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Today:
· Lyapunov functions (Exumpdes;(os(o)
· Sae's Invariance Principle
· Lin systems

-exc=

- g(x);x(t)f/R
X(x) =2x2 =5i =- x.g(x)
ita.gin)0. Is-
<1.g,) >0, xxt1 => GAS of$x=0



Ex: a) g(x) =sink);a, =92 =5 LAS

4) f(x) =x ;91 =4i =+8
of

-)g(x) =x ;91
=92 =+y

GAS E 2k- 1

k=1,2,3,...

x=

ofd) x 910ESSHIR1 x - x.satlu

x=0 ↑ 1-linesin- Iratic

⑭for eliminateenterens
of outlier in statistical quays is
(as opposed tosit) ②



Anotheryuor function candidate
=ax) =)/(x) =22x(x) =(915)d5/8/n) Ia > 0

=

( =e,i =g(x).[- g(x) =- gix) x0

farnell
e rgencelater:The bestwe can doRe

sor is exponential converges
rate Exponential stability
of es, dontis

the strozyest ⑮motions of stability for bis=stas II(



#:We already exploited structural
properties of gin)-sinde) in perdulum

example.

↳Damianbase
O

y =g(x).xx, +x2.x =

-x +(tg()- bxx) =
=>E=

0 is
=- h.x20 Stable, ⑭



Note: ·Additional noch required to

⑭Asit
e

· Lasalle's invariance principle
Another approach:
· Try different (Japanor function

In,,) =I,+at work?
( =x,ix +x2xx =x,x +x2)- f(x) -bx)
=x,82 - xng(r) - bx22

⑥ ⑱ ⑪ mice,regative
sign-indefinite

san de both * or 0) 5



IF(a =b)=0 =a+b2 = =2al

Fab =t 19+lY:Young's I

For ourexample I

(sizplest instre

Zig-⑲
deal breaker

: This choice (IIn, n)-Eus,Es
ofhspanol function avoidsts
DOES NOTWork!!! ⑥



Tool thatallows us to prove asymptotic
stability of5 =

0 for i =1) when
1 =0 [negative semi-definite)
as opposed to

10 (negative definite)
EnterPendulum-iifhe

System I

x, F0;vz =0 = X=0 =>>

=>I=0

/d +se
⑦



Helsinvariancepriciesin
-f(x) Time-invariantsystem

andlet (()0 for all

x +-i =(x;)x-)
Lyspynor function jandidate

Definenivel!"see"
They for everyx10)--->

/im xIt) = M. B
t ->y ⑳



Back to pendulum-liche system:

( =- b.x2 =0 =x =

0 =)

=>, =((x,y:x,e) - a,a)]
Q:Whatis the largestinvariant
setinordynamics?i.e., for

62 =0 =gn-bxe
=>g104) =0 =7x1 =0 is theobby
pointin (-9,9) for which g(s)=0



From here -> M =3P,017 =>
limot) =0 => LAS of it.
t ->I
*case;g(vis) =a.2,;930

D I 930;b>0-]=[-a -e)(i) => [ vis ISAS of t=0

=>det (I-A) =S+b,s+a Rozt-Hurwitz

Vix,,x2) =26+I =3i =-bx0
Note:
x =-(-,m).)(it)=

Q ⑩



=-E(r) (?
i =

uI

-
2 wons

IyTy /]
We'll come back to this example

soon to discuss details abou I
LasaMe's Invariance Principle
for his systems. ⑯



But First: (brief summary)

·desisisostens
jc =Ax;f(u) =Ax; AAIR

nx

fixed eatrix
#

systems, we can restrictour
attention to the class of exadratic

Lyaperor suctions:

TPx; aradratic seven on R

P =PTis a positive
⑪xitematrix.

⑫



Fact:Any matrixwas he written is
0 =0s +Pa =(0+pπ) +10- pT)
ShowHat
xTPax =0

2x+(p-pi)x
=tx+px - 1x

+

+x =
=1x+px - z/pxx)Tx =
=IuTP - TDDK =0=

nTDoL =xTOs [Erorg to worsymmetric restrices]-
Fact:King symmetricmatrix

has real errates anditis
unitsriz disgrasizable ⑬



P =xAxT; xyT=xy =I

A =diay(di); ni =(12

inf):4=
e

z

2Erinisherei=1



Fact: 2

↳Freeene-
rad, ally

:For anybebounced
&symm thisEstrix as positive
e-races)
XIx)=xTOC is a legitimate
Lynknnox eyetion criediaste
for GLOBAL Stability analysis.


