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One of the charms of mathematics is that it is ipbsdo make elementary discoveries about objdwis have
been studied for millenia. A most striking examplecurred recently when David Bailey of NASA/Amegdan
Peter Borwein and Simon Plouffe of the Centre fapdéfimental and Computational Mathematics at Simon
Fraser University (henceforth, BBP) discoveredraaskable, and remarkably simple new formulasfoHere is
their formula:
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The formula is not too hard to prove, but that mésthe point: Finding it in the first place is wiiabk some
effort. BBP report that the formulaas discovery iasombination of inspired guessing and extensearching
using the PSLQ integer relation algorithm”. The BSilgorithm is a method for recognizing whetheioastant

is a combination of other, more fundamental, conistdit has been implemented Mathematicaby Richard
Crandall [Cra]). The discoverers sought such a @darbecause they were aware that it could be wsedrhpute
the nth digit ofz (in base 16), without computing any prior digithis goes completely against conventional
wisdom, and totally eliminates high-precision regmients from a computation of, say, the billiongxddecimal
digit! The big question now is whether such a mdtkaists for the base-10 digits of For a fuller treatment,
including several results about other constantsapah questions, see [BBP], which can be fetchewh fiPeter
Borwein's web site (http://www.cecm.sfu.ca/~pbomyei

In this paper we will discuss the BBP formula ahdw howMathematicacan be used to generate many other
formulas of the same sort. Moreover, thkathematicabased methods are symbolic, and so a proof of the
formula is a natural consequence of the discovery.
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1. A Proof of the New Formulafor

To prove the BBP formula we analyze separatelgtreral form of the four summands. First obseragé th
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We can now evaluate the full formula, first intrethg the new function;

li I := 27 fo “__{i Zsk”‘l]dz

k=0

Then the BBP formula could be proved in one line;

Simplify[4 g[1] - 2 g[4] - 9[5] - 9[6]]

T

This sort of series for did not arise out of the blue. Of course, therthésfamous Leibniz series,

(-D*
)
2k+1

but that uses powers of -1, not a useful base.€eThee, however, other well-known series having shme
general form, that is, sums of series, each onehath has as general term a reciprocal of an imtpgwer times
a rational number over a linear function. Herefare such that are easy to derive. We call thesetermseries
since each involves only one linear term; the BB$eries is a 4-term series.
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The first is simply the Maclaurin series flog(1l + x), at x =% The fourth, which we mention to show that base
-10 formulas do exist, is also a Maclaurin expamsithis one was used by BBP to compute the 5, 000, 065

th decimal digit of Iogf—e) a world record for decimal digits. The other twwre from the Gregory series - the
Maclaurin series fori—f’xi - with x equal to% for the ¥ series and%— for the & case. We illustrate the log(3)
case; the infinite series represented by the falgwutput must be log(3) becau%% is 3 whenx = % and it

is clearly the same series as the one for log(8yab
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Nor mal [Serles[Log[ﬁ], {x, 0, 12}]] /. x->E
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These series could be used to extract, for exarbpke-2 digits of log(2) or log(3), but these mainbers do not
have the cachet that does, and apparently no one, prior to BBP, thowfhtising such a series for digit
extraction.

2. Far-Out Hex Digits

It is a fairly routine matter to use the BBP set@gextract some far-out hex digits. Consider,elemample, the real

1 4
5= 16€ 8k+1
k=0 16

The far-out digits (say five digits starting frohetdth) arise as the fractional part of
16". s. Multiplying 16 into the sum and then splitting it into a sum frbrto d and a sum from d+1 to infinity
does the job. The second sum

4
169 8k+1

]

s = E Frac|
k=d+1

and it is easy to see that 15 terms of this is rtitaa enough for the accuracy required. The first s

d
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S = Z Frac| — |
16 8k+1

k=0

and this is computed by reducing the numerator nao8l+1. Because we want the fractional part, dhly
residue counts, and that can be divided by 8k+aguoating-point arithmetic. Since modular expotagion is
speedy viaPower Mod, high-precision is not required. Of course, in tase ofr, we have four such series to
consider.

The Di gi t Extract or code that follows produces five digits for realnbhers having representations of the
type we are considering: it takes as input the ba&k6 in the BBP case) and the coefficient lig, @,0, -2, -1,

-1, 0, 0} in the BBP case) and returns the firgefbase-b digits, starting from the dth. The legdinof r is
considered to be the Oth digit. The 15 is enouglutrantee that the omitted terms are negligittlesast for the
numbers that arise in this article. Bo-loop is used fomai nSum as discussed in the appendix. The use of
N[ coef f s] guarantees that the computation is done with macprecision reals; this does limit us, however,
because adding the fractional parts of, say, 100@@0reals each with 16 digits of precision canl lEaunaccept-
able roundoff. The code works fine for d up to eméion, buit not ten million. Serious digit huntecould use,
say, 32 digits of precision, but this will realllow things down. One can use negative values afxarfiple in
section 4). The last line of the code is to addktety leading zeros th&eal Di gi t s has stripped off. The
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code is quite short and not optimized for speede €lectronic version of this paper contains a twaster
version.

DigitExtractor[d_, b_, coeffs_List] := Mdule[{
n=d-1 minSum=0, s = Sign[b], base = Abs[b],
nc = N[coeffs],
rd, m= Length[coeffs]},

Do [mai nSum = Mod [mai nSum + sk nc . Tabl e[l f [coeffs[[i]] == 0, O,
N[Power Mbd[base, n -k, (km+i)]]/ (km+i)], {i, m7], 17,
{k, 0, n}I;

rd = Real Digits[Md[mai nSum +

Sum[s*"k % nc. (base”™ (n - k) / (km+ Range[m])),
{k, n+1, n+ 15}], 1], base];
Take[Join[Array[0 & -rd[[2]1]], rd[[11]1], 511

We check by examining hexadecimal

DigitExtractor[O, 16, {4, O, O, -2, -1, -1, 0, 0}]

{3,2,4,3,1%

BaseForn{ N[ Pi], 16]

3.243f6

Good. Here are some farther-out digits, and ariffeapproach to verification.

Di git Extractor[ 1000, 16, {4, O, O, -2, -1, -1, 0, 0}]

{3,4,9,15,1

% == Real Digits[N[Pi, 1300], 16][[1, Range[ 1001, 1005]]]

True

And finally, we go for the millionth hex digit; thitakes about six hours on a PowerMac 8100.

Di gi t Extractor[ 10”6, 16, {4, O, O, -2, -1, -1, 0, 0}]

{2, 6, 12, 6, 5}

These digits agree with the ones published in [BBRKke a moment and think about what has been Heres
using no high-precision arithmetic, but only routine opéas on 16-digit floating-point numbers, and gejtin
absolutely no information about the early digitstpfve have found the millionth digit of. In fact, Rabinowitz
and Wagon [RW] had publishedredigit algorithm that uses only low-precision inéegrithmetic, but one had
to compute early digits to get late ones and theang requirements went up as farther-out digitsenssught.

Even that was considered somewhat surprising.fBhai was counterintuitive, the work of Bailey, Bein, and
Plouffe, is totally mind-blowing!
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3. A General Method for Finding Formulas (and Proofs)

O f [Sol ve: :svars, General::spelll, $MaxPrecision::nepr];

Mathematicas symbolic power allows us to extend the precediegs to get many new formulas (together with
proofs!), of which the BBP formula is a special&allere is one result, where r denotes any reatqomplex)
number.

i 1 (4+8r 8r 4r 2+8r 1+2r 1+2r r )
n=

—_ - - - - - +
o~ 16k \8k+1 8k+2 8k+3 8k+4 8k+5 8k+6 8k+7

Setting r = 0 yields the BBP formula. The prooidentical to the proof in section 1.

Sinplify[PowerExpand[ (4 + 8 r) g[1] - 8 r g[2] - 4r g[3] - (2 +8r)
gl4] - (1 +27r) g[5] - (1 +2r) g[6] +r g[7]]]

T

This unenlightening manipulation totally obscurlks tjuestion of how we found this formula. Indedat tused

an interesting combination of symbolic methodsstRive leta;, i = 1, . . . , 8, denote undefined constants. The
first step is to look at the abstract expressiotaioled by using these constants on top of the 8 tetms in the
BBP formula (i running from 1 to 8). It is simplestuse the formulation in terms of integradg { ) ) derived in
section 1.

aVal s = Array[as & 8];
raweExpr = aVal s. Array[g, 8]
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.- 1 1
N/Z[Eﬂ(2+\/_)7r+ﬁ(—u\/27r+2\/2 tarr’(2) + 4 tan (—_]+

\/5 Iog(2)+\/§ qug)—ZIog{ 1+—)+2Iog{ )]]a1+

2((% + %)n+ % (—im—2tami(2) + Iog(3))) ap +
2V2

(—%E( 2+\/2)7r+—[\/27r+2\/—ta (2)—4tan‘1(%]_\/§log2)—\/§qug)_

2Io{—1+ %)+2I09{1+ \/—15]])33+4(% + % (—zin+ Iog(g)))a‘w

1 1. 1 o 1
EE(—Z—F\/?)H'FE[IZ\/?ﬂ'—Z\/?tan (2)+4tan [E]—

V2 log2) - V2 qug) - 2Iog{—l+ %) + 2Iog{1+ %))] as +

8((—% + é)m % (—im+2tami(2) + Iog(3)))a5 +
8vV2

[—6u(2+\/—)n+—6(—ﬂ 2122 tam (2)—4tan‘1[%]+\/§log2)+

V2 Iog(g)—zmg{ 1+ \/%)+2Io 1+ ?)])a7+2log{ ig)

This looks like a mess. But actually, it is quitealtiful! This will be clear after some simplificats. We can
automate this latter simplification as it follows.

4«/5(—

LogExpand[ expr _] := Power Expand[expr] /. {Log[n_Integer] :> Apply[#2 .
Log[ #1] & Transpose[Factorlnteger[n]]],

Log[v_/;v<0] -> Log[-1] + Log[-Vv],

ArcTan[1/Sqrt[2]] -> Pi/2 - ArcTan[Sqrt[2]]}

We now perform some simplifications on the raw esgion.

si npl er = Toget her[ LogExpand[ rawkxpr] /. {
Log[1l - 1/Sqrt[2]] -> -Log[2]/2 - Log[l + Sqgrt[2]],
Log[1l + 1/Sqrt[2]] -> -Log[2]/2 + Log[1l + Sqgrt[2]]}]

% (2V2 log1+V2)ay +log5) a —2V2 tar(V2)ay + 2tarr(2) a; +

V2 na;+2log3)a, - 4tan(Qax + 21 ay + 4v2 log1+v2) as - 21og5) ag +

42 tan(V2)as + 4tan’(2) ag - 2V2 nag + 4log5) as — 4 log3) as +

8V2 log(1+V2)as—4log5)as — 8V2 tarr(v2)as - 8tarr'(2) as + 4V2 mas +
8log3)as + 16 tarr'(2) ag — 87 as + 16V 2 log1+ vV2)ar + 8log5) a; +

162 tarr’(vV2) &y - 16 tan’(2) a7 — 82 may — 16 log5) ag — 16 log3) ag + 64 log2) ag)
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Only seven transcendental numbers appear, and €8 We can find these by defining a
Get Tr anscent al s function as follows.

Get Transcendent al s[ expr_] := Union[
Cases[expr, Pi | _ArcTan | _Log, Infinity]]

The vertical bar in theCases definition is the disjunction operator for patterihus the function finds all
matching expressions to the specified forms atlamgl. Now we can collect on the transcendentasguthe
third argument o€ol | ect to mapFact or, which simplifies things.

transcs = Get Transcendent al s[ si npl er]

{r, tarr}(2), tamr(V2), log(2), log(3), log(5), log(1 + V2 )}

collected = Collect[sinpler, transcs, Factor]
tari(v2)(a; — 2as + 4as — 8a 1
- (vV2)@ N > i +—tanl(Q) (a1 —2ay+2az—4as+ 8ag— 8ay) +
22 4
log(1+vV2)(ay+2as+4as+8a;) 1 _
I+ v2) 1( D S n(VZar+2a-2VZ as+ 47 a5 8as-8VZ ) +
2v2
1 1
gIog(5)(a1—2a3+4a4—4a5+8a7—16a8)+ZIog(3)(a2—Za4+4a5—8a8)+8log(2)a8

Note the simple form: seven transcendental numbersratéplied by linear combinations of thg. d&f we can
arrange for the multipliers to be, respectively 100, 0, 0, 0, and O, then the sum will equallo isolate the
desired equations, we gather up all the coeffisiarfitthe transcendentals, ane/2 as well.Coef fi ci ent -

Li st returns a matrix; the reader might wish to exantiesteps in more detail, but flattening and diedethe

Os gets us all the a-combinations that occur afficieats.

(system = Del et eCases[ Fl atten[
CoefficientList[collected,
Append[transcs, Sqrt[2]]]], O]) // TableForm

a |, &
7t >3 tas+2a

A28 5 ia-2ag

8 4 2
T -5 t+a-2a
8ag

a: a;
-G t>-a+2y

ay a
A2+ B _a+28-2a

a
2 9

& _ 8 &
g "2 TT &

The first 6 entries are the logarithmic and arcesemgoefficients, the next-to-last entry is theficient of 7, and
the last entry is the coefficient af\/2 . If we want the entire sum to equalthen we want all but the seventh

entry to be 0, with the seventh, the coefficientraf, being 1.
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Sol ve[ system == {0, 0, 0, 0, O, 0O, 1, 0}]

{{a2—>a4+2,a6—> E—E,a1—>2—a4, ag - 3+1,a5—> 3—1,a7—>—3—i,a.3—>0}}
4 2 2 4 2 8 4
This shows that the solution space has dimensiare leta, be a free parameter, -2 - 8 r.

a; =-2-8r;
solution=Sinplify[aVals /. First [%4]

{8r+4,-8r,-4r,-2(4r+1), -2r-1,-2r-1,r, 0}

This yields the formula far at the beginning of this section. If we set r @Gt pop the BBP coefficients.
solution /. r ->0
{4,0,0,-2,-1,-1,0,0

Another natural choice is r = -1/2; the resultingniula forr was also known to Bailey, Borwein, and Plouffe.

solution /. r ->-1/2

{o, 4,2,2,0, o,-%, o}

In fact, as pointed out to us by P. Borwein, one €asily go from the two specific formulas to tlemeral one by
examiningformule; + r (formule, - formule;). As a curiosity, we note that r§]= yields a series for with first
term % Thus we can get a series expansior%%)f- n. By arranging that 1 be the value of the coeffitief
tarr(2) we get a series representation of t&2):

aVals /. First][
Sol ve[ system == {0, 0, O, 0, O, 1, 0O, 0}]]

1 3 11
{8r+3,—8r—2,—4r——,—8r—2,—2r——,—2r——,r+—,0}
2 4 2° "8

Letting r = -% leads to several vanishing values:
%/. r ->-1/4

{1, o,%, o,—%, o,—%, o}

thus we get the following representatiortarf(2):

— 1 1 1 1 1
tan™1(2) = E —( + - - )
— 16 \8k+1 2@Bk+3) 4@Bk+5 8@Bk+7
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A quick numerical check is comforting; speedy cagesce means that 10 terms give agreement to nechin
precision.

Suni 1/ 16~k {1, 1/2, -1/4, -1/8} . (1 / (8 k + {1, 3, 5, 7})),{k, O,
15}] == ArcTan[2.]

True

The formulas of this section are not particulaggful vis-a-vist. But the tan'(2) result seems to be new. More
important, perhaps further investigations using $iyebolic manipulations presented here will be wiséf
extending the incipient theory of digit extraction.

EXercise: use this method to derive the following two forimsil

0 Z‘” 1 ( 16 4 ]
o] = +
9 164t \4k+1 4k+3

k=0

— 1 16 16 4
log(5) = E ( + + )
164+t \4k+1 4k+2 4k+3

k=0

4. And Still Morel

It turns out to be fruitful to consider generalizas. For example, we may consider alternatingeser bases
other than 16. For the former we can vary e (the)sifor the latter we vary n ( 2n gives the lineaefficient and
2" gives the base; thus n = 4 yields 8 and 16, ré¢ispd¢ as in section 4). Here is a general versiérihe
function g of section 1.

oai_,n_e]:= 2i7 \[c:‘/_?[iekZanﬂ—l]dZ
k=0

Throughout this and the next section we will use fllowing functions, which perform various sinfigations.
It is natural to use such specialized simplificatioutines in a specific project, because the {nikimplifica-
tions cannot anticipate all possibilities. Of cayrit takes a bit of work, in a given context, iscdver exactly
what sort of simplifications will be useful; but @nthat is done, they may as well be gathered hiegén func-
tional form for ease of use.
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LogOrf Radi cal s[expr_] := expr /.
Modul e[ {t np},
tnp = First /@ Union[
Cases[ Level [expr, -2], Log[e_] /; '"Rationale]]];
tnp = Select[Flatten[ Tabl e[{tmp[[i]], trmp[[j]]},
{i,Length[tnp] - 1}, {j, i + 1, Length[tnp]}], 1],
Rational  Expand[ #[[1]] #[[2]]1]11&1;
Appl y[ Log[ #1] ->-Log[#2] + Log[ Expand[Ti mes[##]]]& tnp, {1}]
]

Ful | Expand[e_, fun_:ldentity] :=
Col I ect [ LogExpand[ LogOf Radi cal s[e] ],
{Pi, _Log, _ArcTan}, fun]

Rational @ _Integer | _Rational] := True
Rational @ _] := Fal se

LogOr Radi cal s simplifies combinations of logarithms of radicals

LogOf Radi cal s[Log[3 - 1/Sqrt[3]] + Log[3 + 1/Sqgrt[3]]]

()

while Ful | Expand applies several of these simplifications at once.

Ful | Expand[ Log[3 - 1/Sqrt[3]] + Log[3 + 1/Sqgrt[3]]]

log(2) — log(3) + log(13)

m n =2, Alternating: log(5), x, tan~1(2)

The n =1 case does not yield anything interesindet us start with n = 2, with alternating siges= -1). There
are four terms to add up in this case; FullExpaedopms major simplifications. The reader might lwi®
examine these and the later computations in ungiegform.

Cl ear [a, Subscripti;

n=2;

aVals = Array[az & 2n];

rawexpr = Ful | Expand[aVal s. Array[g[#1, n, -1] & 2n]]

a a a
% +tamt(2) (?1 —ap+ a3) - 2log2) a4 + log(5) (71 - % + a4)

Things are somewhat simpler than the base-16 cat®i the multipliers yield a nonsingular systdrhus we
can get four representations at once by extraetimgthen inverting the matrix of coefficients of Hy.
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transcs = Get Transcendent al s[ rawExpr];
Coefficient[rawexpr, #] & /@transcs

{3 ﬁ—a+a3—2a4ﬁ—$+a4}
2' 2 T "4 2

I nverse[Transpose[Tabl e[Coeffici ent [Expand[%], a1, {i, 4}11]

21 1 2
2 0 00
1 1
13 -3 -1
0 0-3 O

The columns give representations far tar1(2), log(2) and log(5), respectively. Note that thdormula
involves only 3 terms. Because log(2) has the kredwn series we omit its representation from thkedang list.

oo

> et et )
T = + +
4 \4k+1 4k+2 4k+3

k=0
. = (D[ 1 1
tan™"(2) = ( + ]
Zk_o & \4k+1 2(4k+3)
log(5) Ew ) ( - : )
(o] = -
9 o~ 4k 4k+1 4k+3

Then represention can be used to extract base-4 diitghe base-16 extractor does this anyway, sonibt a
computationally important simplification. Howevdtr should be noted that the base-4 formulasfaran be split
into the case of k even and k odd, in which caase-16 formula (a six-termer that is a case ofgtémeral
formula in section 3) falls right out!

In the nonalternating case with n = 2, nothing ragises. We do get a series for log(3), but it entital to the
Gregory series mentioned in section 1.
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m n = 3, Nonalternating: log(7)

n=3;
aVals =Array[ax & 2n];
raweExpr = Ful | Expand[aVal s. (g[#1, n, 1] & /@Range[2n]]

2 5 5 a 2 - a 2 as
5\/2 |09(4+\/2)a3+7r[3 : —3\?%]+Iog(3—\/2)[—6\/§—\/3 ]+
3 1 a V2 as 1\(V2a 4V2a
2l ) )

tan_l[—1+\/§)[i+i_2;a4_2\/§a5]+
V3 6 V3 V3 V3
t -1[%)[1_1&&_2@&5]
V3 6 V3 V3 V3
Iog(7)[% - \/23613 + % - 4%)“09(2)[2315 - \/23% +\/§a5+4aa)

transcs = Get Transcendent al s[ rawExpr];
(system = Del et eCases[ Fl atten|

Coef fici ent Li st[rawExpr,
Join[transcs, {Sqrt[3], Sqrt[2]}]1]1], O]) // Tabl eForm

avals /. Solve[system=={0,0,0,0,1,0,0,0,0,0,0,0,0}]



pi.nb 13

So now we have a proved two-term formula for logffjs formula can also be deduced by the methdds o
[BBP]). We rearrange a little to get the form below

= 1 12 6
log(7) = Z ( + )
g+1 \3k+1 3k+2

A numerical check is comforting.

Sumil/87 (k+1) (12/ (3k+1) + 6/ (3k+2)), {k, 0, 20}] == Log[7.]

True

To illustrate the general nature@ifgi t Ext r act or , we generate some digits of
log(7). The reader can check that the digits olethiare correct. We must reinterpret the serieshashvingg™
as opposed to 8.

Di gitExtractor[ 100, 8, {12/8, 6/8, 0}]

{3,0,0,5,7

Exercise: Show that the alternating case with n = 3 leads t

0o

_ (=X 4 1 1
n‘/Z:Z ( + + )
8k 6k+1 6k+3 6k+5

k=0

5. A Powerful Closed Form

While we could examine more general bases by rega2 with b in the integrals defined ky, a slightly
different approach to the general case is moreglgeihing, both in finding formulas and in trying ¢et a
theoretical handle on the big picture. In this imectve indicate this alternative method, and previdgeneral
recipe for searching for series representationsofgarithms andr. As discussed, the starting point is the follow-
ing type of sum:

i 1 n al
bk i +nk
k=0

i=1

where n is a positive integer and-ll is an algebraic humber. The constagtéfrom the computational point of
view we are interested only in rational values)eh&y be found so that the sum yields a useful doamion of
logarithms andr. The key point is to represent the above sumsasraof integrals:

e a 1 xi-1
2w ) moe
b Jo bh—xn
k=0
Thisi dentity is easily proved by expanding thehtigide using the geometric series formula.Nowtead of
relying on a symbolic integrator to evaluate tlghtihandside, we can do it ourselves, which witl 8dth speed
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and understanding to theinvestigation. Using thd-kvewn algorithm for integrating rational functie the
details are somewhat lengthy and are omitted; iftba is to use the complex roots bf' - a" which come in
conjugate pairs), we obtain the following compléght but nevertheless nicely closed, expressiornh@mright-
hand side of(*).

Gol denGoose[b_, n_1: =

n 1 _ FI oor[”—;l—] 2 i k
E — |aj b' |Log[b] |1+2 Cos | ]| -Logrb-17 -
n k=1 n

i=1

(-1)' I f [EvenQ[n], Log[b+1] -Log[b], 0] -

Fl oor [%5%]

cos[271 K | Log[b? -2b Cos [ 25T +1] +
ko1 n n
n-1
relFl ik Sin[2Z]
2 Z Sin[ ] ArcTan[ ———]
= b - Cos [ £12]

The reader might wish to compare specific instamddgbe formula to results of symbolic integratimnprovide
evidence of correctness. This formula is pretth fior further investigation. For example, the angent is the
only place that could yield. Let see what we can learn by trying to get tlyeiaent to arctan to be 1. We would
need

sin( )

—

or

2kn 2kn 2nk =&
b= cos{—) +sin(—) = \/?sin(— + —]
n n

n 4
Since we want to have our base, b, be an integeneed to find an integer n so that

el )

n

n

is a positive integer. Simple experiments show thatfirst two possibilities are: n = 4 and n =T8e second
case (with the bada® = 16) leads to the BBP formula. For n = 4 the hasme. The unit base is a singular case
of (*): the integrals are divergent. We can avdid tesulting singularity by makina; + a, + az+a4, = 0 (one
can then view the right side of (*) as

X
f P dx
1-xn

where p(x) is a polynomial and p(1) = 0; thus tlmublesome 1 - x in the denominator is cancelladesl - x
divides p(x)). This yields the following expressifmn the main sum.

a az 3a a; 3a3
71'(—1 - —)+2(—1 + = + —]Iog(Z)
8 8 4 2 4
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Setting it equal tar produces a one-parameter formulasfor

= r-4 r+4 r 3r
= E ( + + - ]
4k+3 4k+1 4k+4 4k+2

k=0

If we specialize to r = 0, we simply get a rewritteersion of the Leibniz series af So really this should be
viewed as a new formula for O:

= 1 3 1 1
0= E ( - + + )
4k+1 4k+2 4k+3 4k+4

since that is how the Leibniz series becomes gpanameter family of formulas. Despite

the fact that nothing new abautvas learned here, it seems to us quite possibtehfs methodology might lead
to nonexistence proofs. The outstanding such dpusdat would be a proof that cannot be represented with
this sort of series using powers of 10.

Of course, we can also use this closed form tocegpmome logarithms. Earlier we obtained sevealesenta-
tions of natural logarithms of integers (2, 3, Bd &) in base 2. Here we consider other basesn@étto 3 and
n to 6 yields a representation of log(13). The pdure is similar enough to earlier work that wevshamly

partial output.

Cl ear[ Subscript];

{b, n} = {3, 6};

raweExpr = Ful | Expand[ Gol denGoose[ b, n]];
transcs = Get Transcendent al s[ rawExpr];
Col | ect[rawexpr, transcs][[-2]]

— + + +
4" 4 2 4 4 2

a, 33 9a 27a; 8las 243
Iog(ls)(l ; 9a  27a 8las ae)

system = Del et eCases[ Fl atten[ Coeffi ci entList[rawexpr, transcs]], O0];
First[%

ag 3a, 9az3 27a; 8lags 24cag

+ + +
4" 4 2 4 4 2

Array[as & n] /. Sol ve[system== {1, 0, 0, 0, O, 0}]

(

i 4 1 7
3 37 7 s 0)

w|~

This gives a series for log(13), which we rearrasigghtly to clear fractions.

= 1 567 81 36 9 7
log(13) = E [ ; " + ' ]
36k+5 \6k+1 6k+2 6k+3 6k+4 ©6k+5

Finally, recall that a most intriguing questionnibether there are any interesting formulas in H#seSo we let b
= 10.
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rawkExpr = Col |l ect]
Col denGoose[ 10, 2], _Log, Factor]

5log(11) (a; — 10ay) + 1001log10) a; — 5log(9) (a1 + 10ay)

Settinga; = 10a, anda, =—ﬂ1)f yields a series that, after simplification, reduite the Maclaurin expansion of

Iog(%) mentioned in section 1. Settiag:-% anda, = 0 yields a series that is a Gregory expansidngﬁf—l)

(see section 1). So, nothing really new comes &etting b = 10.

6. Conclusion

We believe that our investigations show the powfelMathematicain serious symbolic investigations. Not only
have we found some new formulas, but their disgpeemes automatically with a proof. It is, of caarsery
satisfying to discover new formulas, and perhapslees will be inspired to carry these methods &rtherhaps
by looking at some new forms. It seems promisingntestigate alternating series. Our preliminamestigations
yieldec very quickly a new formula for (section 4).

Clearly these investigations can be carried fartfdrcourse, there are many more open problems shbwed
ones! Some of them are listed in [BBP]. We'll menthere only that it would be nice if some negatiesults
could be obtained, such as the nonexistence obadwn series for, or a base-10 series for Our goal was to
develop a technique that might yield an approacisuch questions. Also, we think we have clearlywsho
exactly where the BBP and related formulas coma frend howr arises.

Moreover, these ideas might well yield new serggsresentations for other special numbers or funsti€on-
sider the polylogarithmic function

Lin(2 = F
k=1
This form is close to the ones we have looked dtauld be considered as a starting point for e generali-
zation. Itas natural to consider the following:

Z”: 1 1 g
brk km =i+ nk

k=1

This form of series can be obtained from formulgif*section 6, integrating the latter m times widspect to x.
Since the repeated integration produces m freenpgieas we add them to the inner sum. Then our egeb
techniques yielded:

(1 — 1 8 10 54 12 125
e
2 2k k2 k+1 4k+1 2k+3 2k+1 4k+5

k=1
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o)-

Z"’: 1 [ 24 625 2401 5 324 63 32 )
- - - + + + +
kK3 2k+1 2(4k+5) 6(4k+7) 4Kk +1 2k+3 4k+3 3k+1

k=1
From the computational perspective these are mbtviluable, except to provide slightly faster cengence than

the definition. But from the theoretical standpdims gives another method of generating varioassgs of new
series representations. Here are examples:

= 1 1 16 3 81
£(3) = E —(— + + - )
k3 k+1 k+2 4@2k+1) 4@2k+3)

k=1
1 12 384 45 1215
P o )
— k3 k+1 k+2 2@2k+1) 22k+3
i 1 ( 238 285 667 5103 35625 )
= — |- + - - +
— k3 k+1 2@2k+1 324k+1) 16(4k+3) 32(4k+5)

We are grateful to David Bailey, Peter Borwein, &ichon Plouffe for sharing with us many of theisights and
unpublished work in this area,and to Mark Sofroraod
Michael Trott (WRI) for some helpful observations.

Appendix: Sum Subtleties

In order to compute some far-out base-16 digitaguiie BBP type of formula, one must pay attentmsome
subtleties oSum There are three basic ways to form a sum: (1)Susg (2) applyPl us, or (3) use @o-loop.
Method (2), an example of which Appl y[ Pl us, Table[i, {i, 21000}]], is useful for small sets, but
it is clearly costly in terms of memory since thiee table must be computed and stored. So werestrict our
discussion here to a comparison of mathods (1)(8ndHere they are, with calls t&nor yl nUse to compare
the memory required.

CheckMemory := Print[-mOd + (mdd = Menoryl nUse[])]

ndd = Menoryl nUse[];
Sunfi, {i, 1000}]; CheckMenory;
s =0; Do[s += i, {i, 1000}]; CheckMenory:

624

656

This output shows a similar memory consumption,ibdiact this is not the whole truth. A more catefampari-
son checks the memory as the sum is being comphtedyrints out results only for the first few vatuof the
index (the omitted values are all 0).
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sl = Sun{If[i < 4, CheckMenory]; i, {i, 1000}];
CheckMenory; Print[""];

s3 = 0; Do[If[i < 4, CheckMenory]; s3 += i, {i, 1000}];
CheckMenory

4768

-3568

832

416

Big surprise! Method (1) has a fairly large intdroansumption; the negative value indicates thamomwy is
being freed up after the sum is computed. AndDbdoop uses up hardly any memory at all. If the nambf
terms is increased, the first memory profile inse=aaccordingly, but the second stays where étt igirtually no
consumption. This means th@tim cannot be used to add up, say, a million numk®erSo-loop is essential in
such a case.

In fact, Sum was designed mostly for symbolic calulations. ABuim is very powerful working with symbols
rather then performing numerical calculations,tesas by the following example.

suml = Sum[f [k], {k, 500, 1, -13}]; //Timing

{0.039993 Second, Null

sun? = 0;
Do[sunm? += f [k], {k, 500, 1, -13}1; //Timng

{7.10968 Second, Nyll

The Do-loop is much slower in this case because on @adtion, functiorPl us sorts its arguments, while with
Sumarguments are sorted only one time (siAcas is applied only at the end).

O ear [s1, s3, suml, sun®, nmddj;
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Addendum for Electronic Version of Paper

Here is a faster version of DigitExtractor, contitded by WRI's Mark Sofroniou. It is about twicefast as the
version given in the paper, but a little (thougtyalittle) more complicated.

DigitExtractor::usage = "DigitExtractor[d, b, coeffs] conputes five
base- Abs[b] digits starting fromthe dth of the real nunber given by
Sun{ 1/ b~k coeffs . (1/(mk + Range[m)), {k, 1, Infinity}], where m
= Length[coeffs]. The variable termcontrols the truncation error;
15 shoul d be adequate. All conputations are done in nmachine
precision so d should not be greater than about ten mllion, or else
roundoff error will be excessive for the goal of 5 digits.";

DigitExtractor[d_, b_, coeffs_List]:=
Modul e[{m nb, ncoeffs, offsets, posns, pow, reald, sum terns},
ter ms = 15; base = Abs[b]; sign=Sign[b]; pow=d-1; sum=0;
nb = N[base]; m=Lengt h[coeffs]; ncoef f s = N[Del et eCases[coeffs, 0]];
posns =Flatten[Position[coeffs, ?#!=0&)]1]; of fsets =posns;
Do [sum= Mbd [sum+ si gn” (pow- k) =
(ncoeffs/offsets). (Power Mbd[base, k, of fsets]), 17;
offset s +=m {k, pow, 0, -1}7;
of fsets = posns + (pow+ 1) m
Do[
sum= Mod [sum+ si gn” (pow+ k) (ncoeffs). (nb” (-k) /offsets), 17;
offset s+=m {k, 1, terns}]; reald=Real Digits[sum base];
Take[Joi n[Tabl e[0, {-reald[[2]]}], reald[[1]1]], 5]
1
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