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Abstract— An important problem in the distributed
control of large-scale and inﬁnite dimensional systems
is related to the choice of the appropriate controller
architecture. We utilize backstepping as a tool for distributed control of nonlinear inﬁnite dimensional systems
on lattices, and provide the answer to the following question: what is the worst case controller architecture induced
by distributed backstepping design? We demonstrate that
distributed backstepping design yields controllers that are
intrinsically decentralized, with a strong similarity between
plant and controller architectures. In particular, we study
the ‘worst case’ control design in which all interactions are
cancelled at each step of backstepping. Any other backstepping strategy yields controllers with better information
transmission properties. For this ‘worst case’ situation
we quantify the number of control induced interactions
necessary to guarantee desired dynamical behavior of the
inﬁnite dimensional system. We also provide an example
of systems on lattices and show how the controllers with
favorable architectures can be designed.
Index Terms— Systems on Lattices; Distributed Backstepping Design; Controller Architecture.

I. I NTRODUCTION
System on lattices are ubiquitous in modern technological applications. These systems can range from the
macroscopic−such as cross directional control in the process industry [1], [2], vehicular platoons [3]–[9], Unmanned
Aerial Vehicles (UAVs) [10]–[12], and satellites in formation
ﬂight [13]–[15]−to the microscopic, such as arrays of micromirrors [16] or micro-cantilevers [17]. Systems on lattices
are characterized by interactions between different subsystems which often results into intricate behavioral patterns,
an example of which is the so-called string instability [18]
(or, more generally, the spatio-temporal instability [19]). The
complex dynamical responses of these systems are caused
by the aggregate effects, and they cannot be predicted by
analyzing the individual plant units.
System on lattices are characterized by a special structure:
each subsystem is equipped with sensing and actuating capabilities. Thus, the key design issues in the control of these
systems are architectural such as the choice of localized versus
centralized control. This problem has attracted a lot of attention
in the last 25–30 years. A large body of literature in the area
that is usually referred to as ‘decentralized control of largescale systems’ has been created [20]–[28]. We also refer the
reader to [19], [29]–[34] and references therein for information
about recent work on distributed control of systems on lattices.
In this paper, we study distributed control of nonlinear
inﬁnite dimensional systems on lattices. The motivation for
studying inﬁnite dimensional systems is twofold: a) our results
can be used for control of discretized versions of PDEs
with distributed controls and measurements, and b) inﬁnite
dimensional systems represent an insightful limit of large-scale
systems: problems with, for example, stability of an inﬁnite
dimensional system indicate issues with performance of its
large-scale equivalent. The latter point was recently illustrated
in [35] where the theory for spatially invariant linear systems [19] was utilized to show that extending standard results
from small to large-scale vehicular platoons has dangers.
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In addition to showing how backstepping can be employed
as a tool for distributed control design, we also provide the
answer to the following question: what is the worst case
controller architecture induced by distributed backstepping
design? We show that distributed backstepping design produces controllers that are intrinsically decentralized, with a
strong similarity between plant and controller architectures. In
particular, we conﬁne our attention to a situation in which all
interactions are cancelled at each step of backstepping. We
refer to this case as a ‘worst case’ design, because any other
backstepping strategy yields controllers with better information
passing properties. For this ‘worst case’ situation we quantify
the number of control induced interactions necessary to provide desired dynamical behavior of the inﬁnite dimensional
system.
Our presentation is organized as follows: in section II, we
introduce the notation used throughout the paper. In § III,
we describe the classes of systems for which we design
distributed backstepping controllers in § IV. In § V, we
discuss the architecture of distributed controllers induced by
a backstepping design. In § VI, we provide an example of
systems on lattices, show how ﬂexibility of backstepping can
be utilized for obtaining controllers with less interactions, and
illustrate performance of backstepping controllers by performing numerical simulations on a large-scale system. We end our
presentation with some concluding remarks in § VII.

II. N OTATION
The sets of integers and natural numbers are denoted
by Z and N, respectively, N0 := {0} ∪ N, and ZN :=
{−N, . . . , N }, N ∈ N0 . The space of square summable
sequences is denoted by l2 , and the space of bounded
sequences is denoted by l∞ . The state and control of
the n-th subsystem (cell) are respectively represented by
[ψ1n · · · ψmn ]T and un , m ∈ N, n ∈ Z. The capital letters denote inﬁnite vectors deﬁned, for example, as
Ψk := [ · · · ψk,n−1 ψk,n ψk,n+1 · · · ]T =: {ψkn }n∈Z ,
k ∈ {1, . . . , m}. The n-th plant cell is denoted by Gn , and
the n-th controller cell is denoted by Kn .

III. C LASSES OF SYSTEMS
In this section, we brieﬂy summarize the classes of systems
for which we design feedback controllers in § IV. We consider
continuous time m-th order subsystems over discrete spatial
lattice Z with at most 2N interactions per plant’s cell (see
Assumption 1)
ψ̇1n = f1n (Ψ1 ) + ψ2n ,

n ∈ Z,

(1a)

ψ̇2n = f2n (Ψ1 , Ψ2 ) + ψ3n ,
..
.

n ∈ Z,

(1b)

n ∈ Z.

(1c)

ψ̇mn = fmn (Ψ1 , · · · , Ψm ) + un ,

We rewrite the dynamics of the entire system as
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Ψ̇1 = F1 (Ψ1 ) + Ψ2 ,

(2a)

Ψ̇2 = F2 (Ψ1 , Ψ2 ) + Ψ3 ,
..
.

(2b)

Ψ̇m = Fm (Ψ1 , · · · , Ψm ) + U.

(2c)

System (2) represents an abstract evolution equation in the
strict-feedback form [36] deﬁned on either a Hilbert space
m
H := l2m or a Banach space B := l∞
.
We introduce the following assumptions about the system
under study:
Assumption 1: There are at most 2N interactions
per plant cell: n-th plant cell Gn interacts only
with {Gn−N , . . . , Gn+N }. In other words, functions
fkn depend on at most 2N + 1 elements of
Ψ1 , . . . , Ψk , k ∈ {1, . . . , m}, n ∈ Z. For example,
f2n (Ψ1 , Ψ2 ) = f2n ({ψ1,n+j }j∈ZN , {ψ2,n+j }j∈ZN ).
Assumption 2: Functions fkn are known, continuously differentiable functions of their arguments, equal to zero at the
origin of system (2). In addition to that, inﬁnite vectors Fk :=
{fkn }n∈Z for every k ∈ {1, . . . , m} satisfy:
{Ψ1 ∈ l∞ , · · · , Ψk ∈ l∞ } ⇒ Fk (Ψ1 , . . . , Ψk ) ∈ l∞ .
Under these assumptions the well-posedness of both open
and closed-loop systems is readily established.

IV. D ISTRIBUTED BACKSTEPPING CONTROL DESIGN
In this section, we design distributed backstepping controllers for systems described in § III. For notational convenience, the control design problem is solved for second order
subsystems over discrete spatial lattice Z, that is for m = 2.
In this case, the dynamics of the n-th cell (1) and the entire
inﬁnite dimensional system (2) are respectively given by
ψ̇1n = f1n (Ψ1 ) + ψ2n ,

n ∈ Z,

(3a)

ψ̇2n = f2n (Ψ1 , Ψ2 ) + un ,

n ∈ Z,

(3b)

for every Ψ1 ∈ l2 \ {0}.
Since Ψ2 is not actually a control, but rather, a state variable,
we introduce the change of variables
Z2 := Ψ2 − Ψ2d = Ψ2 − Λ(Ψ1 ),

which adds an additional term on the right-hand side of (5)
V̇1 = − W1 (Ψ1 ) + Ψ1 , Z2  .

Ψ̇1 = F1 (Ψ1 ) + Ψ2 ,

(4a)
(4b)

In § IV-A, we study a situation in which the desired
dynamical properties of system (4) are accomplished by performing a global design. Unfortunately, this is not always
possible. Because of this, in § IV-B, we also perform design
on individual cells (3) to guarantee the desired behavior of
system (4).

A. Global backstepping design
Before we illustrate the global distributed backstepping
design we introduce the following assumption:
Assumption 3: The initial distributed state is such that both
Ψ1 (0) ∈ l2 and Ψ2 (0) ∈ l2 .
The design objective is to provide global asymptotic stability of the origin of system (4). This is accomplished using the
distributed backstepping control design.
Step 1 The global recursive design starts with subsystem
(4a) by considering Ψ2 as control and proposing a radially
unbounded CLF V1 : l2 → R of the form
1
1  2
V1 (Ψ1 ) =
ψ1n .
Ψ1 , Ψ1  :=
2
2 n∈Z
The derivative of V1 (Ψ1 ) along the solutions of (4a) is given
by


V̇1 = Ψ1 , Ψ̇1 = Ψ1 , F1 (Ψ1 ) + Ψ2  .
(5)
Assumption 4: There exist a continuously differentiable
‘stabilizing function’ Ψ2d := Λ(Ψ1 ), Λ(0) = 0, such that
Ψ1 ∈ l2

⇒ Λ(Ψ1 ) ∈ l2 ,

and

(7)

The sign indeﬁnite term in (7) will be taken care of at the
second step of backstepping.
Step 2 Coordinate transformation (6) renders (4b) into a form
suitable for the remainder of backstepping design
Ż2 = F2 (Ψ1 , Ψ2 ) −

∂Λ(Ψ1 )
(F1 (Ψ1 ) + Ψ2 ) + U.
∂Ψ1

Augmentation of the CLF from Step 1 by a term which
penalizes the error between Ψ2 and Ψ2d yields a function
1
Z2 , Z2  ,
2
whose derivative along the solutions of
V2 (Ψ1 , Z2 ) := V1 (Ψ1 ) +

Ψ̇1 = F1 (Ψ1 ) + Λ(Ψ1 ) + Z2 ,
Ż2 = F2 (Ψ1 , Ψ2 ) −

∂Λ(Ψ1 )
(F1 (Ψ1 ) + Ψ2 ) + U,
∂Ψ1

is determined by



V̇2 = V̇1 + Z2 , Ż2 = − W1 (Ψ1 ) +


∂Λ(Ψ1 )
(F1 + Ψ2 ) + U .
Z2 , Ψ 1 + F 2 −
∂Ψ1

and
Ψ̇2 = F2 (Ψ1 , Ψ2 ) + U.

(6)

In particular, the following choice of control law


∂Λ(Ψ1 )
(F1 + Ψ2 ) + k2 Z2 ,
U = − Ψ1 + F 2 −
∂Ψ1

(8)

with k2 > 0 yields
V̇2 (Ψ1 , Z2 ) = − W1 (Ψ1 ) − k2 Z2 , Z2  < 0,
for every Ψ1 ∈ l2 \ {0}, Z2 ∈ l2 \ {0}. Therefore, control
law (8) guarantees global asymptotic stability of the origin of
system (4).
Results of this subsection are summarized in the following
theorem.
Theorem 1: Suppose that system (4) satisﬁes Assumptions 1–4. Then there exists a state-feedback control law
U = Υ(Ψ1 , Ψ2 ) which guarantees global asymptotic stability
of the origin of system (4). One such control law is given by

U = − Ψ1 + F2 (Ψ1 , Ψ2 ) + k2 (Ψ2 − Λ(Ψ1 )) −

∂Λ(Ψ1 )
(F1 (Ψ1 ) + Ψ2 ) , k2 > 0.
∂Ψ1

B. Individual cell backstepping design
As already mentioned, the distributed backstepping control
design on the space of square summable sequences cannot
always be performed. For example, if either Assumption 3 or
Assumption 4 is not satisﬁed the construction of a quadratic
CLF for system (4) is not possible. In this subsection, we
show that global asymptotic stability of the origin of (4) can
be achieved by performing design on each individual cell (3)
rather than on the entire system (4). For a moment, let the
control objective be the regulation of ψ1n (t) and boundedness
of ψ2n (t), that is
{ψ1n (t) → 0 as t → ∞; |ψ2n (t)| < ∞, ∀ t ≥ 0},

W1 (Ψ1 ) := − Ψ1 , F1 (Ψ1 ) + Λ(Ψ1 ) > 0,

3775

for every n ∈ Z, and for all ψ1n (0) ∈ R, ψ2n (0) ∈
R. We will achieve this objective by providing the global
asymptotic tracking of the following trajectory: (ψ1n , ψ2n ) =
(0, − f1n (Ψ1 )|ψ1n = 0 ). If this is accomplished for each individual cell Gn (i.e., for every n ∈ Z), then by virtue of the
fact that Ψ1 is driven to zero and that f1n (Ψ1 ) vanishes at
Ψ1 = 0 for every n ∈ Z (see Assumption 2), we conclude
global asymptotic stability of the origin of system (4).
Step 1 The individual cell backstepping design starts with
subsystem (3a) by considering ψ2n as control and proposing
a quadratic radially unbounded CLF V1n : R → R
V1n (ψ1n ) =

1 2
ψ1n .
2

(9)

The derivative of V1n (ψ1n ) along the solutions of (3a) is
determined by
V̇1n = ψ1n ψ̇1n = ψ1n (f1n (Ψ1 ) + ψ2n ).

every n ∈ Z, which in turn implies (see Assumption 2) global
asymptotic stability of the origin of system (4).
Results of this subsection are summarized in the following
theorem.
Theorem 2: Suppose that system (4) satisﬁes Assumptions 1–2. Then, for every n ∈ Z, there exists a statefeedback control law un = γn (Ψ1 , Ψ2 ) which guarantees
global asymptotic stability of the origin of system (4). One
such control law is given by

un = − ψ1n + f2n (Ψ1 , Ψ2 ) + k2 (ψ2n − λn (Ψ1 )) −

∂λn (Ψ1 )
(F1 (Ψ1 ) + Ψ2 ) , k2 > 0,
∂Ψ1
where
λn (Ψ1 ) := − (f1n (Ψ1 ) + k1 ψ1n ),

(10)

Clearly, if ψ2n were a control, subsystem (3a) could be
stabilized by cancelling nonlinearity f1n (Ψ1 ) and adding an
additional term to ensure stability
ψ2nd := λn (Ψ1 ) = − (f1n (Ψ1 ) + k1 ψ1n ),
with k1 > 0. Let ζ2n denote the difference between ψ2n and
its desired value λn (Ψ1 )
ζ2n := ψ2n − λn (Ψ1 ) = ψ2n + (f1n (Ψ1 ) + k1 ψ1n ).
This transforms (10) into
2
V̇1n = − k1 ψ1n
+ ψ1n ζ2n .

The sign indeﬁnite term in the last equation will be accounted
for at the second step of backstepping.
Step 2 We rewrite system (3b) into a form suitable for the
remainder of individual cell backstepping design
ζ̇2n = f2n (Ψ1 , Ψ2 ) −

∂λn (Ψ1 )
(F1 (Ψ1 ) + Ψ2 ) + un .
∂Ψ1

Augmentation of (9) by a term which penalizes the deviation
of ψ2n from ψ2nd yields a quadratic CLF
V2n (ψ1n , ζ2n ) := V1n (ψ1n ) +

1 2
ζ2n ,
2

V. A RCHITECTURE INDUCED BY BACKSTEPPING
CONTROLLERS

In this section, we analyze the architecture of distributed
controllers induced by a backstepping design. In particular,
we study a ‘worst case’ situation in which all interactions are
cancelled at each step of backstepping. Any other backstepping
design will result into controllers with more favorable architectures (i.e., less interactions). We show that backstepping
design yields distributed controllers that are inherently decentralized, and that there is a strong similarity between plant
and controller architectures. More precisely, the controller
architecture is determined by two factors: the plant architecture
and the largest number of integrators that separate control
from certain interactions. For example, since there are m − 1
integrators between interactions f1n (Ψ1 ) in (1a) and location
at which control un enters, this largest number of integrators
in system (1) is equal to m − 1.
The ‘worst case’ (i.e., the cancellation) backstepping controller for system (4) is given by

U = − (1 + k1 k2 )Ψ1 + (k1 + k2 )(Ψ2 + F1 (Ψ1 )) +

F2 (Ψ1 , Ψ2 ) + P(Ψ1 ) + Q(Ψ1 , Ψ2 ) ,
where

ψ̇1n = − k1 ψ1n + ζ2n ,
∂λn (Ψ1 )
(F1 (Ψ1 ) + Ψ2 ) + un ,
∂Ψ1

Equivalently, the n-th cell controller is given by

un = − (1 + k1 k2 )ψ1n + (k1 + k2 )(ψ2n + f1n (Ψ1 )) +

f2n (Ψ1 , Ψ2 ) + pn (Ψ1 ) + qn (Ψ1 , Ψ2 ) , ∀ n ∈ Z,

is determined by
2
V̇2n = V̇1n + ζ2n ζ̇2n = − k1 ψ1n
+



∂λn (Ψ1 )
ζ2n ψ1n + f2n −
(F1 + Ψ2 ) + un .
∂Ψ1
The simplest choice of controller that provides negative deﬁniteness of V̇2n is given by
un = − (ψ1n + f2n −

∂F1 (Ψ1 )
F1 (Ψ1 ),
∂Ψ1
∂F1 (Ψ1 )
Ψ2 .
Q(Ψ1 , Ψ2 ) :=
∂Ψ1
P(Ψ1 ) :=

whose derivative along the solutions of

ζ̇2n = f2n (Ψ1 , Ψ2 ) −

k1 > 0.

where pn (Ψ1 ) and qn (Ψ1 , Ψ2 ) respectively denote the n-th
components of inﬁnite vectors P(Ψ1 ) and Q(Ψ1 , Ψ2 ). Based
on Assumption 1 and deﬁnitions of P(Ψ1 ) and Q(Ψ1 , Ψ2 ),
these two quantities are determined by

∂λn (Ψ1 )
(F1 + Ψ2 ) + k2 ζ2n ), (11)
∂Ψ1

where k2 represents a positive design parameter. This choice
of control gives
2
V̇2n (ψ1n , ζ2n ) = − k1 ψ1n
− k2 ζ2n < 0,

pn (Ψ1 ) =
=
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 ∂f1n (Ψ1 )
f1,n+j ({ψ1,n+j+i }i∈ZN ),
∂ψ1,n+j
j∈Z
N

qn (Ψ1 , Ψ2 ) =

for every (ψ1n , ζ2n ) ∈ R2 \ {0}, and every n ∈ Z.
Thus, control law (11) warrants global asymptotic tracking
of (ψ1n , ψ2n ) = (0, − f1n (Ψ1 )|ψ1n = 0 ) of system (3) for

∂f1n (Ψ1 )
F1 (Ψ1 )
∂Ψ1

=

∂f1n (Ψ1 )
Ψ2
∂Ψ1
 ∂f1n (Ψ1 )
ψ2,n+j .
∂ψ1,n+j
j∈Z
N

6

The case in which no integrators separate interactions and
location at which control enters is referred to as the ‘matched’
case (or equivalently, we say that the ‘matching condition’ is
satisﬁed). If system (4) satisﬁes the matching condition then
f1n = 0 for every n ∈ Z (i.e., F1 ≡ 0). Clearly, in this case
both pn ≡ 0 and qn ≡ 0 which implies that the ‘worst case’
backstepping controller simpliﬁes to

1

5
0.5

3

Ψ (t)

2
1

−0.5

0
−1
0

un = − ((1 + k1 k2 )ψ1n + (k1 + k2 )ψ2n + f2n (Ψ1 , Ψ2 )),

0.1

0.2

0.3

0.4

t

0.5

0.6

0.7

−1
0

0.8

We consider the following, purely academic, example
2
2
2
+ ψ1n
+ ψ1,n+1
+ ψ2n ,
ψ̇1n = ψ1,n−1

(12a)

ψ̇2n = un ,

(12b)

where n ∈ Z. Clearly, system (12) is in form (3) with
2
2
2
f1n (Ψ1 ) := ψ1,n−1
+ ψ1n
+ ψ1,n+1
, and f2n ≡ 0.
The architecture of the ‘worst case’ distributed backstepping
controller for this system is illustrated in Fig. 1. Thus, to
provide global asymptotic stability of system (12) whose nth cell has only the nearest neighbor interactions, the n-th
cell Kn of the cancellation backstepping controller has to
interact with {Kn−2 , Kn−1 , Kn+1 , Kn+2 }. In § VI-A, we
show that domination of harmful interactions, rather than their
cancellation, provides less controller interactions.
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Fig. 2. Control of system (12) with M = 100 cells using the ‘worst
case’ backstepping controller with k1 = k2 = 1.

cells (n = 1, . . . , M ) results of § IV are still valid with the
appropriate ‘boundary conditions’: ψ1j = ψ2j = uj = f1j ≡
0, ∀ j ∈ Z \ {1, . . . , M } .
Figure 2 shows simulation results of uncontrolled (upper
left) and controlled system (12) with M = 100 cells using the
‘worst case’ backstepping controller with k1 = k2 = 1. The
initial state of the system is randomly selected. Clearly, the
desired control objective is achieved with a reasonable quality
of the transient response. This transient response can be further
improved with a different choice of design parameters k1 and
k2 at the expense of increasing the control effort.

A. Design of controllers with less interactions
In this subsection, we demonstrate how global backstepping design can be utilized to obtain controllers with less
interactions. In particular, for system (12), whose initial state
satisﬁes Assumption 3, we design a distributed controller with
the nearest neighbor interactions and a fully decentralized
controller. This is accomplished by a careful analysis of the interactions in system (12), and feedback domination rather than
feedback cancellation of harmful interactions. The procedure
presented here can be applied to systems in which interactions
are bounded by polynomial functions of their arguments.
1) Nearest neighbor interaction controller: Step 1 As
in § IV-A, the global design starts with subsystem (12a) by
considering Ψ2 as control and proposing a quadratic radially
unbounded CLF V1 : l2 → R
1  2
V1 (Ψ1 ) =
ψ1n ,
(13)
2 n∈Z
whose derivative along the solutions of (12a) is given by

2
2
2
V̇1 =
ψ1n (ψ1,n−1
+ ψ1n
+ ψ1,n+1
+ ψ2n ).



6

4

1

0.5

VI. E XAMPLE

2

2

1

for every n ∈ Z. Thus, when (interactions are) matched (by
control) the ‘worst case’ distributed backstepping controller
inherits the plant architecture. On the other hand, if the
matching condition is not satisﬁed the additional interactions
are induced by the ‘worst case’ backstepping design. This is
because of cancellation of the interactions at the ﬁrst step
of backstepping, their propagation through an integrator, and
subsequent cancellation at the second step of our recursive
design. Information about these additional interactions is contained in function pn (Ψ1 ). Based on the expression for pn (Ψ1 )
we are able to explicitly quantify the number of interactions
induced by a ‘worst case’ distributed backstepping design: for
system (4) with at most 2N interactions per plant cell, the
‘worst case’ distributed backstepping design induces at most
4N interactions per controller cell.
This statement can be generalized for system (2): if
the n-th plant cell Gn of system (2) interacts with
{Gn−N , . . . , Gn+N } and if f1n (ψ1,n−N , . . . , ψ1,n+N ) =
0 for every n ∈ Z, then the n-th cell Kn of
the ‘worst case’ backstepping controller interacts with
{Kn−mN , . . . , Kn+mN }. In other words, for system (2) with
at most 2N interactions per plant cell, the ‘worst case’
distributed backstepping design induces at most 2mN interactions per controller cell.

0

1

Ψ1(t)

4

n∈Z

We now use Young’s Inequality (see [36], expression (2.254))
to bound the interactions between Gn and its immediate
neighbors Gn−1 and Gn+1 , for every n ∈ Z
2
2
ψ1n ψ1i
≤ κψ1n
+

1 4
ψ1i , κ > 0, i = {n − 1, n + 1}.
4κ

Fig. 1. The architecture of the ‘worst case’ distributed backstepping
controller for system (12).

Hence, V̇1 is upper-bounded by

1 3
2
ψ1n (2κψ1n + ψ1n
+
V̇1 ≤
ψ1n + ψ2n ).
2κ
n∈Z

In applications, we clearly have to work with large-scale
systems on lattices. All considerations related to inﬁnite dimensional systems are applicable here, but with minor modiﬁcations. For example, if we consider system (12) with M ∈ N

Clearly, the following choice of ψ2nd := λn (ψ1n ), with k1 >
0,

1 3 
2
λn (ψ1n ) = − (k1 + 2κ)ψ1n + ψ1n
+
ψ1n , (15)
2κ
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(14)

6

and a coordinate transformation

2
ψ1n
+

n∈Z

Ψ1(t)



ψ1n ζ2n .

n∈Z

−1
0

ψ̇1n = − k1 ψ1n + ζ2n ,

n ∈ Z,

∂λn (ψ1n )
= −
(f1n (Ψ1 ) + ψ2n ) + un ,
∂ψ1n

ζ2n (ψ1n −

n∈Z

n ∈ Z,

∂λn (ψ1n )
(f1n (Ψ1 ) + ψ2n ) + un ).
∂ψ1n

We choose a control law of the form
∂λn (ψ1n )
(f1n (Ψ1 ) + ψ2n ) + k2 ζ2n ), (17)
un = − (ψ1n −
∂ψ1n
with k2 > 0, to obtain
V̇2 ≤ − k1



2
ψ1n
− k2

n∈Z



2
ζ2n
.

n∈Z

Hence, controller (17) guarantees global exponential stability
of the origin of the inﬁnite dimensional system (12). This
controller has the very same architecture as the original plant:
the n-th controller cell Kn interacts only with its nearest
neighbors Kn−1 and Kn+1 .
Figure 3 shows simulation results of uncontrolled (upper
left) and controlled system (12) with M = 100 cells using the
nearest neighbor interaction backstepping controller (15,16,17)
with k1 = k2 = 1 and κ = 0.5. The initial state of the system
is randomly selected. The desired control objective is achieved
with a good quality of the transient response and a reasonable
amount of control effort.
2) Fully decentralized controller: Step 1 We start the
recursive design with subsystem (12a) by proposing a CLF
(13). The derivative of V1 (Ψ1 ) along the solutions of (12a) is
determined by (14). However, we now choose a ‘stabilizing
function’ ψ2nd := λn (ψ1n ) of the form

1
3 
2
,
+ (k0 +
)ψ1n
λn (ψ1n ) = − (k1 + 2κ)ψ1n + ψ1n
2κ
(18)
with k0 , k1 > 0, which clearly renders V̇1 negative deﬁnite.
Coordinate transformation ζ2n := ψ2n − λn (ψ1n ) yields
 2
 4

V̇1 ≤ − k1
ψ1n − k0
ψ1n +
ψ1n ζ2n .
n∈Z
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Fig. 3.
Control of system (12) with M = 100 cells using the
nearest neighbor interaction backstepping controller (15,16,17) with
k1 = k2 = 1 and κ = 0.5.

is determined by
 2
V̇2 ≤ − k1
ψ1n +
n∈Z

0

0

The derivative of V2 along the solutions of



2
1

The sign indeﬁnite term in the last equation will be accounted
for at the second step of backstepping.
Step 2 CLF from Step 1 is augmented by a term which
penalizes the deviation of ψ2n from ψ2nd
1  2
V2 (Ψ1 , Z2 ) := V1 (Ψ1 ) +
ζ2n .
2 n∈Z

ζ̇2n

3

U(t)

V̇1 ≤ − k1



0.5

4

(16)

Ψ1(t)

ζ2n := ψ2n − λn (ψ1n ),
yield

1

5

n∈Z

The sign indeﬁnite term in the last equation will be taken care
of at the second step of backstepping.
Step 2 The second step of our design closely follows the
procedure outlined in § VI-A.1. The only difference is that
we employ the Young’s inequality to upper-bound

2
∂λn (ψ1n ) 2
∂λn (ψ1n )
1 4
ψ1i ≤ κ ζ2n
+
ψ ,
ζ2n
∂ψ1n
∂ψ1n
4κ 1i
κ > 0, ∀ n ∈ Z, ∀ i = {n − 1, n + 1},

in the expression for the temporal derivative of V2 (Ψ1 , Z2 ) :=
2
V1 (Ψ1 ) + 12 n ∈ Z ζ2n
. This allows us to choose a fully
decentralized controller of the form

∂λn (ψ1n ) 2
un = − ψ1n −
(ψ1n + ψ2n ) +
∂ψ1n
(19)
∂λn (ψ1n ) 2 
) ) ,
(ψ2n − λn (ψ1n ))(k2 + 2κ(
∂ψ1n
with k2 > 0, to obtain
 2
 2
1  4
V̇2 ≤ − k1
ψ1n − (k0 −
ψ1n − k2
ζ2n .
)
2κ n ∈ Z
n∈Z
n∈Z
1
, k1 > 0, and
Thus, controller (19) with κ > 0, k0 ≥ 2κ
k2 > 0 guarantees global asymptotic stability of the origin of
the inﬁnite dimensional system (12). This controller is fully
decentralized: the n-th controller cell Kn interacts only with
the plant cell on which it acts Gn .
Figure 4 shows simulation results of uncontrolled (upper
left) and controlled system (12) with M = 100 cells using
the fully decentralized backstepping controller (18,19) with
k0 = k1 = k2 = 1 and κ = 0.5. The initial state of the system
is randomly selected. Clearly, the fully decentralized controller
requires big amount of initial effort to account for the lack of
information about interactions between different subsystems.
We remark that there is some room for improvement of these
large initial excursions of control signals by the different
choice of design parameters k0 , k1 , k2 , and κ. However, the
obtained results seem to be in agreement with our intuition:
higher gain is required to achieve the desired control objective
when controller cells do not communicate with each other.
Remark 1: We note that neither a distributed controller with
the nearest neighbor interactions nor a fully decentralized controller for system (12) can be obtained using the individual cell
backstepping procedure of § IV-B. This is because the harmful
interactions–that are dominated by feedback in the global
design–are treated as the exogenous signals in the individual
cell design. Thus, the ‘worst case’ backstepping controller
in which Kn interacts with {Kn−2 , Kn−1 , Kn+1 , Kn+2 } is
pretty much the only controller that can come out of the
individual cell backstepping design.

VII. C ONCLUDING REMARKS
This paper deals with architectural questions in distributed
control of nonlinear inﬁnite dimensional systems on lattices.
We show that distributed backstepping design yields decentralized controllers whose architecture can be signiﬁcantly
altered by different choices of stabilizing functions during the
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Fig. 4. Control of system (12) with M = 100 cells using the fully
decentralized backstepping controller (18,19) with k0 = k1 = k2 = 1
and κ = 0.5.

recursive design. For the ‘worst case’ situation in which all
interactions are cancelled at each step of backstepping we
quantify the number of control induced interactions necessary
to achieve the desired design objective. Our results are also
valid for output-feedback design of systems in which nonlinearities depend only on the measured variables.

R EFERENCES
[1] D. Laughlin, M. Morari, and R. D. Braatz, “Robust performance
of cross-directional basis-weight control in paper machines,”
Automatica, vol. 29, pp. 1395–1410, 1993.
[2] E. M. Heaven, I. M. Jonsson, T. M. Kean, M. A. Manness, and
R. N. Vyse, “Recent advances in cross machine proﬁle control,”
IEEE Control Systems Magazine, vol. 14, no. 5, October 1994.
[3] W. S. Levine and M. Athans, “On the optimal error regulation of
a string of moving vehicles,” IEEE Transactions on Automatic
Control, vol. AC-11, no. 3, pp. 355–361, July 1966.
[4] S. M. Melzer and B. C. Kuo, “Optimal regulation of systems
described by a countably inﬁnite number of objects,” Automatica,
vol. 7, pp. 359–366, 1971.
[5] K. C. Chu, “Decentralized control of high-speed vehicular
strings,” Transportation Science, vol. 8, no. 4, pp. 361–384,
November 1974.
[6] P. Varaiya, “Smart cars on smart roads: problems of control,”
IEEE Transactions on Automatic Control, vol. 38, no. 2, pp.
195–207, February 1993.
[7] H. Raza and P. Ioannou, “Vehicle following control design for
automated highway systems,” IEEE Control Systems Magazine,
vol. 16, no. 6, pp. 43–60, December 1996.
[8] D. Swaroop and J. K. Hedrick, “Constant spacing strategies for
platooning in automated highway systems,” Transactions of the
ASME. Journal of Dynamic Systems, Measurement and Control,
vol. 121, no. 3, pp. 462–470, September 1999.
[9] P. Seiler, A. Pant, and K. Hedrick, “Disturbance propagation
in large interconnected systems,” in Proceedings of the 2002
American Control Conference, 2002, pp. 1062–1067.
[10] D. Chichka and J. Speyer, “Solar-powered, formation-enhanced
aerial vehicle systems for sustained endurance,” in Proceedings
of the 1998 American Control Conference, 1998, pp. 684–688.
[11] J. M. Fowler and R. D’Andrea, “Distributed control of close
formation ﬂight,” in Proceedings of the 41st IEEE Conference
on Decision and Control, 2002, pp. 2972–2977.
[12] ——, “A formation ﬂight experiment,” IEEE Control Systems
Magazine, vol. 23, no. 5, pp. 35–43, October 2003.
[13] V. Kapila, A. G. Sparks, J. M. Bufﬁngton, and Q. Yan, “Spacecraft formation ﬂying: dynamics and control,” Journal of Guidance, Control, and Dynamics, vol. 23, no. 3, pp. 561–564, MayJune 2000.
[14] R. W. Beard, J. Lawton, and F. Y. Hadaegh, “A coordination
architecture for spacecraft formation control,” IEEE Transactions
on Control Systems Technology, vol. 9, no. 6, pp. 777–790,
November 2001.

[15] H. Wong, V. Kapila, and A. G. Sparks, “Adaptive output feedback
tracking control of spacecraft formation,” International Journal
of Robust and Nonlinear Control, vol. 12, no. 2-3, pp. 117–139,
February-March 2002.
[16] D. T. Neilson, “MEMS subsystems for optical networking,” in
Proceedings of 8th Microoptics Conference (MOC 01), Osaka,
Japan, 2001.
[17] M. Napoli, B. Bamieh, and M. Dahleh, “Optimal control of
arrays of microcantilevers,” Transactions of the ASME. Journal
of Dynamic Systems, Measurement and Control, vol. 121, no. 4,
pp. 686–690, December 1999.
[18] D. Swaroop and J. K. Hedrick, “String stability of interconnected
systems,” IEEE Transactions on Automatic Control, vol. 41,
no. 2, pp. 349–357, March 1996.
[19] B. Bamieh, F. Paganini, and M. A. Dahleh, “Distributed control
of spatially invariant systems,” IEEE Transactions on Automatic
Control, vol. 47, no. 7, pp. 1091–1107, July 2002.
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