A certain series associated with Catalan’s constant

Victor Adamchik adamchik@cs.cmu.edu Carnegie Mellon University

July 12, 2001

Abstract

A parametric class of series generated by integration of complete elliptic integrals

È k=0_{k˛ - r} � J 2k k N 2 þþþþþþþþþþþþþþþþ þþþþþþþþ þþþþþþþ Hk+ rL16^k

is evaluated in closed form. Alternative proofs to results of Ramanujan and others are given. A particular case of the Saalschutzian hypergeometric series _4F_3H1L is derived.

Keywords: summation, elliptic functions, hypergeometric functions, Catalan’s constant

AMS subject classification: 33C, 33E, 11Y

0. Preamble

The subject of our interest is the hypergeometric series generated by elliptic integrals

(1) SHrL= È k=0

� J 2k k N 2 þþþþþþþþþþþþþþþþ þþþþþþþþ þþþþþþþ

Hk+ rL16_k = 1 þþþþþ r 3F^2J 1 þþþþþ 2 , 1 þþþþþ 2 , r; 1, r + 1; 1N

This series has a long and interesting story. About a century ago Ramanujan [1, p. 351 and 2, p. 39] in his first letter to Hardy stated without proof a particular case of (1), when the parameter r = n is a positive integer, namely

(2) SHnL= 16_n þþþþþþþþþþþþþþþþ þþþþþþþþ þþþþþþþþ p n_2 J 2n n N 2È k=0

n- 1 J 2k k N 2 þþþþþþþþ þþþþþþþþ þþþþ

16_k

In 1927, when Ramanujan’s collected papers were published and result (2) became publicly known, it attracted a great deal of attention. Different proofs were given by Watson [3] and

Darling [4], later Bailey [5] and Hodgkinson [6] generalized (2) to

(3) 3F^2Ha, b, c+ n - 1; c, a + b + n; 1L= GHnLGHa + b + nL þþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþ þþþþþþþþ þþþþþþþþþ

GHa + nLGHb+ nL Ç k=0

n- 1

HaL^k HbL^k þþþþþþþþþþþþþþþþ þþþþþþþþ k!HcL^k which gives Ramanujan’s result when a = b =_1þþþþ^2 and c = 1. Ramanujan [7, pp. 237-239 and 2, p. 45] also stated a complementary formula to (2), when the parameter r = n+_1þþþþ^2 is a half integer, namely

(4) SJn+ 1 þþþþþ 2 N= 4 þþþþþ p J 2n n N 2 þþþþþþþþþþþþþþþþ þþþþþ

16_n i k

j j j j j 2G+ È k=0

n- 1

16_k þþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþ þþþþþþþþ þþþþþþþ J 2k k N 2 H2k+ 1L_2

y

{

z z z z z .

Here G is Catalan’s constant defined by G = 1 þþþþþ 2 Å^0 1 KHkLd k = È k=0

� H- 1L_k þþþþþþþþþþþþþþþþ þþþþþþþþ þþþ H2k+ 1L_2 and K is the complete elliptic integral of the first kind, given by

KHkL= Æ 0 pþþþþ_2 d t þþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþ þþþþþþþþþ " ########################

1- k^2sin^2t

As mentioned in [2, p. 47], Ramanujan’s proofs of formulas (2) and (4) most likely were based

on the recurrence equation (5) Jr + 1 þþþþþ 2 N 2 SHr + 1L- r^2 SHrL= 1 þþþþþþ p subject to initial conditions. This equation is derived from the fact that SHrL is generated by

integration of complete elliptic integrals as (6) SHrL= 2 þþþþþþ p Å_0 1 z^{r- 1} KHzLd z, ReHrL> 0.

In 1981, unawared of Ramanujan’s equation (5), Dutka [8] employed by (6) rediscoverd formu-

las (2) and (4). In section 3 we outline the derivation of equation (5), as well as it’s solution. In

view of (5), it’s pretty straightforward to see that for any rational r = n+ p, where n is a

positve integer and 0 < p � 1, series (1) has a closed form representation

(7) SHn+ pL=

HpL_n^2 þþþþþþþþþþþþþþþþ þþþþþþþþ þþþþþ

Hp+^1þþþþ_2 L_n^2 i k j j j SHpL+ 1 þþþþþþþþ þþþþþ p p^2 È k=0 n- 1

Hp+^1þþþþ_2 L_k^2 þþþþþþþþþþþþþþþþ þþþþþþþþ þþþþþ Hp+ 1L_k^2 y { z z z Here HpL_n = pHp+ 1L...Hp+ n- 1L is the Pochhammer symbol. There are only three known

cases when the function SHpL is expressible in terms other than hypergeometric functions,

namely p = 1, ^1þþþþ_2 , ^1þþþþ_4 .

SH1L=_3F_2J 1 þþþþþ 2 , 1 þþþþþ 2 , 1; 1, 2; 1N=_2F_1J 1 þþþþþ 2 , 1 þþþþþ 2 ; 2; 1N= 4 þþþþþ p SJ 1 þþþþþ 2 N= 2 _3F_2J 1 þþþþþ 2 , 1 þþþþþ 2 , 1 þþþþþ 2 ; 1, 3 þþþþþ 2 ; 1N= 8G þþþþþþþþ þþþ p SJ 1 þþþþþ 4 N= 4 _3F_2J 1 þþþþþ 2 , 1 þþþþþ 2 , 1 þþþþþ 4 ; 1, 5 þþþþþ 4 ; 1N=

GH^1þþþþ_4 L^4 þþþþþþþþ þþþþþþþþ þþþþ 4p^2

where GHzL is the Euler gamma function. All these cases are due to Ramanujan. L.Glasser [9]

made a conjection that it is possible to express SH^1þþþþþþ_{2k} Lfor k ¨ 3 in finite terms, however that is

remained to be seen.

It does not appear to have been previously studied the case when the parameter r in (1)

is a negative integer (assuming that the term r = - k is dropped from summation):

Victor Adamchik 3

(8) SHrL= È

k=0^{k˛ - r}

� J 2k k N 2 þþþþþþþþþþþþþþþþ þþþþþþþþ þþþþþþþ

Hk+ rL16_k .

A few particular cases of (8) appeared in the handbooks by E.P. Adams and R.L. Hippisley

[10] and by E.R. Hansen [11]:

SH- 1L= -

2G+ 1 þþþþþþþþþþþþþþþþ þþþþþþ p + logH2L- 1 þþþþþ 2 SH- 2L= -

18G+ 13 þþþþþþþþþþþþþþþþ þþþþþþþþ þþþþ 16p + 9 þþþþþþþþ 16 logH2L- 21 þþþþþþþþ 64 In the present paper, using contour integration technique, we will show that for negative integer r, sum (8) is solvable in closed form by (9) SHrL= - SJ 1 þþþþþ 2 - rN+ 4 þþþþþþþþ þþþþþþ

16_{- r} J - 2r - r N 2 HH^{- r} - H^{- 2r} + log2L, r = 0, - 1, - 2, ...

where H^n are the harmonic numbers H^n = ¿^{k=1}_{n 1}þþþþ^k .

As a consequence of this result, in section 2, we derive the new representation for

Saalschutzian ^4F^3H1L series with special set of the parameters

(10) Jn- 1 þþþþþ 2 N^4F^3J1, 1, n + 1 þþþþþ 2 , n+ 1 þþþþþ 2 ; 2, n + 1, n+ 1; 1N=

4n_2 þþþþþþþþ þþþþþþþþ þþþþ

2n - 1

HH^{n- 1} + log4L- 16_n þþþþþþþþ þþþþþþþþ þþþþ J 2n n N 2 ^3F^2J 1 þþþþþ 2 , 1 þþþþþ 2 , n - 1 þþþþþ 2 ; 1, n+ 1 þþþþþ 2 ; 1N

1. Evaluation

We consider two cases, when r is positive and negative We denote S_+HrL= SHrL for

ReHrL> 0and S_- HrL= SHrL for ReHrL� 0.

Let r be a positive integer. We transform series (1) to a definite integral involving complete elliptic integrals. Multiplying the summand by x_{k+r} and differentiating it with respect to x, we get

(11) gHr, xL= x_{r- 1}Ç k=0

� J 2k k N 2 x_k þþþþþþþþ þþþ 16_k = 2 þþþþþþ p x_{r- 1} KHxL, -x-< 1.

where KHxL is the elliptic integral. Integrating both sides of (11), we arrive at

(12) S^+HrL= Å_0 1 gHr, xLd x= 2 þþþþþ p Å_0 1 x^{r- 1} KHxLd x, ReHrL> 0.

In the next subsections we evaluate S^+HrL, by first developing a recurrent equation for S^+HrL, and then solving it by iteration. The result depends on the disparity of r.

Now let us consider the second case when r is a negative integer. We split the series SHrL into two sums as

S^- HrL= È

k=0_{k˛ - r}

� J 2k k N 2 þþþþþþþþþþþþþþþþ þþþþþþþþ þþþþþþþ Hk+ rL16^k = i k j jÇ k=0

- r- 1 + Ç k=- r+1 � y { z z J 2k k N 2 þþþþþþþþþþþþþþþþ þþþþþþþþ þþþþþþþ Hk+ rL16^k .

Leaving the first sum unchanged, and converting the second sum into an elliptic integral (by applying the same reasoning as above), we obtain

(13)

S^- HrL= È k=0

- r- 1 J2k k N 2 þþþþþþþþþþþþþþþþ þþþþþþþþ þþþþþþþ Hk+ rL16^k + Æ 0

1 x^{r- 1} i k j j j 2 þþþþþ p KHxL- È k=0

- r J 2k k N 2 x^k þþþþþþþþ þþþ 16^k y { z z z d x,

ReHrL� 0 In subsection 1.3, using the contour integration technique, we establish a functional relation between S^- HrL into S^+HrL.

1.1 S^+HrL for r a non-negative integer

Consider the system of indefinite integrals

(14) lo o m n o k_pHxL= ¾ x^p KHxLd x

e_pHxL= ¾ x^p EHxLd x

where the parameter p is a positive integer or zero, and EHxL and KHxL are complete elliptic integrals. Using integration by parts, the above integral system can be reduced to the system of coupled recurrent equations lo o m n o k_pHxL= x^p k_0HxL- 2 pHk_pHxL- k_{p- 1}HxL+ e_{p- 1}HxLL e_pHxL= x^pe_0HxL-^2þþþþ_3 pHe_{p- 1}HxL+ e_pHxL+ k_pHxL- k_{p- 1}HxLL

Victor Adamchik 5

with initial conditions lo o m n o 2k^0HxL= EHxL+ Hx- 1LKHxL

3þþþþ^2 e^0HxL= Hx+ 1LEHxL+ Hx- 1LKHxL

Eliminating e^{p- 1}HxL from the first equation, and k^{p- 1}HxL and k^pHxL from the second, the system is simplified to lo o m n o k^pHxL=_{4 p2}þþþþþþþþ þþþþþþþþ þþþ H2 p+1L_2 kp- 1HxL+

2 x_pEHxL+ 2 H2 p+1LHx- 1Lx_pKHxL

þþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþ þþþþþþþþþþþþþþþþ þþþþþþþþþþþþþþþþ þþþþþþ

H2 p+1L_2 e^pHxL=_{4 p2} þþþþþþþþþþþþþþþþ þþþþþþþþ þþþþþþþþþ

H2 p+1LH2 p+3L ep- 1HxL+

2 H1- 2 p+H2 p+1LxLx_p EHxL+2Hx- 1Lx_p KHxL

þþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþ þþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþ þþþþþþþþþþþþþþþþ þþþþþþþþþ

H2 p+1LH2 p+3L

Now we compute the values of k^pHxL and e^pHxL at the limiting points x= 0 and x= 1. We get two recurrent equations

(15)

k^pH1L=

4 p_2 þþþþþþþþþþþþþþþþ þþþþþþþþ þþþþ

H2 p+ 1L_2

k^{p- 1}H1L+ 2 þþþþþþþþþþþþþþþþ þþþþþþþþ þþþþ

H2 p+ 1L_2

, p ¨ 1 k^pH0L= 0, p ¨ 0 k^0H1L= 2. and

(16) e^pH1L= 4 p_2 þþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþ þþþþþþþþ þþþþþþþþ þþ H2 p+ 1LH2 p+ 3L e^{p- 1}H1L+ 4 þþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþ þþþþþþþþ þþþþþþþþ þþ H2 p+ 1LH2 p+ 3L , p ¨ 1 e^pH0L= 0, p ¨ 0

In view of formulas (12) and (15), we conclude that

(17)

S_+HrL= 2 þþþþþ p Hk^{r- 1}H1L- k^{r- 1}H0LL= 2 þþþþþ p k^{r- 1}H1L where S_+HrL satisfies the recurrence relation

(18)

Jr + 1 þþþþþ 2 N 2 S_+Hr + 1L- r_2 S_+HrL= 1 þþþþþþ p , r ¨ 1

S_+H1L= 4 þþþþþ p . Equation (18) can be solved by iteration (see section 3 for details). We have proven

Proposition 1.1 Let n be a positive even. Then SHnL defined by (1) evaluates to

(19)

SHnL=

16^n þþþþþþþþþþþþþþþþ þþþþþþþþ þþþþþþþþþþ

p n^2 J 2n n N 2È k=0 n- 1 J 2k k N 2 1 þþþþþþþþ þþþ 16^k .

1.2 S^+HrL for r a positive half-integer

Consider slightly different (than (14)) system of indefinite integrals

(20) lo o m n o k^Ô_pHxL= ¾x^{p- 1þþþþ2} KHxLd x

e^Ô_pHxL= ¾x^{p- 1þþþþ2} EHxLd x

where the parameter p is a positive integer or zero, and EHxL and KHxL are complete elliptic

integrals. Using integration by parts, we transform (20) to the system of recurrent equations

(21) lo o m n o p^2k^Ô_rHxL= Hp -^1þþþþ_2 L^2k^Ô_{p- 1}HxL+^1þþþþ_2 x^{p- 1þþþþ2} i k j jEHxL+ 2 pHx- 1LKHxL y { z z pHp + 1Le^Ô_rHxL= Hp -^1þþþþ_2 L^2 e^Ô_{p- 1}HxL+ x^{p- 1þþþþ2} i k j jHpHx- 1L+ 1LEHxL+^{x- 1}þþþþþþþþþ2 KHxL y { z z where

k^Ô_0HxL= p � !!!x_3F_2J 1 þþþþþ 2 , 1 þþþþþ 2 , 1 þþþþþ 2 ; 1, 3 þþþþþ 2 ; xN

e^Ô_0HxL= p � !!!x_3F_2J- 1 þþþþþ 2 , 1 þþþþþ 2 , 1 þþþþþ 2 ; 1, 3 þþþþþ 2 ; xN

and _3F_2HxL is the hypergeometric function. By computing the limits at x= 0 and x= 1, sys-

tem (21) yields (assuming p > 0)

(22) k^Ô_pH1L=

Hp-^1þþþþ_2 L^2 þþþþþþþþþþþþþþþþ þþþþþþþþþþ p^2 k^Ô_{p- 1}H1L+ 1 þþþþþþþþ þþþþþ 2 p^2

, p ¨ 1

k^Ô_pH0L= 0, p ¨ 0

k^Ô_0H1L= 4G

where G is Catalan’s constant. Therefore,

(23)

S^+Jp + 1 þþþþþ 2 N= 2 þþþþþ p k^Ô_pH1L, p ¨ 0

Victor Adamchik 7

The sequence S_+HrL, where r is a positive half integer, satisfies the same recurrence equation

(18) , but with a different initial condition:

(24)

Jr + 1 þþþþþ 2 N 2 S_+Hr + 1L- r_2 S_+HrL= 1 þþþþþþ p S_+J 1 þþþþþ 2 N= 8G þþþþþþþþ þþþ p Solving this recurrence by iteration (see section 3 for details), we have proven

Proposition 1.2 Let n be a positive integer. Then SHn+_1þþþþ^2 L defined by (1) evaluates to

(25) SJn+ 1 þþþþþ 2 N= 4 þþþþþ p J 2n n N 2 þþþþþþþþþþþþþþþþ þþþþþ

16_n i k

j j j j j 2G+ È k=0

n- 1

16_k þþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþ þþþþþþþþ þþþþþþþ J 2k k N 2 H2k+ 1L_2

y

{

z z z z z

1.3 S_- HrL, for r a negative integer

Recall formula (13). Observing that the finite sum inside of the integrand È k=0

- r J 2k k N 2 x_k þþþþþþþþ þþþ 16_k is the Taylor expansion of _2þþþþþ^pKHxL at x= 0, we pull that sum out of integration, by understanding integration in the Hadamard sense (finite part). Computing limits at the end points and obliterating logarithmic and polynomial order singularities, we get

S_- HrL= f. p. 2 þþþþþ p Å^0 1 x_{- r- 1} KHxLd x.

Comparing this integral with formula (12) immediately implies that

S_- HrL= S_+HrL + FHrL where FHrL is an unknown function. The necessity of F becomes obvious once we recall that in the original series we skip the term k = - r, when r is a negative integer. In order to find F, we derive a contour integral representation for the sum SHrL as

(26) SHrL= 1 þþþþþþþþ þþþþþ 2pi Å g- i�

g+i�

GHsL GH_1þþþþ^2 - sL þþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþ þþþþþþþþ þþþþþþþþþþ

GH1- sLGH_1þþþþ^2 + sL d s þþþþþþþþ þþþþþþþþ þþ Hr - sL .

Proposition 1.4 Let n be a positive integer. Then

(30)

S_- J- n+ 1 þþþþþ 2 N= - S_+HnL.

2. Special cases of hypergeometric functions

In this section we derive a particular case of the Saalschutzian hypergeometric series ^4F^3H1L.

We begin by recalling that the hypergeometric series ^{p+1}F^pHa^1 ..., a^{p+1}; b^1 ..., b^p; 1L is called

Saalschutzian if parameters a^i and b^i satisfy the relation

1+ a^1 + a^2 + ...+ a^{p+1} = b^1 + ...+ b^p

Proposition 2.1 Let n be a positive integer. Then

(31)

H2n- 1L_2 þþþþþþþþþþþþþþþþ þþþþþþþþ þþþþþ

8n_2 4F^3J1, 1, n+ 1 þþþþþ 2 , n+ 1 þþþþþ 2 ; 2, n+ 1, n+ 1; 1N=

- 4G þþþþþþþþ þþþ p + H^{n- 1} + log4- 2 þþþþþ p È k=0

n- 2

16_k þþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþ þþþþþþþþ þþþþþþþ

H2k+ 1L_2 J 2k k N 2

where G is Catalan’s constant, and H^n are harmonic numbers.

Proof.

In view of formula (29) with r = - n, n = 0, 1, 2, ..., we have

(32) S_- H- nL= - S_+Jn+ 1 þþþþþ 2 N- 4 þþþþþþþþ þþþ 16_n J 2n n N 2 i k j jH_n - H_{2n} + log2 y { z z where S_+Hn+_1þþþþ^2 L is defined in (25). On the other hand, if we evaluate the original sum (8) by means of the hypergeometric function, we obtain

(33)

S_- H- nL= È k=0

n- 1 J 2k k N 2 þþþþþþþþþþþþþþþþ þþþþþþþþ þþþþþþþþ

Hk- nL16_k +

J 2n+ 2 n+ 1 N 2 þþþþþþþþþþþþþþþþ þþþþþþþþ þþþþþþ

16_{n+1 4} F^3J1, 1, n+ 3 þþþþþ 2 , n+ 3 þþþþþ 2 ; 2, n+ 2, n+ 2; 1N.

The finite sum in the right-hand side of (33) can be evaluated in terms of harmonic numbers (see Proposition 3.2) as

(34) 16^n È k=0 n- 1 J 2k k N 2 þþþþþþþþþþþþþþþþ þþþþþþþþ þþþþþþþ 16^k Hn- kL

= 4 J 2n n N 2 Ç k=0 n- 1 1

þþþþþþþþ þþþþþþþþ þþþþ 2k+ 1

= 2J 2n n N 2 J2H_{2n- 1} - H_{n- 1}N

Combining formulas (32) and (33), and replacing n by n- 1, we arrive at (31).

Remark. By using different ideas, formula (31) was first proved in [13].

3. Addendum

In this section we provide a solution to equations (18) and (24)

Proposition 3.1 The solutions to the recurrence relation

(35)

H2n+ 1L^2 x_{n+1} - H2nL^2 x_n = a,

x_1 = b is

(36) x_n =

16^n þþþþþþþþþþþþþþþþ þþþþþþþþ þþþþþþþþ 4n^2 J 2n n N 2 i

k j j j j j b + a È k=1 n- 1 J 2k k N 2 þþþþþþþþ þþþþþþþþ þþþþ 16^k y

{ z z z z z Proof.

We solve recurrence (35) by iteration. Iterating it n- 1 times, we get

(37) x_{n+1} = bÊ j=0 n- 1

H2n- 2 jL^2 þþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþ þþþþþþþþþþ H2n+ 1 - 2 jL^2

+ a È k=0 n- 1

À_{j=0}^{k- 1} H2n- 2 jL^2 þþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþ þþþþþþþþ þþþþþþþþ þþþ À_{j=0}^k H2n + 1- 2 jL^2 .

In pretty straightforward manner the finite products herein can be converted to the binomial coefficients by using Euler’s product representation for the Gamma function. We obtain É j=0 n- 1 H2n- 2 jL

þþþþþþþþþþþþþþþþ þþþþþþþþþþþþþþþþ þþþþþþþ H2n- 2 j + 1L = 4^{n+1} þþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþ þþþþþþþþ þþþþþþþþ þþþþ 2Hn+ 1LJ

2n+ 2 n+ 1 N

and

È k=0

n- 1

À^{j=0}_{k- 1} H2n- 2 jL_2 þþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþ þþþþþþþþ þþþþþþþþ þþþ À^{j=0}_k H2n- 2 j + 1L_2 = 16_{n+1} þþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþþ þþþþþþþþþþþþþþþþ þþþþþþþþþ

4Hn+ 1L_2 J

2n+ 2 n+ 1 N 2È k=1

n J 2k k N 2 þþþþþþþþ þþþþþþþþ þþþþ

16_k .

Substituting them into (37) yields the desired result.

Proposition 3.2 Let n be a positive integer. Then

(38) 16_n þþþþþþþþþþþþþþþþ þþþþþþþþþþ 4 J 2n n N 2 È k=0

n- 1 J 2k k N 2 þþþþþþþþþþþþþþþþ þþþþþþþþ þþþþþþþ

16_k Hn - kL = Ç k=0

n- 1 1

þþþþþþþþ þþþþþþþþ þþþþ

2k+ 1 .

Proof.

We rearrange the terms in the sum in the left-hand side of (38), by summing them in the opposite order from n - 1 to 0. We get

È k=0

n- 1 J 2k k N 2 þþþþþþþþþþþþþþþþ þþþþþþþþ þþþþþþþ

Hn - kL16_k = È k=1

n J 2n- 2k n- k N 2 þþþþþþþþþþþþþþþþ þþþþþþþþ þþþþþþþþ þþþ k16_{n- k} .

Since the summand evaluates to zero for k > n, we extend the range of summation to infinity.

Using the definition of the hypergeometric series, we rewrite that sum in terms of ^4F^3 as

16_n þþþþþþþþþþþþþþþþ þþþþþþþþþ 4J 2n n N 2È k=1

� J 2n- 2k n- k N 2 þþþþþþþþþþþþþþþþ þþþþþþþþ þþþþþþþþ þþþ k16_{n- k} = n_2 þþþþþþþþþþþþþþþþ þþþþþþþþ þþþ H2n - 1L_2

4F^3J1, 1, 1 - n, 1- n; 2, 3 þþþþþ 2 - n, 3 þþþþþ 2 - n; 1N

The latter further simplifies to polygamma functions by formula 7.5.3.43 from [12] as

2n_2 þþþþþþþþþþþþþþþþ þþþþþþþþ þþþ H2n - 1L_2

4F^3J1, 1, 1- n, 1 - n; 2, 3 þþþþþ 2 - n, 3 þþþþþ 2 - n; 1N= yJn + 1 þþþþþ 2 N- yJ 1 þþþþþ 2 N= Ç k=0

n- 1 2

þþþþþþþþ þþþþþþþþ þþþþ

2k+ 1

Acknowledgments. I would like to thank S. Finch, L. Glasser and R. Richberg for duscussions and help regarding references.

References

[1] G.H.Hardy et al., Collected Papers of Srinivasa Ramanujan, Chelsea, N.Y., 1962 [2] B. Berndt, Ramanujan’s Notebooks, Vol.2, Springer-Verlag, 1989.

[3] G.N.Watson, Theorems stated by Ramanujan (VIII): theorems on divergent series, J. London Math.Soc., 4(1929), 82-86. [4] H.B.C.Darling, On a proof of one of Ramanujan’s theorems, J. London Math.Soc., 5(1930), 8-9.

[5] W.N.Bailey, The partial sum of the coefficients of the hypergeometric series, J. London Math. Soc., 6(1931), 40-41. [6] J. Hodgkinson, Note on one of Ramanujan’s theorem, J. London Math. Soc., 6(1931), 42-43. [7] Notebooks of Srinivasa Ramanujan, Vol. 1, Tata Institute of Fundamental Research, Bombay, 1957. [8] J. Dutka, Two results of Ramanujan, SIAM J. Math. Anal., 12(1981), 471-476. [9] L. Glasser, private communication. [10] E.P. Adams, R.L. Hippisley, Smithsonian Mathematical Formulae and Tables of Elliptic Functions, Smithsonian Institute, 1922. [11] E.R. Hansen, A Table of Series and Products, Prentice-Hall,1975. [12] A.P. Prudnikov, Yu. A. Brychkov, O.I. Marichev, Integrals and Series: More Special Functions, Gordon and Breach Science Publishers, 1992. [13] E. Montaldi, G. Zucchelli, Some formulas of Ramanujan, revisited, Siam. J. Math. Anal, 23(1992), 562-569.

Victor Adamchik 13