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Abstract— We study frequency responses of an inertialess
two-dimensional channel flow of viscoelastic fluids. By rewriting
the evolution equations in terms of low-pass filtered versions
of the stream function, we show that strongly-elastic flows
can be brought into a standard singularly perturbed form
that exhibits a slow-fast decomposition. In high-Weissenberg
number regime, which is notoriously difficult to study nu-
merically, we demonstrate that the frequency responses are
reliably captured by the dynamics of the fast subsystem. We
use numerical computations to validate our theoretical findings
and to illustrate that our formulation does not suffer from
spurious numerical instabilities.

Index Terms— Energy amplification; frequency responses;
singular perturbation analysis; viscoelastic fluids.

I. INTRODUCTION

Viscoelastic fluids, such as polymer solutions and molten
plastics, are often encountered in industrial and biological
flows. Their micro-scale properties are significantly more
complex than those in Newtonian fluids. Recent experiments
have shown that fluids containing long polymer chains may
become turbulent even at low flow rates [1]–[3]. This is in
contrast to Newtonian fluids that become turbulent only at
high speeds. Our recent work suggests that velocity and
stress fluctuations in viscoelastic fluids can exhibit large
amplification even in the absence of inertia [4]–[8].

In this paper, we consider a two-dimensional inertialess
shear-driven flow of viscoelastic fluids. We identify the slow-
fast system decomposition and utilize singular perturbation
analysis to show that, in strongly elastic flows, the frequency
responses are captured by the fast subsystem. The evolution
representation that we determine facilitates reliable compu-
tation of the frequency responses in the high-Weissenberg
number regime, which is known to exhibit spurious numer-
ical instabilities [9], [10].

Our presentation is organized as follows. In Section II, we
present the governing equations. In Section III, we discuss
the method for transforming the governing equations into an
evolution representation where the states are determined by
the filtered versions of the stream function. In Section IV, we
show that the evolution model admits a standard singularly
perturbed form, thereby identifying the slow-fast decomposi-
tion of the inertialess channel flow. In Section V, we compute
the frequency responses to validate our theoretical results.
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We conclude with a summary of our developments and a
highlight of remaining challenges in Section VI.

II. GOVERNING EQUATIONS

The momentum, continuity, and constitutive equations for
a two-dimensional incompressible channel flow of viscoelas-
tic fluids, with geometry shown in Fig. 1, are given by

Re V̇ = We
(
β∇2V − ∇P − ReV ·∇V (1a)

+ (1 − β) ∇ ·T
)
,

0 = ∇ ·V, (1b)

Ṫ = ∇V + (∇V)T − T (1c)

+ We
(
T ·∇V + (T ·∇V)T − V ·∇T

)
.

Here, dot denotes partial derivative with respect to time t,
V is the velocity vector, P is pressure, T is the polymer
stress tensor, ∇ is the gradient, and ∇2 is the Laplacian.
System (1) has been non-dimensionalized by scaling length
with the channel half-height L, time with the fluid relax-
ation time λ, velocity with the largest base flow veloc-
ity U0, polymer stresses with ηpU0/L, and pressure with
(ηs + ηp)U0/L, where ηs and ηp are the solvent and polymer
viscosities. The key parameters in (1) are: the viscosity
ratio, β = ηs/ (ηs + ηp); the Weissenberg number, We =
λU0/L, which is the ratio of the fluid relaxation time to the
characteristic flow time L/U0; and the Reynolds number,
Re = ρU0L/(ηs + ηp), which represents the ratio of inertial
to viscous forces, where ρ is the fluid density.

The momentum (1a) and continuity (1b) equations de-
scribe the motion of an incompressible viscoelastic fluid. For
given T, the pressure adjusts itself so that velocity satisfies
the continuity equation (1b). The constitutive equation (1c)
is given for an Oldroyd-B fluid and it captures the influence
of velocity gradients on the evolution of polymer stress
fluctuations. This equation is obtained for dilute polymer
solutions in which each polymer molecule is modeled by
two spherical beads connected by a linear spring [11].

In shear driven flow, the steady-state solution of (1) is
given by

v̄ =
[
y
0

]
, τ̄ =

[
τ̄11 τ̄12
τ̄12 τ̄22

]
=
[

2We 1
1 0

]
.

Recent experiments have shown that flows of viscoelastic
fluids may become turbulent (i.e., undergo a transition to
a time-dependent disordered flow state) even when inertial
forces are considerably weaker than viscous forces [1]–[3].
Hence, in this work, we consider flows in the absence of
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Fig. 1. Channel flow geometry. We consider the dynamics of two-
dimensional flow fluctuations in the (x, y)-plane.

inertia, i.e. at Re = 0. In this case, the linearized equations
governing the dynamics of fluctuations around the base flow
(v̄, τ̄ ) are given by

0 = −∇p+ (1− β)∇ · τ + β∇2v + d, (2a)
0 = ∇ · v, (2b)

τ̇ = ∇v + (∇v)T − τ +We (τ ·∇v̄ + τ̄ ·∇v +

(τ̄ ·∇v)T + (τ ·∇v̄)T − v ·∇τ̄ − v̄ ·∇τ ) , (2c)

where v =
[
u v

]T
, p, and τ are, respectively, the

velocity vector, pressure, and polymer stress tensor fluc-
tuations with u and v denoting the streamwise and wall-
normal velocities. System (2) is driven by the spatially
distributed and temporally varying body force fluctuations
d =

[
d1 d2

]T
with d1 and d2 representing the forcing

in the streamwise (x) and wall-normal (y) directions, respec-
tively.

The pressure can be eliminated from the equations by
expressing the velocity fluctuations in terms of the stream
function ψ,

u = ∂yψ, v = −∂xψ.

Furthermore, by rearranging the polymer stresses

φ =
[
φ1 φ2 φ3

]T =
[
τ22 τ12 τ11

]T
,

and by applying the Fourier transform in the x-direction we
arrive at a set of PDEs in y ∈ [−1, 1] and t parameterized
by the wave-number kx,

φ̇1 = − f(y)φ1 + F1ψ ψ, (3a)

φ̇2 = − f(y)φ2 +Weφ1 + F2ψ ψ, (3b)

φ̇3 = − f(y)φ3 + 2Weφ2 + F3ψ ψ, (3c)

∆2ψ =
1− β
β

(
Fψ1 φ1 + Fψ2 φ2 + Fψ3 φ3

)
+

1
β

(
−∂y d1 + jkx d2

)
, (3d)

where j is the imaginary unit and

F1ψ = 2
(
Wek2

x − jkx∂y
)
, F2ψ = ∂yy + (1 + 2We2) k2

x,

F3ψ = 2 jkx
(
1 + 2We2

)
∂y + 2We∂yy,

Fψ1 = jkx, Fψ2 = −
(
∂yy + k2

x

)
, Fψ3 = −jkx,

f(y) = 1 +We jkx y, ∆2 = ∂yyyy − 2 k2
x ∂yy + k4

x.
(4)

For notational convenience, we have suppressed the de-
pendence of {φi, ψ, dj} on (kx, y, t;β,We), which is a
convention we adopt from now on.

The boundary conditions on the stream function are in-
duced by the no-slip and no-penetration criteria on velocity
fluctuations and they are given by

ψ (kx, y = ±1, t) = ∂yψ (kx, y = ±1, t) = 0.

Note that the kinetic energy density of the velocity fluctua-
tions is determined by the L2-norm of v =

[
u v

]T
E (kx, t) = 〈u, u〉 + 〈v, v〉 = 〈ψ,−∆ψ〉 = 〈ψ,ψ〉e , (5)

where ∆ = ∂yy−k2
x and 〈·, ·〉 denotes the standard L2 [−1, 1]

inner product

〈u, u〉 =
∫ 1

−1

u∗(kx, y, t)u(kx, y, t) dy.

The inner product 〈·, ·〉e in (5) along with the boundary
conditions on ψ determines the Hilbert space that the stream
function belongs to

H := {ψ ∈ L2[−1, 1]; ∂yyψ ∈ L2[−1, 1], ψ(±1) = 0} .
(6)

On the other hand, the elastic energy of the polymer
stresses is not quantified by an L2-norm and there are no
boundary conditions on the components of τ . Consequently,
it is difficult to determine the appropriate Hilbert space for
the polymer stress fluctuations. Furthermore, it is well known
that the set of equations (3) exhibits spurious numerical
instabilities [9], [10] which is an obstacle to conducting high-
fidelity simulations of viscoelastic fluids.

In this work, we show how (3) can be brought into an evo-
lution representation that is amenable to both analytical and
computational developments. In addition, we demonstrate
that the inertialess channel flow can be decomposed into slow
and fast subsystems. At high-Weissenberg numbers, singular
perturbations reveal that the system’s dynamics are captured
by the dynamics of the fast subsystem. Furthermore, we il-
lustrate that the computation of the frequency responses does
not exhibit any numerical instabilities upon grid refinement.
This suggests that the inherent presence of two-time scales in
the system’s dynamics may represent one source of numer-
ical difficulties. Full nonlinear simulations may thus not be
able to capture the response of the fast subsystem correctly,
and, as we show, this subsystem contributes significantly to
the fluctuation’s energy.

III. EVOLUTION EQUATIONS AND LOW-PASS VERSIONS
OF THE STREAM FUNCTIONS

In what follows, we show how to transform (3) into an
evolution representation where the state variables are filtered
versions of the stream function. This new representation of
system (2) has two major advantages:

• the state space is a well-defined Hilbert space;
• the evolution equations are posed in a form that is well-

suited for analysis and computations.
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We begin by applying the temporal Fourier transform with
zero initial conditions on (3a) – (3c)

φ1 =
1

jω + f(y)
F1ψ ψ, (7a)

φ2 =
1

jω + f(y)
(Weφ1 + F2ψ ψ) , (7b)

φ3 =
1

jω + f(y)
(2Weφ2 + F3ψ ψ) , (7c)

where ω is the temporal frequency. Let us introduce the
following low-pass versions of the stream function,

ξ1 =
1

jω + f(y)
ψ, (8a)

ξ2 =
1

(jω + f(y))2
ψ =

1
jω + f(y)

ξ1, (8b)

ξ3 =
1

(jω + f(y))3
ψ =

1
jω + f(y)

ξ2, (8c)

which will be used as state variables in the evolution repre-
sentation. We first consider (7a)

φ1 =
1

jω + f(y)
F1ψ ψ =

2Wek2
x

jω + f(y)
ψ −

2 jkx
jω + f(y)

ψ′,

(9)
where ψ′(y) = ∂ψ/∂y. Since

1
jω + f(y)

ψ′ = ∂y

[
1

jω + f(y)
ψ

]
+

f ′(y)

(jω + f(y))2
ψ

= ∂y ξ1 + f ′(y) ξ2
= ∂y ξ1 + We jkx ξ2,

we can rewrite (9) in terms of ξ1 and ξ2

φ1 = 2
(
Wek2

x − jkx ∂y
)
ξ1 + 2Wek2

x ξ2. (10)

Using similar procedure, we can express φ2 and φ3 in terms
of ξ1, ξ2, and ξ3,

φ2 =
(
∂yy +

(
1 + 2We2

)
k2
x

)
ξ1 (11a)

+ 2We2 k2
x ξ2 + 2We2 k2

x ξ3,

φ3 =
(
2We∂yy + 2

(
1 + 2We2

)
jkx ∂y

)
ξ1 (11b)

+
(
2We∂yy + 4We2 jkx ∂y

)
ξ2 + 4We2 jkx ∂y ξ3.

We can now obtain an evolution representation of system (3)
by letting

ξ =
[
ξ1 ξ2 ξ3

]T
,

be the state and by applying the inverse temporal Fourier
transform to (8)

ξ1 =
1

jω + f(y)
ψ ⇒ ξ̇1 = −f(y) ξ1 + ψ,

ξ2 =
1

jω + f(y)
ξ1 ⇒ ξ̇2 = −f(y) ξ2 + ξ1,

ξ3 =
1

jω + f(y)
ξ2 ⇒ ξ̇3 = −f(y) ξ3 + ξ2.

Furthermore, substitution of (10) and (11) into (3d) yields
an expression for the stream function in terms of ξ.

In summary, the evolution model is given by

ξ̇(kx, y, t) = A ξ(kx, y, t) + B ψ(kx, y, t), (12a)

ψ(kx, y, t) = We2 Cψ ξ(kx, y, t) + D d(kx, y, t), (12b)

where

A =

 −f(y) 0 0
I −f(y) 0
0 I −f(y)

 , B =

 I

0
0

 ,
Cψ =

[
Cψ1 Cψ2 Cψ3

]
, D =

1
β

∆−2
[
−∂y jkx

]
,

Cψ1 =
(1− β)
β

∆−2

(
2 k2

x ∆−
2
We

jkx ∆ ∂y −
1

We2
∆2

)
,

Cψ2 =
(1− β)
β

∆−2

(
2 k2

x ∆ −
2
We

jkx ∆ ∂y

)
,

Cψ3 =
(1− β)
β

2 k2
x ∆−2 ∆.

Here, I represents the identity operator. We note that the
response of the polymer stresses φ can be determined
from the dynamics of ξ using (10) and (11). The state-
space representation (12) in conjunction with (10) and (11)
completely captures the dynamics of flow fluctuations in
system (2). We further note that the states, ξ, belong to
the same Hilbert space (6) as the stream function ψ. In the
next section, we show how to transform (12) into a standard
singularly perturbed form. We then use singular perturbation
techniques to determine the slow-fast decomposition of a
channel flow of viscoelastic fluids in the absence of inertia.

IV. SINGULAR PERTURBATION ANALYSIS OF THE 2D
INERTIALESS CHANNEL FLOW

In this section, we show how to decompose the evo-
lution model (12) into slow and fast subsystems. This is
accomplished by bringing (12) into a standard singularly
perturbed form. Furthermore, we show analytically that the
fast subsystem captures the essential features of the input-
output responses.

A. Singularly perturbed form of the evolution model

System (12) can be reformulated into a standard singularly
perturbed form by multiplying ξ with We2

x =
[
x1

x2

]
= We2

[
ξ2
ξ3

]
, z = We2 ξ1,

and by re-scaling time with We

τ = We t ⇒
∂

∂t
(·) = We

∂

∂τ
(·) =

1
ε

∂

∂τ
(·).

Here, we note that τ represents the new time coordinate
which should not be confused with polymer stress fluctua-
tions τij , which are characterized with double indices. Using
state variables (x, z) and time τ , system (12) along with (10)
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and (11) can be represented by[
xτ
ε zτ

]
=
[
A11(ε) A12(ε)
A21(ε) A22(ε)

] [
x
z

]
+
[

0
D

]
d,

(13a)

ψ =
[
Cψx(ε) Cψz(ε)

] [ x
z

]
+ D d, (13b)

φ =
[
Cφx(ε) Cφz(ε)

] [ x
z

]
. (13c)

Here,
ε = 1/We,

is a small positive scalar that will be used as a perturba-
tion parameter, the τ -subscript denotes the partial derivative
with respect to τ , and the operators in (13) are given in
Appendix A. Since the time derivative of z is multiplied by
a small positive parameter ε in (13a) and since the operator
A22 is invertible at ε = 0, system (13) is in a standard
singularly perturbed form [12] with homogenous Dirichlet
and Neumann boundary conditions on x, z, and ψ.

B. Block-diagonal form: slow-fast decomposition of the evo-
lution model

In this section, we demonstrate how to decompose (13)
into its slow and fast subsystems. This is accomplished by
first introducing a change of variables

η = z + L(ε) x,

to bring (13a) into an upper-triangular form[
xτ
ε ητ

]
=

[
A11 −A12 L A12

0 A22 + εLA12

][
x

η

]

+

[
0

D

]
d.

(14)
Here, the operator L(ε) satisfies the following slow-manifold
condition

A21 − A22 L + εLA11 − εLA12 L = 0. (15)

Following [12], we next introduce another change of vari-
ables

ϕ = x − εQ(ε) η,

with Q satisfying

ε (A11 − A12 L)Q − Q (A22 + εLA12) + A12 = 0.
(16)

This transforms (14) into a block-diagonal form[
ϕτ
ε ητ

]
=
[
As(ε) 0

0 Af (ε)

] [
ϕ

η

]
+
[
Bs(ε)
Bf (ε)

]
d,

(17a)

ψ =
[
Cψs(ε) Cψf (ε)

] [ ϕ
η

]
+ D d, (17b)

φ =
[
Cφs(ε) Cφf (ε)

] [ ϕ
η

]
, (17c)

where

As = A11 − A12 L, Af = A22 + εLA12,

Bs = −QD, Bf = D,
Cψs = Cψx − Cψz L, Cψf = Cψz + ε (Cψx − Cψz L)Q,
Cφs = Cφx − Cφz L, Cφf = Cφz + ε (Cφx − Cφz L)Q.

Since the operators in (13) depend on the parameter ε,
we next employ a perturbation analysis of (15) and (16)
to determine the operators L and Q. By substituting the
following representations of the operators L and Q

L(ε) =
∞∑
i=0

εi Li, Q(ε) =
∞∑
i=0

εiQi, (18)

into (15) and (16), and by equating terms of equal order in
ε (see Appendix A) we obtain

O(ε0) : L0 =
[
I I

]
, Q0 =

[
0 0

]T
, (19a)

O(ε1) :

 L1 =
(
C0ψ1

)−1 [
0 −C1ψ1

]
,

Q1 =
[

(C0ψ1)−1 0
]T
.

(19b)

The higher order terms in ε are not reported here for brevity.
In the next section, we analyze the slow and fast subsystems
in (17).

C. Analysis of slow and fast subsystems

In this section, we conduct analysis of the slow and fast
subsystems of (17). The detailed derivations are given in Ap-
pendix A. We show that, for large value of the Weissenberg
number, the dynamics of flow fluctuations are captured by
the response of the fast subsystem with state η.

Utilizing the expansions of L and Q in (18), the solutions
ϕ and η are determined by applying the temporal Fourier
transform to (17a) with zero initial conditions

ϕ = ε (jΩI −As(ε))−1 (Bs1 + εBs2 + . . .) d = εHs d,
(20a)

η = (jΩεI −Af (ε))−1 Bf d = Hf d, (20b)

where Ω is the temporal frequency corresponding to the time
variable τ . Here, for a fixed temporal frequency Ω, Hs and
Hf are operators in y, mapping the forcing d to the responses
of the slow (ϕ) and fast (η) subsystems. Furthermore, since

Cψs(ε) = ε2 Cψs,2 + ε3 Cψs,3 + O(ε4),

Cψf (ε) = Cψf,0 + ε Cψf,1 + O(ε2),

Cφs(ε) = Cφs,0 + ε Cφs,1 + O(ε2),

Cφf (ε) = Cφf,0 + ε Cφf,1 + O(ε2),

the responses of the stream function ψ and polymer stresses
φ can be obtained by substituting (20a) and (20b) into the
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Fig. 2. The temporal frequency dependence of Πψf and Πψ in flows
with kx = 1, β = 0.5, and ε = {0.02, 1 × 10−2, 5 × 10−3}. The lines
represent the results for Πψ . The symbols represent the results for Πψf
which is the response from only the fast system.

temporal Fourier transforms of (17b) and (17c)

ψ = ε3 (Cψs,2 + ε Cψs,3 + . . .) (jΩI −As(ε))−1 (21a)

× (Bs1 + εBs2 + . . .) d +
{

(Cψf,0 + ε Cψf,1 + . . .)

× (jΩεI −Af (ε))−1 Bf +D
}

d,

=
(
ε3Hψs + Hψf

)
d = Hψd, (21b)

φ = ε (Cφs,0 + ε Cφs,1 + . . .) (jΩI −As(ε))−1 (21c)

× (Bs1 + εBs2 + . . .) d

+ (Cφf,0 + ε Cφf,1 + . . .) (jΩεI −Af (ε))−1 Bf d,

= (εHφs + Hφf ) d = Hφd. (21d)

The frequency response operators {Hij} in (21b) and (21d)
map the forcing d to the stream function (i = ψ) and
polymer stresses (i = φ) with {j = s, f} identifying the
contributions from the slow and fast subsystems, respectively.

It is clear from (21) that, in high Weissenberg number
regime, the response of the slow subsystem has negligible
influence on the stream function and the polymer stresses.
This illustrates that the fast subsystem has the largest influ-
ence on the system’s response.

V. FREQUENCY RESPONSES OF A 2D INERTIALESS FLOW
OF VISCOELASTIC FLUIDS

Here, we compute the frequency responses of the inertia-
less flow of viscoelastic fluids using the slow-fast decom-
position (17). In particular, we are interested in computing
the power spectral density for the 2D inertialess flow. For a
fixed temporal frequency Ω, this quantity is determined by
the Hilbert-Schmidt norm of the frequency response operator
Hij ,

Πij(Ω) = ‖Hij(Ω)‖2HS = trace
(
Hij(Ω)H?ij(Ω)

)
,

where H?ij represents the adjoint of the operator Hij . All
computations are done using a pseudo-spectral method [13].
Convergence of the results is tested by doubling the number
of collocation points.

In view of page limitations, we will only consider the re-
sponse of the velocity fluctuations. These can be determined
by analyzing the frequency response operator (21b). Figure 2
shows the Hilbert-Schmidt norm of the frequency response
operator from forcing to the stream function, i.e., Πψf and
Πψ . Note that the power spectral density as a function of Ω
for the stream function has a high-pass characteristic. This
response is a consequence of the direct feed-through term
from the forcing to the stream function. In addition, the
increase in We (decrease in ε) moves the cut-off frequency
to higher values of Ω. We further note that Πψf lies on top
of Πψ which indicates that at high Weissenberg numbers the
fast subsystem reliably captures the response of the entire
system. This thus verifies the predictions obtained using
perturbation analysis.

VI. CONCLUDING REMARKS

We study the frequency responses of a two-dimensional in-
ertialess shear-driven flow of viscoelastic fluids. In particular,
we have shown that the dynamics can be decomposed into
slow and fast subsystems. This is accomplished by rewriting
the evolution equations in terms of low-pass filtered versions
of the stream function. This state-space representation admits
a standard singularly perturbed form, which is obtained
by rescaling time with the Weissenberg number. We then
show analytically that the dynamics of flow fluctuations can
be captured by the response of the fast subsystem. This
demonstrates that the inertialess shear-driven flow of strongly
elastic fluids can be modeled by only a single PDE instead of
the original system of three PDEs (which are determined by
constitutive equation for polymer stresses). Furthermore, this
new formulation does not inherit any numerical instabilities
from the original model.

Our ongoing effort is devoted to studying the full nonlinear
equations using singular perturbation methods. Successful
analysis of the nonlinear equations may identify new meth-
ods for simulating full three-dimensional flows, thereby
leading to new ways of studying the intriguing phenomenon
of ‘elastic turbulence’ [1]–[3] in wall-bounded shear flows
of viscoelastic fluids.

APPENDIX

A. System operators
In this section, we present the system operators used in

each section of the paper.
1) Section III: The operators Cψi for {i = 1, 2, 3} in (12)

are given by

Cψ1(ε) = Cψ1,0 + ε Cψ1,1 + ε2 Cψ1,2,

Cψ2(ε) = Cψ2,0 + ε Cψ2,1, Cψ3(ε) = Cψ3,0,

where

Cψ1,0 = Cψ2,0 = Cψ3,0 =
(1− β)
β

2 k2
x ∆−2 ∆,

Cψ1,1 = Cψ2,1 = −
(1− β)
β

2 jkx ∆−2 ∆ ∂y,

Cψ1,2 = −
(1− β)
β

.
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2) Section IV: The operators in (13) are given by

A11 =
[
− (ε+ jkx y) 0

ε − (ε+ jkx y)

]
,

A12 =
[
ε

0

]
, A21 = Cψx =

[
Cψ2 Cψ3

]
,

A22 = Cψ1 −
(
ε2 + ε jkx y

)
, Cψz = Cψ1,

Cφx =

 C12 0
C22 C23
C32 C33

 , Cφz =

 C11C21
C31

 .
where

C11 = 2 ε k2
x − 2 ε2 jkx ∂y = ε C11,1 + ε2 C11,2,

C12 = 2 ε k2
x = ε C12,1,

C21 = 2 k2
x + ε2

(
∂yy + k2

x

)
= C21,0 + ε2 C21,2,

C22 = 2 k2
x = C22,0, C23 = 2 k2

x = C23,0,
C31 = 4 jkx ∂y + 2 ε ∂yy + 2 ε2 jkx ∂y

= C31,0 + ε C31,1 + ε2 C31,2,

C32 = 4 jkx ∂y + 2 ε ∂yy = C32,0 + ε C32,1,
C33 = 4 jkx ∂y = C33,0.

Furthermore, we note that each operator in (13) can be
factorized in terms of ε, e.g.,

A11(ε) =
[
− (ε+ jkx y) 0

ε − (ε+ jkx y)

]

=

[
−jkx y 0

0 −jkx y

]
︸ ︷︷ ︸ + ε

[
−I 0
I −I

]
︸ ︷︷ ︸ .

A11,0 A11,1

We employ a perturbation analysis of (15) and (16) to
determine the operators L and Q with ε being the pertur-
bation parameter. This is done by substituting (18) into (15)
and (16) and equating terms of equal order in ε, which yields

O(ε0) :


L0 =

(
A0

22

)−1A0
21 =

(
C0ψ1

)−1 [
C0ψ2 C0ψ3

]
=
[
I I

]
,

Q0 = A0
12

(
A0

22

)−1 =
[

0 0
]T
,

O(ε1) :


L1 =

(
A0

22

)−1 (A1
21 −A1

22L0 + L0A0
11

)
=

(
C0ψ1

)−1 [
0 −C1ψ1

]
,

Q1 = A1
12

(
A0

22

)−1 =
[

(C0ψ1)−1 0
]T
.

Using the expansions for the operators L and Q, the opera-
tors in (17) are given by

As(ε) = A11(ε)−A12(ε)L(ε) = A11,0

+ ε (A11,1 −A12,1 L0)− ε2A12,1 L1 + O(ε3)
= As0 + εAs1 + ε2As2 + O(ε3),

Af (ε) = A22(ε) + εL(ε)A12(ε) = A22,0 + εA22,1

+ ε2 (A22,2 + L0A12,1) + O(ε3)
= Af0 + εAf1 + ε2Af2 + O(ε3),

Bs(ε) = −Q(ε)D = − (Q0 + εQ1)D +O(ε3)

= −εQ1D +O(ε3) = Bs1 +O(ε3),

Bf (ε) = D = Bf0,

Cψs(ε) = Cψx(ε)− Cψz(ε)L(ε) = (Cψx,0 − Cψ1,0L0)

+ ε (Cψx,1 − Cψ1,0 L1 − Cψ1,1 L0)

− ε2 (Cψ1,0 L2 + Cψ1,1 L1 + Cψ2,1 L0) + O(ε3)

= Cψs,0 + ε Cψs,1 + ε2 Cψs,2 + O(ε3),

Cψf (ε) = Cψz(ε) + ε (Cψx(ε)− Cψz(ε)L(ε))Q(ε)

= Cψ1,0 + ε Cψ1,1

+ ε2 (Cψx,0 − Cψ1,0 L0)Q1 + O(ε3)

= Cψf,0 + ε Cψf,1 + ε2 Cψf,2 + O(ε3).

Since

Cψx,0 − Cψ1,0 L0 =
[
Cψ2,0 Cψ3,0

]
− Cψ1,0

[
I I

]
=
[

0 0
]
,

and

Cψx,1 − Cψ1,1 − Cψ1,0 L1L0

=
[
Cψ2,1 0

]
− Cψ1,1

[
I I

]
−Cψ1,0 (Cψ1,0)−1 [ 0 −Cψ1,1

]
=

[
0 0

]
,

operator Cψs can be simplified to

Cψs(ε) = ε2 Cψs,2 + O(ε3).
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