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TheoremAn optimal quantum query algorithm for
evaluating any boolean function can be built out of
two Pxed rel3ections
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Goal: Evaluate f: {01} {0,1} using
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— f (X)




Query complexity models

¥ Deterministic

¥ Randomized
- bounded-, zero- or one-sided error

¥ Nondeterministic (CertibPcate complexity)
¥ Quantum



Quantum query complexity
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TheoremAn optimal quantum query algorithm for
evaluating any boolean function can be built out of
two Pxed rel3ections
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Clearlyw.l.o.g.,

¥ may assume {s independent of t
!T

U= |t+1rt|# U +cc
t=0

¥ or, may assume {Us a rel3ectionvt
Re = |10 # Uy + [0 1] # U,



TheoremAn optimal quantum query algorithm for
evaluating any boolean function can be built out of
two Pxed rel3ections
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TheoremThe general adversary lower
bound on quantum gquery complexity
IS also an upper bound




A certibcatefor input x Is a set of positions whose values bx f.
(Given a certibcate for the input, it sufPces to read those bits)

For f=OR: Input Minimal certiPcate

00110 {3}
00000  {1,2,3,4,5)




C(f) = min max '
(f) (bl 10010) % pr[l]

|
st > pfilpfl! 1 if f(2) 7 ()

j:mj!:yj

Adv(f)=  min  maxy pfj]’

(bs€ER™} i

st. Y Plilpylil! 1 if f(z) # f(y)

j:acj!:yj

Adv(f ) is a semi-debnite program (SDP)



¥ Adversary method
11 2 1(@ar
Qi (f)! >——Adv( f)

¥ Bennett, Bernstein, Brassard,Vazirani
9701001

¥ Ambainis 000

¥ H¢yer, Neerbek, Shi O02

¥ Ambainis 0305028

¥ Barnum, Saks & Szegedy O03

¥ Laplante & Magniez 0311189

¥ Zhang 0311060

¥ Barnum, Saks 004

¥ Ipalek & Szegedy 0409116



General adversary bound

AdvE(f)=  min - max  pjT
" |
s.t. Pyl =1 if f(z) 7 fy)
JXEY;

[Heyer, Lee, Ipalek 0611054]



General adversary bound

.\ - 2
Adv® (f) = min m);chjZHij |

s.t. Uy Uy " =1 if f(x) # f(y)

J XY

[Heyer, Lee, Ipalek 0611054]



TheoremThe general adversary lower
bound on quantum gquery complexity
IS also an upper bound

+ — . 2
Adv™ (f) = min mXaXEj:HU’Xj |

s.t. Uy, Uy " =1 if f(z) # f(v)

J X GEY;

1. Simple understanding of quantum query complexity:
¥No unitaries, measurements, or time dependence
¥Equivalent to span programgrchmer,wigderson ©93]

Quantum algorithms | Span program
query complexity | | witness size

(up to a constant factor, for boolean functions)




Query complexity under composition

92 ¥ Deterministic= D (f )D ()
s 9 ¥ Certibcate ! C(f )C(g)
g< ¥ Randomized' R(f)R(g)O(logn)

Theorem: Adv™ (f ! ) = Adv™ (f JAdv™ ()

[HL! 606, RO09]

L Q(f ") =" (Q(f)Q(9))
OCompositionO of optimal algorithms for f and
for g via tensor product of SDP vector solutions

Characterizegjuery complexity for read-once formulas
Q(fy! -1 #g) =1 (Adv* (f1)---Adv™ (fq))



. Query model

. Adversary lower bounds

. Spectra of rel3ections

. Adversary upper bound
Q(f ) = ©(Adv *(f))
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R() R(") Is a rotation by angle#
eigenvaluesé#



Two subspaces will not generally lie at a Pxed angle
|




Two subspaces will not generally lie at a Pxed angle
|
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JordanOs Lemma (1875)

Any two projections can be simultaneously block-diagonal
with blocks of dimension at most two



Two subspaces will not generally lie at a Pxed angle
|
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JordanOs Lemma (1875)
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R(DR(™) = [ O 57 oz O
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Effective Spectral Gap Lemma:

¥Let Ps be the projection onto eigenvectors of
R( )R(") with phase less thari2in magnitude
¥ Then for any v witH' v = 0,

Py 1IV][ < ©[|v]




Effective Spectral Gap Lemma:

¥Let Ps be the projection onto eigenvectors of
R( )R(") with phase less thari2in magnitude
¥ Then for any v witH' v = 0,

Py 1IV][ < ©[|v]

P 1v=0 P 11v = 11b



Effective Spectral Gap Lemma:

¥Let Ps be the projection onto eigenvectors of
R( )R(") with phase less thari2in magnitude
¥ Then for any v witH' v = 0,

Py 1IV][ < ©[|v]

Proof: JordanOs LemmaUp to a change in basis,

A=) rf# (59
H:. 5><6 Q cos®",  sin "_!Zc'(')s"!

sin", cos" sinc ",

V=0 vi= ) d |1 # (D)

| Pol o"= Y di |t # siny (G )

I |' Bl! ©



. Query model

. Adversary lower bounds

. Spectra of rel3ections

. Adversary upper bound

Q(f) =" (Adv* (f))



The algorithm:
1. Begin with an SDP solution:

Uy, Uy " =1 0f f(z) 7 f(y)

[ESR =Y

2.Let" = projection to the span of the vectors

1 .
O+ e j’J Huy;ty;!

3. Starting af0! , alternate R{ with the input oracle



! :Proj{|0'+4—1o w2yl v } Uyt =L () # T (y)
JiXEy;

f(y) =
) Lemma:
L x=[0rO[+ 30 [yl # %X | he A' = | P TIb]| < 0|y

The analysis:

Case f(x)=1:

0!
Y- -
close to

O + W | | g ey !

<z doesnOt move!
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| :PrOj{ AT Z “f(yj) o
T \Y) =

I =0 0|+ Zj VT I#T# XX

o luyg Uy =1 F(X) # f(y)
JIXGEY;

Lemma:

beA =P I <O

The analysis:

Case f(x)=1:

0!
oIr-- ===

close to

0+ e it g

10 A+

<z doesnOt move!

. [OI" 10 A%

Case f(x)=0:

0!

o= H--
N\

X !

J
N\
bel'
<z# (1/Adv) effective spectral gap



Summary

Open problems

Theorem:Optimal quantum

guery algorithms can be built out
of two alternating ref3ections
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Corollary:Characterization of
guantum query complexity for
read-once boolean formulas

TheoremThe general
adversary bound on quantum
guery complexityis tight

Corollary:Quantum query
algorithms are equivalent to
span programs

Strong direct-productheorems?

Query complexity fornon-boolearfunctions andstate generatio%

Composition fornon-boolearfunctions?

Upper and lower bounds forero-error quantum query complexity?

Tight characterizations for communication complexity?



