattation =& ahall write
put one varlent of this specisl table of conditiaona:

mnatel, b, o +0. Re{Esskd 8 320, 3=1, @, h=l, =;

JE——— 1

Rafkasho sfadcked, =1, n, @=1, t; jargiw s n, |argied s .

The prove af the sguality (21} For the simplicity is glwven in
the participal case k=i=l, withouk paying attention to the gues-
tione of carring out af all ocperatione. Using the formuls (5] we
gholl rewrite tha integral (21} in the form of

L
e te,)
= | gimiwMan Ia" ek G::[m:‘ s ldx. 2E}
amy o 4,

The inside integral is the well kncown Mellin transform of G=functl-
on. AE the G-fonetion (5) for straight line sonbour F={py-im p+im) iz
the inverse Hellin transform of the function () then the Hellin
transFarn of G=fypotion has the wiew (63. Sc the analogous pProOpRETY
[11] ia true for the inside integral af the forsule (23}
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If wa introduce the valoes (B} and (24} inte (23} then we shall hswve
the following walus of the integral (213

m m - L
M Tk +ny [ F{l-a -n) [ T4 so=n) ] Tll-g =cen)
1 i R T T i

D'_h 1Wd pmd = 1-1?df.'l
2mi ] q u w Le
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IEd=n 4 jriem 4 jERamL 1 jEEwm
o

pecording te the definition of-G-fumctilon (53, (8) this value produc—
#m the right side of (21} for kai=l,

1t must be neted that the perticiple cames of the formolee (21)
are the overwhelming majerity of the intedrals shich one can mEsl
in the world refersnos literoture, The considersble part of the
ccthers integeals is the integrals which have the form (213 bot in-
oldds thres Meijer's G-fanctions or whioh are the gcealled integ-
rala by indexes of the specinl funoticns (aee, for sxample, [17,
g.404-412}%, The general formolas for their svaluostion mece recel-
ved ir the dissertation [15] and in the mon-published article of
0.1, Harichew. The work for thelr realisation on the computera im
undar way.

______ gf_tha_indsfinjte integrals. Gubstituking s=uo=
vek=ise =1, t=d,=0, o=y 'into the forsuls (21) and taking into Re=
count the sguality (8> we shell get the valoa of tha fallowing inde-
finite ipntedral

]'z"'l G::[m:

|_,...,uh,1~u.:“....,a
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(EBD
This Pormuls For particulsr walues of the parsmeterd of G-funetlen
containe the table of the simplest indefinite integrals of the els-
pentaey fonections. Por exesmples, if m=i nsp=0. g=2, a=Zuw=1/2, b, =20,
b, =172, y=2" tahking into mccount (12} Lt i easy Lo get oot of (2B}
the trivial =esult
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Hany indsfinite integrals of the slementary and special fume-
kians of the hypergecpatric typs ape the participal cases of the for-
pule {283, 5o its realization on the computers will essensially sup-
plement sbove-menbioned algorithe of the salevlation of indelinite
integrals far elemsntary functions which wes developed by N.Bronsteln.

4. The computsc §_reslization of the slgoriths. The dislogoe-
ring regine which was realized En aur INTEGRATOR eretem glves the
possibility to make easier the Flret difficultest atep: to slucidakte
the guesticn about belonging the integeand functlon to pacticipal
asges of G-funotisn (%), {63 or to product of tws such cases. For
ghis nim the spscial basis tables of the participal oasea of G-funo-
tion which are wroten on the lepguege PASCAL ie used Any man may
ohoose necesasey functions frem this table and to form intedrand ox-
pression of the Follawing integral

b
[ 2™ (owre (o) du. Dfachim (283
&

The ssgond step mllows uE to determine bhe senvergesnce of stu-
ding integral. The convergence is understanding in the classioal
gange or in the senas of sxistenss of the =ain part of the integral.
fur programs realizes the oheck=up ef the number coenditicns and put
on the sorresponding restrictisns ta the letteral parsmeters. This
mrd next parts are wraten on RLISE langunds.

The third step renlizes direct caloulating of the intsgrsl by
means of the subatitobtion of the congpeta values of the parametars
for this aasgs into the Parmdla {21). Here the usual paraeeters oo-
gnting off is realized. Im the result of it the valus of the integ=
ral €21} through Maijer's G-fupckion with ¢oncrete parameters ia
wrotten oak.

The fowrth step in this case is the inverss ta the first step
ard B it is wery diffisult. Received G-funoticn iz trensformed ne-
¢@ into mors Eamcue and the sioplest fupetions if such & chende is
possible, Hers thees possible variants of ections are reslized. Ac-
cording te the first varlant the participsl cages of G-funetion may
tw teansformed inte the elementary &nd special Punctions with Ehe



halp of spesial bxeic table the feragment of which is designeted by
the formolos (B)-(17). Recsived speoinl funotions may permit further
simplifications. The right part of the formulae {27} mnd the given
bellow chain of the sgonlities demonstrate thesss operations:
ey ; ‘ ; : ) [
Gu[‘ | 104, 374, 0, 1;3] AT d Ll w
ool =0 R

= M T 2T sinfa’™) = 4-;: sin{dx™

m

-

B-

It should noted that the stteopt of the crestion of computer's
nethods for the cperations with the highest transcendentsl functi-
ons has Besn undactaken sarlier in the conmectiom with the working
aut of the system HACSYHA. For example the algcrithos of the trans-
formation of hypergecmetrio fumotion® into elesentsary and special
functians under sope sonditione on the parapeters have been built
{8}, These slgerithes wers besed on the mpplicetion of recurring for-
galaes. Unfortunetely we don't know the result=s of this great Hark.
But we can emphasize that the szprosch proposed hece differe fros
the previcus one by the highest degree of gensrality becmose it isg
baged on Meijer s G-function but mot its participel cases. i.e. ge-
neralized hypergecmetric series (183,

The second wvariant of mcticns is based on the use of the formu=
lg (18) mnd its invecse analogus that lesds to repressnbtatlions of
the integral (21) through the linear comtinaticns of the genermlized
hypergeonetric fonctions. Here the conditionm on the parameters ex-
gluding the logarithmic cases must ba Fulfiled.

The third wvariant gives the posglbility Lo write gut the values
of the integral (213 in the legarithmic cases when the right part of
¢21) ie sxpressed through the series end sums contmining the deriva-
tives of the gemma-function and the degrees of logarithmic funmetion.
Thase foroplae are repsesented in the works [1, 2].

These given Four steps have Bons elés branches and additione.
For example, if one of functions from the left part of (21} takes
the Tixzed valoe of the type (B)-(1d43, then the programm will give
the possibility to celoulate the indefinite intsgrals, the integrale
of fracticnal ofder and classical integral transforps af Stlelties.
Hilbert, Laplace, Fourier, Henkel snd others,
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