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Abstract
Most existing works on multi-task learning (MTL) assume
the same input space for different tasks. In this paper, we
address a general setting where different tasks have hetero-
geneous input spaces. This setting has a lot of potential ap-
plications, yet it poses new algorithmic challenges - how can
we link seemingly uncorrelated tasks to mutually boost their
learning performance?

Our key observation is that in many real applications,
there might exist some correspondence among the inputs
of different tasks, which is referred to as pivots. For such
applications, we first propose a learning scheme for multiple
tasks and analyze its generalization performance. Then
we focus on the problems where only a limited number of
the pivots are available, and propose a general framework
to leverage the pivot information. The idea is to map
the heterogeneous input spaces to a common space, and
construct a single prediction model in this space for all
the tasks. We further propose an effective optimization
algorithm to find both the mappings and the prediction
model. Experimental results demonstrate its effectiveness,
especially with very limited number of pivots.

1 Introduction
Multi-task learning (MTL) has been proposed to address the
problem of labeled data scarcity in each single task, and
the goal is to leverage the label information from all the
related tasks to build a better model for each task. Multi-
task learning has been widely applied in many real problems,
such as sentiment classification in different domains [17],
remote sensing [20], cross-lingual classification [23], face
recognition [27], etc. In recent years, multi-task learning
has attracted extensive research attention from both the
application and the algorithm sides (see Section 2 for a brief
review). Most existing works assume that different tasks
share the same input space. In other words, the examples
from different tasks are represented by vectors in the same
space.

Here, we address a general setting where different tasks
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have heterogeneous input spaces. For example, in cross-
lingual classification [23], the first task might be classifying
a set of English documents whose input space consists of
English vocabulary, and the second task might be classifying
a set of German documents whose input space consists of
German vocabulary. Another example is simultaneous clas-
sification of documents and images [29]. Here the first task
is document classification whose input space consists of the
document vocabulary, and the second task is image classi-
fication whose input space consists of the ‘image vocabu-
lary’ (e.g., clusters of image features extracted from differ-
ent regions). Yet another example is cross-domain sentiment
classification [22], where different tasks correspond to the
classification of documents in different domains with differ-
ent vocabularies. In all these examples, the two tasks have
different input spaces - we refer to this problem setting as
MUSH (Multi-Task Learning with Heterogeneous Input S-
paces). Compared with the existing works on MTL in the
same input space, MUSH has received much less attention
up until now. Yet it is of great interest from the application
perspective, since it brings the possibility of jointly learning
multiple arbitrary tasks so that they could benefit from each
other.

MUSH also poses new challenges from the algorithm
perspective since multiple tasks seem to be totally uncorre-
lated with each other if their examples are in different in-
put spaces. Here our key observation is that in many real
applications, there might exist some correspondence among
certain input dimensions of different tasks. In the example
of cross-lingual classification, there is a natural correspon-
dence between the words from two different languages (e.g.,
‘good’ in English means ‘gut’ in German); in the example of
document-image classification, some words can be naturally
‘translated’ into some image regions, and vice versa [28]; in
the example of cross-domain sentiment classification, some
domain-specific words are linked via the same sentiment po-
larity. The correspondence across different input spaces pro-
vides an important connection among multiple tasks. In this
paper, such correspondence is represented by pivots, which
consist of tuples of input dimensions from multiple tasks
bearing the same correspondence.

The major contributions of this paper are three-fold.
First of all, when all the pivot information is available,



we propose the following learning scheme for MTL: we
first map the examples from heterogeneous input spaces of
multiple tasks to the same pivot space, and then construct
a single prediction model in the pivot space for all the
tasks. Second, we analyze this learning scheme in terms
of the generalization error of the prediction model for each
task. Finally, based on this scheme, we propose a general
framework, which, given a limited number of pivots, is
able to learn the mappings from the input spaces to a
common space and the prediction model in this space. In this
framework, to make use of the pivot information, we enforce
the input dimensions mapped to the same pivot be projected
to the common space in a similar way.

The rest of the paper is organized as follows. In Section
2, we briefly review the related work. The learning scheme
for MUSH with pivots is presented and analyzed in Section 3.
Based on this scheme, in Section 4, we introduce the general
framework for MUSH with a limited number of pivots.
Then we discuss a special case of this framework together
with the optimization algorithm in Section 5. In Section
6, we show some experimental results, which demonstrate
the effectiveness of our proposed algorithm. Finally, we
conclude the paper in Section 7.

2 Related Work
In multi-task learning, task relationship is usually modeled
in the following two ways. One is to construct prediction
functions in a common (derived) feature space. Here the
common feature space can be either the latent space [19, 7,
2, 1], or the augmented feature space [18, 4]. The other is to
assume shared function classes in the original feature space
and similar parameters [14, 6, 20, 12]. Our proposed model
is closer to the first way of modeling task relatedness in that
we also map the examples to the common space. However,
there are two major differences. One is that we focus on
the general setting where different tasks have different input
spaces, and the mappings for different tasks in terms of the
transformation matrices are not the same. The other is that,
for the first time, we make use of the pivot information to
guide the calculation of the transformation matrices.

Heterogeneous multi-task learning is one special type
of multi-task learning, where the dimensions of the inputs or
even the input space are different across different tasks [26,
9]. Several models have been proposed to solve the problem,
mostly motivated by cross-lingual applications [8, 25, 23,
29, 15, 16, 10]. For example, the TLRisk algorithm uses
a language model to link the class labels to the inputs in the
source spaces, which in turn is translated to the inputs in
the target spaces [8]; the co-training-based algorithm makes
use of Google translate to generate pivots for each word in
each language, creates multiple language-dependent views,
and then applies the co-training algorithm [5] to construct
the classifiers [25]; the CL-SCL algorithm chooses from

a large number of pivots the ones that satisfy the support
condition, and maps the examples from different tasks to a
common space according to the correlation of all the inputs
to the selected pivots [23]; the feature augmentation method
first transforms the data of heterogeneous input space into
a common subspace to measure their similarities and then
develops different feature mapping functions for each task to
augment the transformed data [10].

As we can see, some existing algorithms require a
large number of pivots (or dictionaries) to achieve good
results [25, 23], which might be infeasible to obtain in many
practical applications; on the other hand, if we apply the
multi-view based method [16] in our setting, the common
view would correspond to the pivots, and the task-specific
views would correspond to the remaining input dimensions.
However, the view consistency assumption may not hold if
we only have a limited number of pivots, which will impair
the performance of this method. In this paper we aim to
address these issues and improve the performance in each
task with only a limited number of pivots. As a result, the
major technical challenge is how to effectively explore the
connections between tasks.

3 Learning Scheme for MUSH with Pivots
In this section, we propose the learning scheme for MUSH
with pivots, followed by the analysis regarding its general-
ization performance.
3.1 Learning scheme Suppose that we have T tasks.
Each task has a set of labeled examples (xt

i, y
t
i), (i =

1, . . . , nt, t = 1, . . . , T ), where xt
i ∈ Rdt

denotes the
ith example in the tth task, dt is the dimensionality of the
input space for the tth task, yti is the output for input xt

i

(yti ∈ {1,−1} for classification problems, or yti ∈ R for
regression problems), and nt is the number of labeled ex-
amples in the tth task, which is usually small in multi-task
learning. Notice that each task has its unique input space,
and the number of input dimensions may be different across
multiple tasks. For example, in cross-lingual classification,
the English documents in Task 1 are described by a set of
English words, which is different from the set of German
words used to describe German documents in Task 2. Fur-
thermore, let Dt denote the probability distribution of xt

i for
the tth task. Here, our goal is to leverage the labeled exam-
ples from all the tasks to build a good prediction model for
each task.

In this paper, we assume that the inputs for different
tasks are connected via P pivots, which span the pivot space
RP . In other words, for a certain task, each input dimension
can be mapped to a single pivot, and the pivots are shared
by multiple tasks. Therefore, in our previous example, the
English word ‘good’ and the German word ‘gut’ map to the
same pivot. On the other hand, multiple input dimensions of
a single task may be mapped to the same pivot. For example,



in sentiment classification problems, both the English word
‘good’ and ‘nice’ are mapped to the same pivot. Therefore,
for the tth task, each example xt

i is mapped to x̃t
i ∈ RP

(i = 1, . . . , nt) such that the value for a pivot is equal to
the sum of all the input dimensions mapped to the same
pivot. To be specific, if the elements in xt

i that correspond
to ‘good’ and ‘nice’ are 0.7 and 0.4 respectively, then the
element in x̃t

i that corresponds to their pivot is 1.1. In this
way, we have the induced distribution D̃t for the tth task with
probability density function fD̃t(x̃) for x̃ ∈ RP . We also
assume that given x̃, the probability distribution of the label
D̃(y) is shared by all the tasks.

Based on the above notation, we propose the following
learning scheme for MUSH with pivots. We first map the
examples from all the tasks to the same pivot space, and
then construct a single prediction model in this space. In
the first step, we use different mappings for different tasks
to accommodate the heterogeneous input spaces; and in the
second step, we pool all the examples in the pivot space
together to build a good prediction model. As we will show
in the next subsection, if all the tasks have similar induced
distribution in the pivot space, the prediction model will have
good generalization performance for each task.

Throughout this paper, we use normal lower-case letters
to denote scalers or functions, normal upper-case letters
to denote constants, bold-face lower-case letters to denote
vectors, and bold-face upper-case letters to denote matrices.
Furthermore, in most cases, the superscript of a letter refers
to the task index, and the subscript refers to the example
index or input dimension index.
3.2 Generalization performance Next, we analyze the
proposed learning scheme in terms of the generalization
performance of the prediction model in the pivot space. To
this end, we first compare two distributions D̃s for the sth

task and D̃t for the tth task (s, t = 1, . . . , T ) in the pivot
space via the L1 distance, which is defined as

dL1(D̃s, D̃t) = 2 sup
B∈B
|PrD̃s [B]− PrD̃t [B]|

where B denotes the set of measurable subsets under D̃s and
D̃t. In other words, if two tasks are similar, i.e., they have
similar distributions in the pivot space, then their L1 distance
should be small. In particular, dL1(D̃t, D̃t) = 0.

In this subsection, we focus on classification problems.
Let H denote a hypothesis space of VC-dimension C in
the pivot space. Given a classifier h ∈ H, we define its
prediction error with respect to the distribution D̃t(x̃) for the
tth task and D̃(y) as follows.
ϵt(h) = Ex̃∼D̃t,y∼D̃[I(y ̸= h(x̃))] = Prx̃∼D̃t,y∼D̃[y ̸= h(x̃)]

where I(·) is the indicator function. We also define the
empirical error in the pivot space as follows.

ϵ̂(h) =
T∑

t=1

nt∑
i=1

I(yti ̸= h(x̃t
i))/(

T∑
t=1

nt)

The following theorem builds the connection between
ϵt(h) and ϵ̂(h).

THEOREM 3.1. For the tth task, with probability at least
1− δ, for every h ∈ H:
(3.1)

ϵt(h) ≤ ϵ̂(h)+

√
4

n
(C log

2en

C
+ log

4

δ
)+

T∑
s=1

ns

2n
dL1(D̃s, D̃t)

where n =
∑T

s=1 n
s, and e is the Euler number.

Proof. In the pivot space, if we consider all the exam-
ples from multiple tasks as coming from a single distribution∑T

s=1
ns

n D̃
s, then the prediction error ϵ(h) of h with respect

to this distribution can be written as ϵ(h) =
∑T

s=1
ns

n ϵs(h).
Therefore the prediction error of h with respect to the distri-
bution D̃t for the tth task can be bounded as follows.

ϵt(h) = ϵ(h) +
T∑

s=1

ns

n
(ϵt(h)− ϵs(h))

= ϵ(h) +
T∑

s=1

ns

n

∫
x̃

Pry∼D̃[y ̸= h(x̃)](fD̃t(x̃)− fD̃s(x̃))dx̃

= ϵ(h) +
T∑

s=1

ns

n
·

{
∫
fD̃t(x̃)≥fD̃s(x̃)

Pry∼D̃[y ̸= h(x̃)](fD̃t(x̃)− fD̃s(x̃))dx̃

−
∫
fD̃t(x̃)<fD̃s(x̃)

Pry∼D̃[y ̸= h(x̃)](fD̃s(x̃)− fD̃t(x̃))dx̃}

≤ ϵ(h) +
T∑

s=1

ns

n
·∫

fD̃t(x̃)≥fD̃s(x̃)

Pry∼D̃[y ̸= h(x̃)](fD̃t(x̃)− fD̃s(x̃))dx̃

≤ ϵ(h) +

T∑
s=1

ns

n

∫
fD̃t(x̃)≥fD̃s(x̃)

(fD̃t(x̃)− fD̃s(x̃))dx̃

≤ ϵ(h) +

T∑
s=1

ns

2n
dL1(D̃s, D̃t)

On the other hand, by applying Vapnik-Chervonenkis theo-
ry [24], we can bound ϵ(h) by its empirical estimate ϵ̂(h).
Combined with the fact that the VC-dimension of H is C,
we can show that with probability at least 1− δ,

ϵ(h) ≤ ˆϵ(h) +

√
4

n
(C log

2en

C
+ log

4

δ
)

Putting everything together, we complete the proof.�
Notice that in Equation (1), we have three terms on the

right hand side. The first two terms are obtained as if all the
examples come from the same task. The third term is unique



for multi-task learning, and it measures how related/similar
different tasks are. On one hand, if all the tasks have the
same distribution in the pivot space, then the third term
is equal to 0, and Equation (1) is reduced to the bound
for single task learning; on the other hand, if all the tasks
are completely different in the sense that the L1 distance
between any pair of them reaches the maximum value 1,
then the third term is equal to 1, which means that multi-task
learning does not help in such cases.

According to Theorem 3.1, comparing MTL with
Single-Task Learning (STL), the main advantage of MTL is
in the fact that it leverages all n labeled examples from mul-
tiple tasks to build the prediction model, as opposed to only
using nt labeled examples from the tth task. Therefore, MTL
is a effective way to solve the problem of label scarcity.

4 General Framework
The learning scheme proposed in Section 3 is based on the
assumption that we know the mapping from each input space
to the pivot space. Notice that in many real applications, the
mappings may not be available to us or may be expensive to
obtain. For example, in cross-lingual classification, given
documents in several languages, we may only know the
correspondence of a small number of words from different
vocabularies. In this case, our goal is to leverage the limited
pivot information to help us find the mappings from the input
space to a common space (not necessarily the pivot space),
as well as the prediction model in this space.

In this section, we assume that we are given p pivots,
p ≪ P . Each pivot is a T -tuple of input dimensions, one
dimension from each task, although our proposed framework
can be easily generalized to the cases where multiple input
dimensions of a single task map to the same pivot. For the
ease of explanation, we rearrange the inputs in each task so
that the first p dimensions in each task are always contained
in the pivots.

In our framework, we assume that examples from mul-
tiple tasks can be mapped into a d-dimensional common s-
pace, where a single prediction model can be used to predict
the outputs of examples from all the tasks. Notice that ide-
ally, d should be equal to P , and the common space is the
pivot space. However, due to the lack of the pivot informa-
tion, we need to learn the mappings from the data. Therefore,
the common space is not necessarily the same as the pivot s-
pace. The major difference between this assumption and the
one used in [2] is: in our case, the transformation matrices
for different tasks are different, but the prediction model in
the common space is shared by all the tasks; whereas in [2],
the transformation matrix is the same for all the tasks, but the
prediction models vary among the tasks. In applications such
as cross-lingual classification and document-image classifi-
cation, our assumption is more appropriate. To see this, sim-
ply notice that due to the different input spaces of different

tasks, we can not use a single transformation matrix for all
the tasks. Furthermore, we assume that the input dimensions
corresponding to the same pivot have similar prediction pow-
er of the output. Therefore, their projection matrices to the
common space should be similar. This is motivated by the
mappings from the input space to the pivot space introduced
in the last section when all P pivots are available: the input
dimensions corresponding to the same pivot are mapped to
this pivot with weight 1.

Based on the above assumptions, we first use the task-
specific transformation matrix Ut ∈ Rd×dt

to map the
examples in the tth task to the d-dimensional common space,
d ≤ dt, (t = 1, . . . , T ). Here, we require that the rows of Ut

be orthonormal. Notice that since the first p input dimensions
in each task are contained in the pivots, Ut(:, 1 : p), the
first p columns of Ut, correspond to the projection matrix of
these dimensions to the common space. Due to the definition
of pivots such that input dimensions contained in the same
pivot have similar contribution to the output, Ut(:, 1 : p)
should all be close to a certain matrix V ∈ Rd×p. In
other words, similar as in [13], the projection matrices for
the dimensions contained in pivots are regularized via their
mean. Then we construct a linear predictor in the common
space with coefficient vector a ∈ Rd based on the labeled
examples from all the tasks. To be specific, we propose the
following objective function in Equation (2).

min fd(U
t,V,a) =

T∑
t=1

(
1

nt

nt∑
i=1

L(yti ,a
′Utxt

i))

+

T∑
t=1

(γt∥Ut(:, 1 : p)−V∥2F ) + γ∥a∥2(4.2)

s.t.Ut · (Ut)′ = Id×d, (t = 1, . . . , T )

where a′ denotes the transpose of a, L(·, ·) denotes the
prediction loss, ∥ · ∥F denotes matrix Frobenius norm, ∥ · ∥
denotes vector L2 norm, Id×d is a d × d identity matrix, γt

and γ are positive parameters that balance among different
terms in this objective function.

In the objective function of Equation (2), the first term
measures the average prediction loss of all the tasks, the
second term measures the difference between the projection
matrices for the dimensions contained in pivots and the
matrix V, which encourages similar projections for the
dimensions in the same pivot, and the last term penalizes
the L2 norm of the linear classifier in the common space.
When γt = 0 (t = 1, . . . , T ), Equation (2) imposes weak
relatedness among multiple tasks, since it only requires
the L2 norm of all the coefficient vectors to be the same,
and the pivot information is not used. On the other hand,
when γt → ∞, (t = 1, . . . , T ), the projection matrices
for the dimensions contained in pivots are all forced to be
V. We will discuss this special case in Section 5. The



constraints in Equation (2) require that the transformation
matrices Ut be orthonormal. This is to avoid the non-
identifiability problem. For each task, the matrices that
satisfy this constraint constitute the Stiefel manifold [11].

With respect to the generalization performance of this
prediction model, we have the following lemma.

LEMMA 4.1. For the tth task, with probability at least 1−δ,
for every h ∈ H:

ϵt(h) ≤ϵ̂(h) +
√

4

n
((d+ 1) log

2en

d+ 1
+ log

4

δ
)

+
T∑

s=1

ns

2n
dL1(D̃s, D̃t)

Proof. Theorem 3.1 combined with the fact that the VC-
dimension of linear classifiers in the d-dimensional common
space is d+ 1 proves this lemma.

The objective function in Equation (2) is not jointly con-
vex in Ut, U, and a. However, as long as L(·, ·) is convex
with respect to the second argument, the objective function
is convex with respect to each of its variables. Therefore,
we could apply block coordinate descent to iteratively up-
date Ut, U and a, which is guaranteed to converge to a local
optimum [21]. Furthermore, in order to update the orthonor-
mal transformation matrices, we could apply Newton or con-
jugate gradient methods on the Stiefel manifold [11]. For the
special case of the optimization framework to be discussed
in the next section, we will introduce a simple solution via
gradient descent.

Before ending this section, we would like to point out
that the minimum of the objective function fd depends on
the dimensionality d of the common space. The following
theorem shows that it is non-decreasing with respect to d.

THEOREM 4.1. For any pair of positive integers d1 and d2,
such that d2 > d1, min fd2 ≥ min fd1 .

Proof. Without loss of generality, assume that d2 =
d1+1. When the dimensionality of the common space is d2,
let Ut

2 denote the transformation matrix of size d2 × dt for
the tth task (t = 1, . . . , T ). Therefore, Ut

2 · (Ut
2)

′ = Id2×d2 .
Let a2 denote any coefficient vector of length d2.

On the other hand, when the dimensionality of the
common space is d1, we construct the set of orthonormal
transformation matrices Ut

1 ∈ d1 × dt (t = 1, . . . , T ) as
follows. Let the first d1 − 1 rows of Ut

1 be the same as Ut
2,

and the last row of Ut
1 be a2(d1)U

t
2(d1,:)+a2(d2)U

t
2(d2:)√

(a2(d1))2+(a2(d2))2
, where

a2(d1) is the d1
th element in a2, and Ut

2(d1, :) denotes the
d1

th row in Ut
2. It is easy to verify that Ut

1 is orthonormal.
The coefficient vector a1 ∈ Rd1 is constructed in a similar
way by setting a1(i) = a2(i) (i = 1, . . . , d1 − 1), and
a1(d1) =

√
(a2(d1))2 + (a2(d2))2.

Notice that in Equation (2), the minimum value of the
objective function is obtained when V = 1

nt

∑T
t=1 U

t(:, 1 :

p). Let Vi =
1
nt

∑T
t=1 U

t
i(:, 1 : p) (i = 1, 2). It is easy to

see that the first d1−1 rows of V1 and V2 are the same, and
the last row of V1 is equal to a2(d1)V2(d1,:)+a2(d2)V2(d2,:)√

(a2(d1))2+(a2(d2))2
.

Based on the two sets of transformation matrices Ut
1 and

Ut
2 (t = 1, . . . , T ), V1, V2, the coefficient vectors a1 and

a2, we can compare fd1(U
t
1,V1,a1) and fd2(U

t
2,V2,a2).

In Equation (2), the first term a′1U
t
1 = a′2U

t
2 (t = 1, . . . , T ),

and the third term ∥a1∥2 = ∥a2∥2. Therefore, we only need
to compare the second term. ∀t = 1, . . . , T ,
∥Ut

2(:, 1 : p)−V2∥2F − ∥Ut
1(:, 1 : p)−V1∥2F

=∥Ut
2(d1 : d2, 1 : p)−V2(d1 : d2, :)∥2F

− ∥Ut
1(d1, 1 : p)−V1(d1, :)∥2

≥∥Ut
2(d1 : d2, 1 : p)−V2(d1 : d2, :)∥2

− ∥[ a2(d1)√
(a2(d1))2 + (a2(d2))2

a2(d2)√
(a2(d1))2 + (a2(d2))2

]·

(Ut
2(d1 : d2, 1 : p)−V2(d1 : d2, :))∥2

≥0

Therefore, the minimum of fd2(U
t
2,V2,a2) is no smaller

than the minimum of fd1
(Ut

1,V1,a1).�

5 A Special Case of the Framework
In this section, we discuss a special case of the general
framework proposed in Section 4 when γt → ∞, (t =
1, . . . , T ). In this case, Ut(:, 1 : p) = V, (t = 1, . . . , T ).
That is, the projection matrices for the input dimensions
contained in pivots are exactly the same across all the tasks.
∀t = 1, . . . , T , let Ut = [V Vt], where Vt ∈ Rd×(dt−p).
The problem in Equation (2) can be written as follows.

min gd(V
t,V,a) =

T∑
t=1

nt∑
i=1

L(yti ,a
′[V Vt]xt

i)

nt
+ γ∥a∥2

(5.3)

s.t. V · (V)′ +Vt · (Vt)′ = Id×d, (t = 1, . . . , T )

In Theorem 4.1, we have shown that the minimum value
of the objective function in Equation (2) depends on d, the
dimensionality of the common space. Although Equation
(3) is a special case of Equation (2), the following theorem
shows that under certain conditions, the minimum of gd is
independent of d.
THEOREM 5.1. If d < min(p, dt − p), then Equation (3) is
equivalent to the following optimization problem.

min g(ut, c) =

T∑
t=1

(
1

nt

nt∑
i=1

L(yti , (u
t)′xt

i)) + γc2(5.4)

s.t. ut(1 : p) = v

∥ut∥ = c, (t = 1, . . . , T )

where ut ∈ Rdt

, ut(1 : p) denotes the first p elements of ut,
and v ∈ Rp is the common coefficient vector for the input
dimensions contained in pivots.



Proof. First of all, it is easy to see when d = 1, the
coefficient vector a is reduced to a scaler, and Equation (3)
is equivalent to Equation (4). Next, we need to show that the
minimum of gd does not depend on d. According to Theorem
4.2, when d > 1, the minimum of gd is no smaller than the
minimum of g. We will prove that the minimum of g is also
no smaller than the minimum of gd. To this end, next we
show that given any feasible solution to Equation (4), there
always exists a feasible solution to Equation (3) such that
their objective functions have the same value.

Let ut = c[v′ (vt)′]′ (t = 1, . . . , T ) denote the set of
feasible coefficient vectors for Equation (4), where vt ∈
Rdt−p, and ∥v∥2 + ∥vt∥2 = 1. Let V = [v W′]′ and Vt =
[vt (Wt)′]′ denote a set of matrices constructed based on v

and vt where W ∈ R(d−1)×p and Wt ∈ R(d−1)×(dt−p)

(t =, 1 . . . , T ). Next, we prove that W and Wt can be
constructed in such a way that V · (V)′+Vt · (Vt)′ = Id×d

(t = 1, . . . , T ). In other words,

V · (V)′ +Vt · (Vt)′

=

[
v′

W

]
[v W′] +

[
(vt)′

Wt

] [
vt (Wt)′

]
=

[
v′v + (vt)′vt v′W′ + (vt)′(Wt)′

Wv +Wtvt WW′ +Wt(Wt)′

]
=

[
1 v′W′ + (vt)′(Wt)′

Wv +Wtvt WW′ +Wt(Wt)′

]
= Id×d

Therefore, W and Wt need to satisfy the following
equations.

Wv +Wtvt = 0(5)

W(W)′ +Wt(Wt)′ = I(d−1)×(d−1)(6)

Let AΛA′ denote the eigen-decomposition of WW′,
where A ∈ R(d−1)×(d−1) is an orthogonal matrix, and Λ ∈
R(d−1)×(d−1) is a diagonal matrix whose diagonal elements
are non-negative. From Equation (6), it is easy to see that
the eigen-decomposition of Wt(Wt)′ is A(I(d−1)×(d−1) −
Λ)A′, and the diagonal elements of Λ are no greater than
1. Therefore, the SVD decomposition of W can be written
as A
√
ΛB, where

√
Λ is a diagonal matrix whose diagonal

elements are square root of Λ, B ∈ R(d−1)×p, and BB′ =
I(d−1)×(d−1). Similarly, the SVD decomposition of Wt

can be written as A
√
I(d−1)×(d−1) −ΛBt, where Bt ∈

R(d−1)×(dt−p), and Bt(Bt)′ = I(d−1)×(d−1). Therefore,
Equation (5) becomes,

√
ΛBv +

√
I(d−1)×(d−1) −ΛBtvt = 0

Let Λ = ∥vt∥2I(d−1)×(d−1), then I(d−1)×(d−1) −Λ =
∥v∥2I(d−1)×(d−1), and the above equation is equivalent to

B
v

∥v∥
+Bt vt

∥vt∥
= 0

Therefore, we can construct B and Bt as follows. Let
the first row of B be v′

∥v∥ , and the first row of Bt be − (vt)′

∥vt∥ .
Let the remaining rows of B (Bt) be unit-length row vectors
that are orthogonal to the first row as well as orthogonal
among themselves, which is always achievable since d <
min(p, dt − p). Finally, by setting a(1) = c and a(i) = 0
(i = 2, . . . , d), gd(Vt,V,a) is equal to g(ut, c).

Putting everything together, we have shown that for
any feasible solution to Equation (4), there always exists
a feasible solution to Equation (3) with the same objective
function value. Therefore, the minimum of g is no smaller
than the minimum of gd. Together with Theorem 4.2, we
complete the proof.�

Based on Theorem 5.1, we can see that when the
dimensionality of the common space d is smaller than both p
and dt − p, (t = 1, . . . , T ), the value of d will not affect the
optimal solution, and Equation (3) is equivalent to Equation
(4), where we only need to minimize the objective function
with respect to a set of equal-length vectors ut, whereas in
Equation (3), we need to optimize with respect to a set of
orthonormal matrices. Let ut = [v′, (vt)′]′ (t = 1, . . . , T ).
According to the constraints in Equation (4), vt should have
equal lengths.

Similar as before, the optimization problem in Equation
(4) is not jointly convex with respect to v and vt. Here we
propose MUSH-p, a gradient descent based method to find a
local optimum, which is described in Algorithm 1.

Algorithm 1 MUSH-p algorithm
Input: (xt

i, y
t
i), (i = 1, . . . , nt, t = 1, . . . , T ), L(·, ·), p, γ,

the number of iteration steps I
Output: ut, (t = 1, . . . , T )

1: Initialize v and vt to be zero vectors
2: for i = 1 to I do
3: Calculate the gradient ∇v = ∂g

∂v and ∇vt = ∂g
∂vt ,

(t = 1, . . . , T )
4: Perform line search to find the optimal step size ct,

(t = 1, . . . , T ), such that ∥vt − ct∇vt∥ is a constant
across different tasks

5: For t = 1, . . . , T , update vt ← vt − ct∇vt

6: Perform line search to find the optimal step size c0,
and update v← v − c0∇v

7: end for
8: Generate ut = [v′, (vt)′]′, (t = 1, . . . , T )

Algorithm 1 works as follows. In Step 1, we initialize
all the vectors to be zero. Then we iteratively update the
vectors S times. To be specific, in Step 3, we calculate the
gradient vectors ∇v and ∇vt; in Step 4, we perform line
search to find the optimal step sizes while maintaining the
equal-length constraint, which can be done by varying the
step size for one task and calculating the step sizes for the



other tasks; in Step 5, we update vt; and in Step 6, we update
the common vector v for the input dimensions contained in
pivots. Finally, in Step 8, we obtain the weight vectors ut

by concatenating v and vt. During the test phase, we predict
the output of xt from the tth task using the sign of (ut)′xt for
classification problems, or the value of (ut)′xt for regression
problems.

6 Experimental Results
In this section we evaluate the performance of the proposed
algorithms. In particular, we would like to answer the fol-
lowing questions: (1) Does the performance of MUSH-p im-
prove as more pivots are given? (2) Given different labeled
set sizes, how does MUSH-p compare with alternative com-
petitors?

6.1 Experimental set-up In this paper, we use the cross-
lingual sentiment classification data set from [23]. It consists
of 4 million product reviews from Amazon.{de|fr|co.jp},
which are written in three languages: German, French, and
Japanese. Furthermore, the corpus is extended with English
product reviews from [3], and dictionaries between English
and the three languages are available. To assign class labels,
a review with >3 (<3) stars is labeled as positive (negative),
and other reviews are discarded. For each language, the
labeled reviews are grouped into 3 categories: books, dvd,
and music [23]. Based on this data set, we can create multi-
task learning problems as follows. We pick a category, say
books, and assign reviews from this category in 2 different
languages to 2 tasks, say English and German1. The goal is
to leverage the labeled reviews from both tasks to classify
the unlabeled reviews.

Due to the scarcity of existing methods for MUSH
which are able to utilize pivot information, we adapt the
CL-SCL algorithm for transfer learning [23] to the multi-
task learning setting for the sake of comparison. Notice that
our proposed MUSH-p algorithm is supervised, whereas CL-
SCL is semi-supervised. Therefore, in our experiments, in
addition to the labeled training set, CL-SCL is also given
the unlabeled test set in each task, and its performance on
these test sets is reported for comparison. For this algorithm,
we set the parameters the same way as in [23]. For a
fair comparison, CL-SCL is provided with the same set of
pivots as our proposed algorithms. Besides CL-SCL, we also
compare with two simple baselines. The first one is single
task learning, denoted as STL, where multiple tasks are
learned separately without considering the pivot information.
The second one is to project all the examples to the space
spanned by the pivots, and construct a single classifier in this
space to predict the examples from different tasks, which
is denoted as Pivot-Space. For the proposed MUSH-p we

1Since we only have dictionaries between English and the other lan-
guages, one task always consists of reviews in English.

use the negative log-likelihood in logistic regression as the
loss function L(·, ·), and the parameters are chosen by cross-
validation.
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Figure 1: Performance study with various number of pivots.

6.2 Pivot study In this subsection, we answer the first
question. To this end, we pick the reviews from the category
of books written the English and German languages, vary
the number of pivots provided to MUSH-p, and report the
average classification error with 400, 800, and 1200 labeled
examples respectively in Figure 1. From this figure, we
can see that all 3 curves follow the same trend: in the
beginning when we only have a small number of pivots,
more pivot information helps improve the performance, and
the performance is stabilized around 400 pivots, beyond
which no improvement is observed with additional pivot
information.

6.3 Comparison with alternative competitors In this
subsection, we answer the second question. Here we show
the comparison results on 9 multi-task learning problems in
Figure 2. In these figures, the x-axis shows the total number
of labeled training examples, and the y-axis is the average
classification error on the test sets of the two tasks over 10
runs. The number of available pivots is fixed at 100. From
these figures, we have the following observations. (1) The
performance of MUSH-p is better than STL in most cases,
which also uses logistic regression in the two tasks, but ig-
nores the pivots. It shows that making use of the pivot in-
formation to build the connection among different tasks can
indeed improve the performance. (2) The performance of
MUSH-p is also better than Pivot-Space, which combines the
label information from all the tasks, but ignores the non-pivot
input dimensions. This is because when the number of piv-
ots is small, constructing the classifier solely based on the
pivots tends to lose much information. (3) The performance
of CL-SCL is the worst of all the competitors, which can
be explained as follows. In CL-SCL, the subspace of bilin-
gual classifiers is approximated using the pivot predictors. A
small number of pivots may negatively affect this approxi-
mation, which in turn affects its performance.
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(a) books: English vs. German
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(b) dvd: English vs. German
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(c) music: English vs. German
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(d) books: English vs. France
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(e) dvd: English vs. France
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(f) music: English vs. France
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(g) books: English vs. Japanese
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(h) dvd: English vs. Japanese
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Figure 2: Comparison of average classification error with various labeled set sizes: MUSH-p is consistently better than the
competitors.

7 Conclusion
In this paper, we study MUSH, a general setting in MTL
where different tasks have heterogeneous input spaces. To
this end, we first propose a learning scheme, which maps
the examples from all the tasks to the pivot space, and
then construct a single prediction model in this space. The
performance of the prediction model is shown to depend on
both the total number of examples, as well as the similarity
among multiple tasks. Based on this scheme, we focus
on the problems where only a limited number of pivots
are available, and propose an optimization framework to
find both the mappings and the prediction model. Finally,
we propose the MUSH-p algorithm to solve a special case
of this framework. Experimental results demonstrate the
effectiveness of MUSH-p.
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