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Abstract—In this article, we study momentum-based
first-order optimization algorithms in which the iterations
utilize information from the two previous steps and are
subject to an additive white noise. This setup uses noise to
account for uncertainty in either gradient evaluation or iter-
ation updates, and it includes Polyak’s heavy-ball and Nes-
terov’s accelerated methods as special cases. For strongly
convex quadratic problems, we use the steady-state vari-
ance of the error in the optimization variable to quantify
noise amplification and identify fundamental stochastic
performance tradeoffs. Our approach utilizes the Jury sta-
bility criterion to provide a novel geometric characterization
of conditions for linear convergence, and it reveals the
relation between the noise amplification and convergence
rate as well as their dependence on the condition number
and the constant algorithmic parameters. This geometric
insight leads to simple alternative proofs of standard con-
vergence results and allows us to establish “uncertainty
principle” of strongly convex optimization: for the two-step
momentum method with linear convergence rate, the lower
bound on the product between the settling time and noise
amplification scales quadratically with the condition num-
ber. Our analysis also identifies a key difference between
the gradient and iterate noise models: while the amplifi-
cation of gradient noise can be made arbitrarily small by
sufficiently decelerating the algorithm, the best achievable
variance for the iterate noise model increases linearly with
the settling time in the decelerating regime. Finally, we in-
troduce two parameterized families of algorithms that strike
a balance between noise amplification and settling time
while preserving orderwise Pareto optimality for both noise
models.
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Hesameddin Mohammadi and Mihailo R. Jovanović are with the
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I. INTRODUCTION

ACCELERATED first-order algorithms [1], [2], [3] are of-
ten used for solving large-scale optimization problems [4],

[5] because of their scalability, fast convergence, and low per-
iteration complexity. Their convergence properties [6], [7], [8],
[9], [10], [11], [12], [13], [14], worst-case performance guar-
antees with respect to function variations [15], [16], [17], and
extensions to nonsmooth composite optimization problems [18],
[19], [20] have been carefully studied. However, stochastic
performance in the presence of noise has received less atten-
tion [21], [22], [23], [24], [25], [26]. Prior studies indicate
that inaccuracies in the computation of gradient values can
adversely impact the convergence rate of accelerated methods
and that gradient descent may have advantages relative to its
accelerated variants in noisy environments [27], [28], [29], [30],
[31]. In contrast to gradient descent, accelerated algorithms can
also exhibit undesirable transient behavior [32], [33], [34]; for
convex quadratic problems, the nonnormal dynamic modes in
accelerated algorithms induce large transient responses of the
error in the optimization variable [34].

Analyzing the performance of accelerated algorithms with
additive white noise that arises from uncertainty in gradient
evaluation dates back to Polyak [21]. In this reference, Polyak
established the optimal linear convergence rate for strongly
convex quadratic problems and used time-varying parameters
to obtain convergence in the error variance at a sublinear rate
with an improved constant factor compared to gradient descent.
Under strong convexity, noisy algorithms with constant param-
eters converge at a linear rate to a stationary distribution in
Wasserstein distance; the convergence rate along with bounds
on transient behavior and steady-state variance were obtained
in [35]. The existence of tradeoffs between the convergence rate
and the steady-state variance was also demonstrated.

Acceleration in a sublinear regime can also be achieved for
smooth strongly convex problems with diminishing stepsize [36]
and averaging can be used to prevent the accumulation of gra-
dient noise by accelerated algorithms [37]. In [38], it has been
further shown that the iteration complexity of any first-order
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noisy algorithm for strongly convex problems is subject to a
fundamental lower bound that consists of bias and variance
error terms that decay to zero at linear and sublinear rates,
respectively. To achieve this lower bound, a generic accelerated
stochastic approximation framework was developed in [38]; this
framework can be specialized to obtain optimal or nearly optimal
methods. In addition, Aybat et al. [39] propose a multistage
algorithm based on properly adjusting the stepsize to strike a bal-
ance between noise amplification and convergence rate. Therein,
the proposed Nesterov-like algorithm with explicit choice of
parameters does not require knowledge of noise variance and
achieves Pareto optimality.

For standard accelerated methods with constant parameters,
control-theoretic tools were utilized in [40] and [41] to study the
steady-state variance of the error in the optimization variable for
smooth strongly convex problems. In particular, for the param-
eters that optimize convergence rates for quadratic problems,
tight upper and lower bounds on the noise amplification of
gradient descent, heavy-ball method, and Nesterov’s accelerated
algorithm were developed [40]. These bounds are expressed in
terms of the condition number κ and the problem dimension
n, and they demonstrate opposite trends relative to the settling
time: for a fixed problem dimension n, accelerated algorithms
increase noise amplification by a factor of Θ(

√
κ) relative to

gradient descent. Similar result also holds for heavy-ball and
Nesterov’s algorithms with parameters that provide convergence
rate ρ ≤ 1− c/

√
κ with c > 0 [40]. Furthermore, for strongly

convex optimization problems with a condition number κ, tight
and attainable upper bounds for noise amplification of gradient
descent and Nesterov’s accelerated method were provided [40].

In this article, we extend the results of [40] to the class of first-
order algorithms with three constant parameters in which the
iterations involve information from the two previous steps. This
class includes heavy-ball and Nesterov’s accelerated algorithms
as special cases and we examine its stochastic performance for
strongly convex quadratic problems. Our results are comple-
mentary to [42], which evaluates stochastic performance in both
the objective and the iterate errors, and to a recent work [41]
that studies the steady-state variance of the error associated
with the point at which the gradient is evaluated. Van Scoy
and Lessard [41] combined the theory with computational ex-
periments to demonstrate that a parameterized family of heavy-
ball-like methods with reduced stepsize provides Pareto-optimal
algorithms for simultaneous optimization of convergence rate
and amplification of gradient noise. In contrast to [41], we
establish analytical lower bounds on the product of the settling
time and the steady-state variance of the error in the optimization
variable that hold for any constant stabilizing parameters and for
both gradient and iterate noise models. Our lower bounds scale
with the square of the condition number and reveal a fundamental
limitation of this class of algorithms.

In another related work [43], the tradeoff between the conver-
gence rate and risk of suboptimality for the class of two-step mo-
mentum algorithms was studied. Can and Gurbuzbalaban [43]
characterized the convergence rate and steady-state variance and
proposed a systematic and computationally tractable approach
based on solutions of semidefinite programming problems to

achieve tradeoffs in the risk-averse setting for strongly convex
problems. The impact of parameters on the convergence rate
and steady-state variance for momentum-based algorithms with
extensions to nonconvex problems has also been studied [44].
Therein, the authors utilized second-order Taylor series expan-
sion in the stepsize to reveal nonintuitive trends for the effect of
momentum parameters on the stationary variance. In the context
of differential privacy, theoretical bounds along with numerical
observations were used to quantify noise amplification of noisy
accelerated algorithms [45]. In addition, Kuru et al. [45] obtained
optimal noise-robust heavy-ball algorithm and proposed multi-
stage variants of accelerated algorithms that attenuate noise in
the gradient while enjoying an improved convergence rate.

In addition to considering noise in gradient evaluation, we
study the stochastic performance of algorithms when noise is
directly added to the iterates (rather than the gradient). For this
iterate noise model, we establish an alternative lower bound
on the noise amplification. This bound scales linearly with the
settling time and is orderwise tight for settling times that are
larger than that of gradient descent with the standard stepsize.
In this decelerated regime, we identify a key difference between
the two noise models: while the impact of gradient uncertainties
on variance amplification can be made arbitrarily small by decel-
erating the two-step momentum algorithm, the best achievable
variance for the iterate noise model increases linearly with the
settling time in the decelerated regime.

Our results build upon a simple, yet powerful geometric
viewpoint, which clarifies the relation between condition num-
ber, convergence rate, and algorithmic parameters for strongly
convex quadratic problems. This viewpoint allows us to present
alternative proofs for the following:

1) the optimal convergence rate of the two-step momentum
algorithm, which recovers Nesterov’s fundamental lower
bound on the convergence rate [46] for finite-dimensional
problems [47];

2) the optimal rates achieved by standard gradient descent,
heavy-ball method, and Nesterov’s accelerated algo-
rithm [9].

In addition, it enables a novel geometric characterization of
noise amplification in terms of stability margins and it allows
us to precisely quantify tradeoffs between convergence rate and
robustness to noise.

We also introduce two parameterized families of algorithms
that are structurally similar to the heavy-ball and Nesterov’s
accelerated algorithms. These algorithms utilize continuous
transformations from gradient descent to the corresponding
accelerated algorithm (with the optimal convergence rate) via
a homotopy path, and they can be used to provide additional
insight into the tradeoff between convergence rate and noise
amplification. We prove that these parameterized families are
orderwise (in terms of the condition number) Pareto-optimal
for simultaneous minimization of settling time and noise am-
plification. Another family of algorithms that facilitates similar
tradeoff was proposed in [11], and it includes the fastest known
algorithm for the class of smooth strongly convex problems.
We also utilize negative momentum parameters to decelerate a
heavy-ball-like family of algorithms relative to gradient descent
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with the optimal stepsize. For both noise models, our parame-
terized family yields orderwise optimal algorithms and it allows
us to further highlight the key difference between them in the
decelerated regime.

In contrast to conjugate gradient methods that are exceedingly
sensitive to poor-conditioning and noise, momentum-based first-
order optimization algorithms are flexible enough to be deployed
to complex optimization landscapes and environments; and to
benefit from recent extensive hardware optimization and par-
allelization in modern platforms that utilize GPUs. In spite of
broad applicability of these algorithms with constant parameters,
a clear understanding of fundamental tradeoffs between variance
amplification and convergence rate is not available in the existing
literature. This article addresses this issue by the following:

1) providing a novel geometric insight into the dependence
of convergence rate and variance amplification on the
algorithmic parameters;

2) identifying the product between the variance amplifica-
tion J and the settling time Ts, J × Ts, as an important
“conserved quantity” of two-step momentum algorithms;

3) establishing tight bounds on J × Ts in terms of the square
of the condition number.

The rest of this article is organized as follows. In Section II,
we provide preliminaries and background material, and in Sec-
tion III, we summarize our key contributions. In Section IV,
we introduce the tools and ideas that enable our analysis. In
particular, we utilize the Jury stability criterion to provide a novel
geometric characterization of stability and ρ-linear convergence
and exploit this insight to derive simple alternative proofs of stan-
dard convergence results and quantify fundamental stochastic
performance tradeoffs. In Section V, we introduce two param-
eterized families of algorithms that allow us to constructively
tradeoff settling time and noise amplification. In Section VI,
we provide proofs of our main results, and finally, Section VII
concludes this article.

II. PRELIMINARIES AND BACKGROUND

For the unconstrained optimization problem

minimize
x

f(x) (1)

where f : Rn → R is a strongly convex function with a Lipschitz
continuous gradient ∇f , we consider noisy momentum-based
first-order algorithms that use information from the two previous
steps to update the optimization variable

xt+2 = xt+1 + β(xt+1 − xt)

− α∇f(xt+1 + γ(xt+1 − xt)
)
+ σww

t. (2)

Here, t is the iteration index, α is the stepsize, β and γ are
momentum parameters, σw is the noise magnitude, and wt is an
additive white noise with zero mean and identity covariance

E
[
wt

]
= 0, E

[
wt(wτ )T

]
= Iδ(t− τ)

where δ is the Kronecker delta and E is the expected value
operator. In this article, we consider two noise models.

1) Iterate noise (σw = σ): Models uncertainty in comput-
ing the iterates of (2), where σ denotes the stepsize-
independent noise magnitude.

2) Gradient noise (σw = ασ): Models uncertainty in the
gradient evaluation. In this case, the stepsize α directly
impacts magnitude of the additive noise.

Iterate noise model captures scenarios with uncertainties
in optimization variables because of roundoff, quantization,
and communication errors. This model has also been used
to improve generalization and robustness in machine learn-
ing [48]. On the other hand, the second noise model ac-
counts for gradient computation error or scenarios in which
the gradient is estimated from noisy measurements [49]. Also,
noise may be intentionally added to the gradient for privacy
reasons [50].

Remark 1: An alternative noise model with σw =
√
ασ has

been used to escape local minima in stochastic gradient de-
scent [51] and to provide nonasymptotic guarantees in noncon-
vex learning [52], [53]. This model arises from a discretization of
the continuous-time Langevin diffusion dynamics [52], and for
strongly convex quadratic problems, our framework can be used
to examine acceleration/robustness tradeoffs. For algorithms
that are faster than the standard gradient descent, this model
has orderwise identical performance bounds as the other two
models and the only difference arises in decelerated regime. We
omit details for brevity.

Special cases of (2) include noisy gradient descent (β = γ =
0), Polyak’s heavy-ball method (γ = 0), and Nesterov’s acceler-
ated algorithm (γ = β). In the absence of noise (i.e., for σ = 0),
the parameters (α, β, γ) can be selected such that the iterates
converge linearly to the globally optimal solution [8]. For the
family of smooth strongly convex problems, the parameters that
yield the fastest known linear convergence rate were provided
in [12].

A. Linear Dynamics for Quadratic Problems

Let QL
m denote the class of m-strongly convex L-smooth

quadratic functions

f(x) = 1
2x

TQx− qTx (3)

with the condition number κ := L/m, where q is a vector and
Q = QT � 0 is the Hessian matrix with eigenvalues

L = λ1 ≥ λ2 ≥ . . . ≥ λn = m > 0.

For the quadratic objective function in (3), we can use a linear
time-invariant (LTI) state-space model to describe the two-step
momentum algorithm (2) with constant parameters

ψt+1 = Aψt +Bwt

zt = C ψt (4a)

where ψt is the state, zt := xt − x� is the performance output
that determines the error to the optimal solution x�, and wt is
the white stochastic input. In particular, choosing ψt := [(xt −
x�)T (xt+1 − x�)T ]T yields
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TABLE I
SETTLING TIMES Ts := 1/(1− ρ) [9, PROPOSITION 1] ALONG WITH THE CORRESPONDING NOISE AMPLIFICATION BOUNDS IN (10) [40, TH. 4] FOR THE

PARAMETERS THAT OPTIMIZE THE LINEAR CONVERGENCE RATE ρ FOR STRONGLY CONVEX QUADRATIC FUNCTION f ∈ QL
m WITH THE CONDITION NUMBER

κ := L/m

A =

[
0 I

−βI + γαQ (1 + β)I − (1 + γ)αQ

]

BT =
[
0 σwI

]
, C =

[
I 0

]
. (4b)

B. Convergence Rate

An algorithm is stable if in the absence of noise (i.e., σw = 0),
the state converges linearly with some rate ρ < 1

‖ψt‖2 ≤ ct ρ
t ‖ψ0‖2 for all t ≥ 1 (5)

for all f ∈ QL
m and all initial conditionsψ0, where ct > 0 grows

at most polynomially with t. For LTI system (4a), the spectral
radius ρ(A) determines the best achievable convergence rate. In
addition

Ts := 1/(1− ρ) (6)

provides the first-order approximation in ε to the settling time,
i.e., the number of iterations required to reach a given desired ac-
curacy ε; see Appendix A. For the classQL

m of high-dimensional
functions (i.e., for n � Ts), Nesterov established the fundamen-
tal lower bound on the settling time (convergence rate) of any
first-order algorithm [8]

Ts ≥ (
√
κ+ 1)/2. (7)

This lower bound is sharp and it is achieved by the heavy-ball
method with the parameters provided in Table I [9]. We note
that polynomial factors ct may appear because of nonmonotonic
transient responses for nonnormal dynamics [34], [43]. In addi-
tion, the restriction n � Ts in (7) can be lifted for the class of
two-step momentum algorithms with constant parameters [47].
Robust control techniques have also been used to extend this re-
sult to algorithms that involve more than two previous steps [54].

C. Noise Amplification

For LTI system (4a) driven by an additive white noise wt,
E(ψt+1) = AE(ψt). Thus, E(ψt) = At E(ψ0), and for any
stabilizing parameters (α, β, γ), the iterates reach a statistical
steady state with limt→∞ E(ψt) = 0 and a variance that can be
computed from the solution of the algebraic Lyapunov equa-
tion [40], [55]. We call the steady-state variance of the error in
the optimization variable noise (or variance) amplification

J := lim
t→∞

1

t

t∑
k=0

E
(‖xk − x�‖22

)
. (8)

In addition to the algorithmic parameters (α, β, γ), the entire
spectrum {λi | i = 1, . . . , n} of the Hessian matrix Q impacts
the noise amplification J of algorithm (2) [40].

Remark 2: An alternative performance metric that examines
the steady-state variance of yt − x� was considered in [41],
where yt := xt + γ(xt − xt−1) is the point at which the gra-
dient is evaluated in (2). For all γ ≥ 0, we have Jx ≤ Jy ≤
(1 + 2γ)2Jx, where the subscripts x and y denote the noise
amplification in terms of the error in xt and yt. Thus, these
performance metrics are within a constant factor of each other
for bounded values of non-negative momentum parameter γ.

D. Parameters That Optimize Convergence Rate

For special instances of the two-step momentum algorithm (2)
applied to strongly convex quadratic problems, namely gradient
descent (gd), heavy-ball method (hb), and Nesterov’s acceler-
ated algorithm (na), the parameters that yield the fastest conver-
gence rates were established in [9], [21]. These parameters along
with the corresponding rates and the noise amplification bounds
are provided in Table I. The convergence rates are determined
by the spectral radius of the corresponding A-matrices and
the noise amplification bounds are computed by examining the
solution to the algebraic Lyapunov equation and determining the
functions f ∈ QL

m for which the steady-state variance is maxi-
mized/minimized [40, Proposition 1]. Since the optimal rate for
the heavy-ball method meets the fundamental lower bound (7),
this choice of parameters also optimizes the convergence rate
of (2) for f ∈ QL

m.
For the optimal parameters provided in Table I, there is a

Θ(
√
κ) improvement in settling times of the heavy-ball and

Nesterov’s accelerated algorithms relative to gradient descent

Ts =

{
Θ(κ) gd
Θ(

√
κ) hb, na

(9)

where a = Θ(b) means that a lies within constant factors of
b as b→ ∞. This improvement makes accelerated algorithms
popular for problems with large condition number κ.

While convergence rate is only affected by the largest and
smallest eigenvalues of Q, the entire spectrum of Q influences
the noise amplification J . On the other hand, the largest and
smallest values of J over the function class QL

m

Jmax := max
f∈QL

m

J, Jmin := min
f∈QL

m

J (10)
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depend only on the noise magnitude σw, the algorithmic pa-
rameters (α, β, γ), the problem dimension n, and the extreme
eigenvalues m and L of Q.

For the parameters that optimize convergence rates, tight
upper and lower bounds on the noise amplification were de-
veloped in [40, Th. 4]. These bounds are expressed in terms
of the condition number κ and the problem dimension n, and
they demonstrate opposite trends relative to the settling time. In
particular, for gradient descent

Jmax = σ2
wnΘ(κ), Jmin = σ2

w(Θ(κ) + n) (11a)

and for accelerated algorithms

Jmax = σ2
wnΘ(κ

√
κ)

Jmin =

{
σ2
w(Θ(κ

√
κ) + nΘ(

√
κ)) hb

σ2
w(Θ(κ

√
κ) + n) na.

(11b)

Thus, for fixed problem dimension n and noise magnitude
σw, accelerated algorithms increase noise amplification by a
factor of Θ(

√
κ) relative to gradient descent for the parame-

ters that optimize convergence rates. While similar result also
holds for heavy-ball and Nesterov’s algorithms with arbitrary
values of parameters α and β that provide settling time Ts ≤
c
√
κ with c > 0 [40, Th. 8], in this article, we establish fun-

damental tradeoffs between noise amplification and settling
time for the class of the two-step momentum algorithms (2)
with arbitrary stabilizing values of constant parameters
(α, β, γ).

III. SUMMARY OF MAIN RESULTS

In this section, we summarize our key contributions regarding
robustness/convergence tradeoff for noisy two-step momentum
algorithm (2). In addition, our geometric characterization of sta-
bility and ρ-linear convergence allows us to provide alternative
proofs of standard convergence results and quantify fundamental
performance tradeoffs. The proofs of results presented here can
be found in Section VI.

A. Bounded Noise Amplification for Stabilizing
Parameters

For a discrete-time LTI system with a convergence rate ρ, the
distance of the eigenvalues to the unit circle is larger than 1− ρ.
We use this stability margin to establish an upper bound on the
noise amplification J of the two-step momentum method (2) for
any stabilizing parameters (α, β, γ).

Theorem 1 (Upper bounds): Let the parameters (α, β, γ)
be such that the two-step momentum algorithm (2) converges
linearly with the rate ρ = 1− 1/Ts for all f ∈ QL

m. Then

J ≤ σ2
w(1 + ρ2)

(1 + ρ)3
nT 3

s (12a)

where n is the problem size. Furthermore, for the gradient noise
model (σw = ασ)

J ≤ σ2(1 + ρ)(1 + ρ2)

L2
nT 3

s . (12b)

For ρ < 1, both upper bounds in (12) scale with nT 3
s and they

are exact for the heavy-ball method with the parameters that
optimize the convergence rate provided by Table I. However,
these bounds are not tight for all stabilizing parameters; e.g.,
applying (12a) to gradient descent with the optimal stepsize
α = 2/(L+m) yields J ≤ σ2

wnΘ(κ3), which is off by a fac-
tor of κ2; cf., Table I. The bound in (12b) is obtained by
combining (12a) with αL ≤ (1 + ρ)2, which follows from the
conditions for ρ-linear convergence in Section IV. For entropic
risk, bounds on noise amplification were derived in [43]. In
contrast, Theorem 1 uses a geometric viewpoint to capture
an explicit, exact cubic dependence of Jmax on the settling
time.

B. Tradeoff Between Settling Time and Noise
Amplification

For any stabilizing constant parameters (α, β, γ) in the two-
step momentum algorithm (2), we next establish lower bounds
on the largest and the smallest noise amplification Jmax and
Jmin over the class of functions QL

m, as defined in (10), in terms
of the settling time Ts.

Theorem 2 (Reciprocal lower bounds): Let the parameters
(α, β, γ) be such that the two-step momentum algorithm (2)
converges linearly with the rate ρ = 1− 1/Ts for all f ∈ QL

m.
Then, Jmax and Jmin in (10) satisfy

Jmax ≥ σ2
w

(
(n− 1)

κ2

64
+

√
κ+ 1

2

)
T−1
s (13a)

Jmin ≥ σ2
w

(
κ2

64
+ (n− 1)

√
κ+ 1

2

)
T−1
s . (13b)

Furthermore, for the gradient noise model (σw = ασ), we have

Jmax ≥ σ2

L2

(
(n− 1)

κ2

4
+ max

{
κ2

T 3
s

,
1

4

})
T−1
s (14a)

Jmin ≥ σ2

L2

(
κ2

4
+ (n− 1)max

{
κ2

T 3
s

,
1

4

})
T−1
s . (14b)

For both noise models, the condition number κ restricts the
performance of the two-step momentum algorithm with con-
stant parameters: for a fixed problem size n, all four lower
bounds in Theorem 2 demonstrate the quadratic dependence
on the condition number κ for both Jmax × Ts and Jmin × Ts.
Relative to the dominant term in κ, the problem dimension
n appears in a multiplicative fashion for the lower bounds
on Jmax and in an additive fashion for the lower bounds
on Jmin. We note that the fundamental lower bound on Ts
in (7) holds for large problem dimension n for any first-
order algorithm. In contrast, Theorem 2 holds for arbitrary n
for the class of two-step momentum algorithms with constant
parameters.

Theorem 3 (Linear lower bounds): Let the parameters
(α, β, γ) be such that the two-step momentum algorithm (2)
achieves the convergence rate ρ = ρ(A) = 1− 1/Ts, where the
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matrix A is given by (4). Then, Jmax and Jmin satisfy

Jmax ≥ σ2
w

(
(n− 1)

Ts
2(1 + ρ)2

+ 1

)
(15a)

Jmin ≥ σ2
w

(
Ts

2(1 + ρ)2
+ (n− 1)

)
. (15b)

We observe that the lower bounds on Jmax and Jmin in
Theorem 3 grow linearly with Ts.

C. Accuracy of Lower Bounds

In this subsection, we establish upper bounds on Jmax and
Jmin for a parameterized family of heavy-ball-like algorithms
in terms of the settling time Ts. By comparison to the lower
bounds established in Theorems 2 and 3, we prove that for any
settling time Ts these bounds are orderwise tight in κ.

Theorem 4 (Upper bounds): For the class of strongly convex
quadratic functions QL

m with the condition number κ = L/m,
let the scalar ρ be such that the fundamental lower bound Ts =
1/(1− ρ) ≥ (

√
κ+ 1)/2 given by (7) holds. Then, the two-step

momentum algorithm (2) with parameters

α =
(1 + ρ)(1 + β/ρ)

L
, β = ρ

κ− (1 + ρ)/(1− ρ)

κ+ (1 + ρ)/(1− ρ)
(16)

and γ = 0, converges linearly with the rate ρ. In addition, Jmax

and Jmin in (10) satisfy

Jmax ≤
{
σ2
w nκ ((κ+ 1)/2)T−1

s , if Ts ≤ τ

σ2
wnTs, if Ts ≥ τ

(17a)

Jmin ≤
{
σ2
w κ (κ+ n− 1)T−1

s , if Ts ≤ τ

2σ2
w(1 + (n− 2)/κ)Ts, if Ts ≥ τ

(17b)

where τ := (κ+ 1)/2. Furthermore, for the gradient noise
model (σw = ασ), we have

Jmax ≤ σ2 nκ
(
(κ+ 1)/L2

)
T−1
s (18a)

Jmin ≤ σ2 2κ
(
(κ+ 4n− 7)/L2

)
T−1
s . (18b)

Theorem 4 provides upper bounds on Jmax and Jmin for a
family of heavy-ball-like algorithms (γ = 0) parameterized by
the settling time Ts. We note that the condition Ts ≥ (κ+ 1)/2
in Theorem 4 corresponds to nonpositive values of the mo-
mentum parameter β ≤ 0. For the iterate noise model with
Ts ≤ (κ+ 1)/2 and for the gradient noise model with any
settling time, the upper bounds in Theorem 4 scale as κ2 for both
Jmax × Ts and Jmin × Ts. This scaling matches the scaling of
the corresponding lower bounds in Theorem 2. Thus, for the
gradient noise model, the upper and lower bounds are orderwise
tight (inκ) for any settling time. On the other hand, for the iterate
noise model, the lower bounds in Theorem 2 are tight only in
the accelerated regime Ts ≤ (κ+ 1)/2. For this noise model, in
the nonaccelerated regimeTs ≥ (κ+ 1)/2, the alternative lower
bounds established in Theorem 3 are tight as they orderwise
match the upper bounds in Theorem 4.

Remark 3: Since QL
m is a subset of the class of m-strongly

convex functions with L-Lipschitz continuous gradients, the

fundamental lower bounds on Jmax × Ts established in Theo-
rem 2 carry over to this broader class of problems. Thus, the
restriction imposed by the condition number on the tradeoff
between settling time and noise amplification goes beyond QL

m

and holds for general strongly convex problems.
Remark 4: The upper bounds in Theorem 4 are obtained

for a particular choice of constant parameters. Thus, they also
provide upper bounds on the best achievable noise amplification
bounds J�

max := minα,β,γ Jmax and J�
min := minα,β,γ Jmin for

a settling time Ts; see Fig. 1.

IV. CONVERGENCE AND NOISE AMPLIFICATION: GEOMETRIC

CHARACTERIZATION

In this section, we examine the relation between the conver-
gence rate and noise amplification of the two-step momentum
algorithm (2) for strongly convex quadratic problems. In par-
ticular, the eigenvalue decomposition of the Hessian matrix Q
allows us to bring the dynamics into n decoupled second-order
systems parameterized by the eigenvalues ofQ and the algorith-
mic parameters (α, β, γ). We utilize the Jury stability criterion
to provide a novel geometric characterization of stability and
ρ-linear convergence and exploit this insight to derive alternative
proofs of standard convergence results and quantify fundamental
performance tradeoffs.

A. Modal Decomposition

We utilize the eigenvalue decomposition of the Hessian matrix
Q = QT � 0, Q = V ΛV T , where Λ is the diagonal matrix of
the eigenvalues andV is the orthogonal matrix of the correspond-
ing eigenvectors. The change of variables x̂t := V T (xt − x�)
and ŵt := V Twt allows us to bring (4) inton decoupled second-
order subsystems

ψ̂t+1
i = Âiψ̂

t
i + B̂iŵ

t
i , ẑ

t
i = Ĉiψ̂

t
i (19a)

where ŵt
i is the ith component of the vector ŵt ∈ Rn, ψ̂t

i =

[x̂ti x̂t+1
i ]T , B̂i = [0 σw]

T , Ĉi = [1 0],

Âi = Â(λi) :=

[
0 1

−a(λi) −b(λi)

]
(19b)

and

a(λ) := β − γαλ, b(λ) := (1 + γ)αλ − (1 + β). (19c)

B. Conditions for Linear Convergence

For the class of strongly convex quadratic functions QL
m, the

best convergence rate ρ is determined by the largest spectral
radius of the matrices Â(λ) in (19) for λ ∈ [m,L]

ρ = max
λ∈ [m,L]

ρ(Â(λ)). (20)

For the heavy-ball and Nesterov’s accelerated methods, ana-
lytical expressions for ρ(Â(λ)) were developed and algorithmic
parameters that optimize convergences rate were obtained in [9].
Unfortunately, these expressions do not provide insight into the
relation between convergence rates and noise amplification. In
this article, we ask the dual question:
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Fig. 1. Summary of the results established in Theorems 1–4 for σ2 = 1. The top and bottom rows correspond to the iterate and gradient noise
models, respectively, and they illustrate 1) J�

max := minα,β,γ maxf J and J�
min

:= minα,β,γ minf J subject to a settling time Ts for f ∈ QL
m (black

curves); and 2) their corresponding upper (maroon curves) and lower (red curves) bounds in terms of the condition number κ = L/m, problem
size n, and settling time Ts. The upper bounds on J established in Theorem 1 are marked by blue curves. The dark shaded region and its union
with the light shaded region respectively correspond to all possible pairs (Ts,maxf J) and (Ts,minf J) for f ∈ QL

m and any stabilizing parameters
(α, β, γ).

For a fixed convergence rate ρ, what is the largest condition
number κ that can be handled by the two-step momentum
algorithm (2) with constant parameters?

We note that the matrices Â(λ) share the same structure as

M =

[
0 1
−a −b

]
(21a)

with the real scalars a and b and that the characteristic polyno-
mial associated with the matrix M is given by

F (z) := det (zI −M) = z2 + b z + a. (21b)

We next utilize the Jury stability criterion [56, ch.. 4-3] to provide
conditions for stability of the matrix M given by (21a).

Lemma 1: For the matrix M ∈ R2×2 given by (21a)

ρ(M) < 1 ⇐⇒ (b, a) ∈ Δ (22a)

where the stability set

Δ := {(b, a) | |b| − 1 < a < 1} (22b)

is an open triangle in the (b, a)-plane with vertices

X = (−2, 1), Y = (2, 1), Z = (0,−1). (22c)

Proof: The characteristic polynomial F (z) associated with
the matrixM is given by (21b) and the Jury stability criterion [56,

ch. 4-3] provides necessary and sufficient conditions for stabil-
ity, |a| < 1, F (±1) = 1± b+ a > 0. The condition a > −1 is
ensured by the positivity of F (±1). �

For any ρ > 0, the spectral radius ρ(M) of the matrix M is
smaller than ρ if and only if ρ(M/ρ) is smaller than 1. This
observation in conjunction with Lemma 1 allow us to obtain
necessary and sufficient conditions for stability with the linear
convergence rate ρ of the two-step momentum algorithm (2).

Lemma 2: For any positive scalar ρ < 1 and the matrix M ∈
R2×2 given by (21a), we have

ρ(M) ≤ ρ ⇐⇒ (b, a) ∈ Δρ (23a)

where the ρ-linear convergence set

Δρ :=
{
(b, a) | ρ (|b| − ρ) ≤ a ≤ ρ2

}
(23b)

is a closed triangle in the (b, a)-plane with vertices

Xρ = (−2ρ, ρ2), Yρ = (2ρ, ρ2), Zρ = (0,−ρ2). (23c)

Proof: See Appendix C in [57]. �
Fig. 2 illustrates the stability and the ρ-linear convergence sets

Δ and Δρ. We note that for any ρ ∈ (0, 1), we have Δρ ⊂ Δ.
This can be verified by observing that the vertices (Xρ, Yρ, Zρ)
of Δρ all lie in Δ.
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Fig. 2. Stability set Δ (the open, cyan triangle) in (22b) and the ρ-linear
convergence set Δρ (the closed, yellow triangle) in (23b) along with the
corresponding vertices. For (b, a) (black dot) associated with the matrix
M in (21a), the distances (d, h, l) in (30) are marked by black lines.

Remark 5: The characterization of the sets Δ and Δρ in both
continuous and discrete-time settings along with extensions to
higher order systems has been discussed in the literature; e.g.,
see [58] and[59]. In particular, it has been shown that Δρ is
the convex hull of the coefficients associated with the special
polynomials (z − ρ)2, (z + ρ)2, and (z − ρ)(z + ρ).

For the two-step momentum algorithm (2), the functions a(λ)
and b(λ) given by (19c) satisfy the affine relation

(1 + γ) a(λ) + γ b(λ) = β − γ. (24)

This fact in conjunction with Lemmas 1 and 2 allow us to
derive conditions for stability and the convergence rate. A similar
approach for polynomials of arbitrary degree has been taken
in [59], where the authors analyzed affine constraints on the
coefficients in optimizing the convergence rate. For second-
order polynomials, we note that the rate of convergence can
also be directly characterized as a function of (a(λ), b(λ)). This
approach was utilized in [43, Lemma 3.1].

Lemma 3: The two-step momentum algorithm (2) with con-
stant parameters (α, β, γ) is stable for all functions f ∈ QL

m if
and only if the following equivalent conditions hold:

1) (b(λ), a(λ)) ∈ Δ for all λ ∈ [m,L];
2) (b(λ), a(λ)) ∈ Δ for λ ∈ {m,L}.

Furthermore, the linear convergence rate ρ < 1 is achieved
for all functions f ∈ QL

m if and only if the following equivalent
conditions hold:

1) (b(λ), a(λ)) ∈ Δρ for all λ ∈ [m,L];
2) (b(λ), a(λ)) ∈ Δρ for λ ∈ {m,L}.

Here, (b(λ), a(λ)) is given by (19c), and the stability and
ρ-linear convergence triangles Δ and Δρ are given by (22b)
and (23b), respectively.

Proof: The conditions in 1) follow from combing (20) with
Lemma 1 (for stability) and Lemma 2 (for ρ-linear convergence).
The conditions in 2) follow from the facts that Δ and Δρ are
convex sets and that (b(λ), a(λ)) is a line segment with end
points corresponding to λ = m and λ = L. �

Lemma 3 exploits the affine relation (24) between a(λ) and
b(λ) and the convexity of the sets Δ and Δρ to establish
necessary and sufficient conditions for stability and ρ-linear
convergence: the inclusion of the end points of the line segment
(b(λ), a(λ)) associated with the extreme eigenvaluesm andL of
the matrix Q in the corresponding triangle. A similar approach
was taken in [41, Appendix A.1], where the affine nature of

the conditions resulting from the Jury stability criterion with
respect to λ was used to conclude that ρ(Â(λ)) is a quasi-convex
function of λ and show that the extreme points m and L deter-
mine ρ(A). In contrast, we exploit the triangular shapes of the
stability and ρ-linear convergence sets Δ and Δρ and utilize
this geometric insight to identify the parameters that optimize
the convergence rate and to establish tradeoffs between noise
amplification and convergence rate. The following corollary is
immediate.

Corollary 1: Let the two-step momentum algorithm (2) with
constant parameters (α, β, γ)minimize a function f ∈ QL

m with
a linear rate ρ < 1. Then, the convergence rate ρ is achieved for
all functions f ∈ QL

m.
Proof: Lemma 3 implies that only the extreme eigenvalues

m and L of Q determine ρ. Since all functions f ∈ QL
m share

the same extreme eigenvalues, this completes the proof. �
For the two-step momentum algorithm (2) with constant

parameters, Lemma 3 leads to a simple alternative proof for the
fundamental lower bound (7) on the settling time established
by Nesterov. Our proof utilizes the fact that for any point
(b(λ), a(λ)) ∈ Δρ, the horizontal signed distance to the edge
XZ of the stability triangle Δ satisfies

d(λ) := a(λ) + b(λ) + 1 = αλ (25)

where a and b are given by (19c); see Fig. 2.
Proposition 1: Let the two-step momentum algorithm (2)

with constant parameters (α, β, γ) achieve the convergence rate
ρ < 1 for all functions f ∈ QL

m. Then, lower bound (7) on the
settling time holds and it is achieved by the heavy-ball method
with the parameters provided in Table I.

Proof: Let d(m) = αm and d(L) = αL denote the values
of the function d(λ) associated with the points (b(m), a(m))
and (b(L), a(L)), where (b, a) and d are given by (19c)
and (25), respectively. Lemma 3 implies that (b(L), a(L)) and
(b(m), a(m)) lie in the ρ-linear convergence triangle Δρ. Thus

dmax/dmin ≥ d(L)/d(m) = κ (26)

where dmax and dmin are the largest and smallest values of
d among all points (b, a) ∈ Δρ. From the shape of Δρ, we
conclude that dmax and dmin correspond to the vertices Yρ and
Xρ of Δρ given by (23c); see Fig. 2. Thus

dmax = dYρ
= 1 + ρ2 + 2 ρ = (1 + ρ)2 (27a)

dmin = dXρ
= 1 + ρ2 − 2 ρ = (1− ρ)2. (27b)

Combining (26) with (27) yields

κ =
d(L)

d(m)
≤ dmax

dmin
=

(1 + ρ)2

(1− ρ)2
. (28)

Rearranging terms in (28) gives lower bound (7). �
To provide additional insight, we next examine the implica-

tions of Lemma 3 for gradient descent, Polyak’s heavy-ball, and
Nesterov’s accelerated algorithms. In all three cases, our dual
approach recovers the optimal convergence rates provided in
Table I. From the affine relation (24), it follows that (b(λ), a(λ))
with λ ∈ [m,L] for
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Fig. 3. For a fixed ρ-linear convergence triangle Δρ (yellow), dashed blue lines mark the line segments (b(λ), a(λ)) with λ ∈ [m,L] for gradient
descent, Polyak’s heavy-ball, and Nesterov’s accelerated methods as particular instances of the two-step momentum algorithm (2) with constant
parameters. The solid blue line segments correspond to the parameters for which the algorithm achieves rate ρ for the largest possible condition
number given by (29).

1) gradient descent (β = γ = 0), is a horizontal line segment
parameterized by a(λ) = 0;

2) heavy-ball method (γ = 0), is a horizontal line segment
parameterized by a(λ) = β;

3) Nesterov’s accelerated method (β = γ), is a line segment
parameterized by a(λ) = −βb(λ)/(1 + β).

These observations are illustrated in Fig. 3 , and as we show
in the proof of Lemma 3, to obtain the largest possible condition
number for which the convergence rate ρ is feasible for each
algorithm, one needs to find the largest ratio d(L)/d(m) = κ
among all possible orientations for the line segment (b(λ), a(λ))
with λ ∈ [m,L] to lie within Δρ.

1) For gradient descent, the largest ratio d(L)/d(m) corre-
sponds to the intersections of the horizontal axis and the
edgesYρZρ andXρZρ of the triangleΔρ, which are given
by (ρ, 0) and (−ρ, 0), respectively. Thus

κ = d(L)/d(m) ≤ (1 + ρ)/(1− ρ). (29a)

Rearranging terms in (29a) yields a lower bound on
the settling time for gradient descent 1/(1− ρ) ≥ (κ+
1)/2. This lower bound is tight as it can be achieved
by choosing the parameters in Table I, which place
(b(λ), a(λ)) to (ρ, 0) and (−ρ, 0) for λ = L and λ = m,
respectively.

2) For the heavy-ball method, the optimal rate is recovered
by designing the parameters (α, β) such that the ver-
tices Xρ and Yρ belong to the horizontal line segment
(b(λ), a(λ))

κ = d(L)/d(m) ≤ (1 + ρ)2/(1− ρ)2. (29b)

By choosing d(L) = dYρ
and d(m) = dXρ

, we recover
the optimal parameters provided in Table I and achieve
the fundamental lower bound (7) on the convergence rate.

3) For Nesterov’s accelerated method, the largest ratio
d(L)/d(m) corresponds to the line segment XρX

′
ρ that

passes through the origin, where X ′
ρ = (2ρ/3,−ρ2/3)

lies on the edge YρZρ; see Appendix C in [57]. Thus

κ = d(L)/d(m) ≤ (1 + ρ)(3− ρ)/(3(1− ρ)2). (29c)

Rearranging terms in this inequality provides a lower
bound on the settling time 1/(1− ρ) ≥ √

3κ+ 1/2.This
lower bound is tight and it can be achieved with the
parameters provided in Table I, which place (b(L), a(L))
to X ′

ρ and (b(m), a(m)) to Xρ.
Fig. 3 illustrates the optimal orientations discussed previously.

C. Noise Amplification

To quantify the noise amplification of the two-step momentum
algorithm (2), we utilize an alternative characterization of the
stability triangle Δ. As illustrated in Fig. 2, let d and l denote
the horizontal signed distances of the point (a, b) to the edges
XZ and Y Z

d(λ) := a(λ) + b(λ) + 1

l(λ) := a(λ)− b(λ) + 1 (30a)

and let h denote its vertical signed distance to the edge XY

h(λ) := 1− a(λ). (30b)

Then, the equivalence condition

(b, a) ∈ Δ ⇐⇒ h, d, l > 0 (31)

follows from the definition of the set Δ in (22b).
While analytical expressions for J in terms of the algorithmic

parameters have been derived in the literature (e.g., see [60,
Th. 1] for gradient decent, heavy-ball, and Nesterov’s acceler-
ated algorithms, and [39, Appendix A] and [43, Lemma A.1] for
the general case), the novelty of Theorem 5 lies in expressing
J in terms of the reciprocals of the distances d(λi), h(λi), and
l(λi) of the point (b(λi), a(λi)) to the edges of the stability
triangle for the noisy two-step momentum algorithm (2). This
geometric insight facilitates proofs of our main results. The proof
of Theorem 5 is straightforward and it is omitted for brevity.

Theorem 5: For a strongly convex quadratic objective func-
tion f ∈ QL

m with the Hessian matrix Q, the steady-state vari-
ance of xt − x� for the two-step momentum algorithm (2) with
any stabilizing parameters (α, β, γ) is determined by

J =

n∑
i=1

σ2
w

2h(λi)

(
1

l(λi)
+

1

d(λi)

)
=:

n∑
i=1

Ĵ(λi).

Here, Ĵ(λi) denotes the modal contribution of the ith eigen-
value λi of Q to the steady-state variance, (d, h, l) are defined
in (30), and (a, b) are given by (19c).

Theorem 5 demonstrates that J depends on the entire spec-
trum of the Hessian matrix Q and not only on its extreme
eigenvalues m and L, which determine the convergence rate.
Since for any f ∈ QL

m the extreme eigenvalues ofQ are fixed at
m and L, we have

Jmax = Ĵ(m) + Ĵ(L) + (n− 2)Ĵmax

Jmin = Ĵ(m) + Ĵ(L) + (n− 2)Ĵmin (32)
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where Ĵmax := maxλ∈[m,L] Ĵ(λ), Ĵmin := minλ∈[m,L] Ĵ(λ).
We use (32) to determine explicit bounds on Jmax and Jmin

in terms of the condition number and the settling time.

V. DESIGNING ORDERWISE PARETO-OPTIMAL ALGORITHMS

WITH ADJUSTABLE PARAMETERS

We now utilize the geometric insight developed in Section IV
to design algorithmic parameters that tradeoff settling time and
noise amplification. In particular, we introduce two parame-
terized families of heavy-ball-like (γ = 0) and Nesterov-like
(γ = β) algorithms that provide continuous transformations
from gradient descent to the corresponding accelerated algo-
rithm (with the optimal convergence rate) via a homotopy path
parameterized by the settling time Ts. For both the iterate and
gradient noise models, we establish an orderwise tight scaling
Θ(κ2) for Jmax × Ts and Jmin × Ts in accelerated regime (i.e.,
when Ts is smaller than the settling time of gradient descent
with the optimal stepsize, (κ+ 1)/2). This is a direct extension
of [40, Th. 4], which studied gradient descent and its accelerated
variants for the parameters that optimize the corresponding
convergence rates.

We also examine performance tradeoffs for the parameterized
family of heavy-ball-like algorithms with negative momentum
parameter β < 0. This decelerated regime corresponds to set-
tling times larger than (κ+ 1)/2 and it captures a key difference
between the two noise models: for Ts ≥ (κ+ 1)/2, Jmax and
Jmin grow linearly with the settling time Ts for the iterate
noise model and they remain inversely proportional to Ts for
the gradient noise model. Comparison with the lower bounds
in Theorems 2 and 3 shows that the parameterized family of
heavy-ball-like methods yields orderwise optimal (in κ and Ts)
Jmax and Jmin for both noise models. The results presented here
prove all upper bounds in Theorems 4 and 3.

A. Parameterized Family of Heavy-Ball-Like Methods

For the two-step momentum algorithm (2) withγ = 0, the line
segment (b(λ), a(λ)) parameterized by λ ∈ [m,L] is parallel to
the b-axis in the (b, a)-plane and it satisfies a(λ) = β. As de-
scribed in Section IV, gradient descent and heavy-ball methods
with the optimal parameters provided in Table I are obtained
for β = 0 and β = ρ2, respectively, and the corresponding end
points (b(m), a(m)) and (b(L), a(L)) lie at the edges XρZρ

and YρZρ of the ρ-linear convergence triangle Δρ. Inspired by
this observation, we propose a family of parameters for which
β = cρ2, for some scalar c ∈ [−1, 1], and determine the stepsize
α such that the aforementioned end points lie atXρZρ and YρZρ

α = (1 + ρ)(1 + cρ)/L, β = cρ2, γ = 0. (33)

This yields a continuous transformation between the standard
heavy-ball method (c = 1) and gradient descent (c = 0) for a
fixed condition number κ. In addition, the momentum param-
eter β in (33) becomes negative for c < 0; see Fig. 3 for an
illustration. In Lemma 4, we provide expressions for the scalar
c as well as for Ĵmax and Ĵmin defined in (32) in terms of the
condition number κ and the convergence rate ρ.

Lemma 4: For the class of functions QL
m with the condition

number κ = L/m, let the scalar ρ be such that

Ts = 1/(1− ρ) ≥ (
√
κ+ 1)/2.

Then, the two-step momentum algorithm (2) with parame-
ters (33) achieves the convergence rate ρ, and the largest and
smallest values Ĵmax and Ĵmin of Ĵ(λ) satisfy

Ĵmax = Ĵ(m) = Ĵ(L) =
σ2
w(κ+ 1)

2(1− cρ2)(1 + ρ)(1 + cρ)

Ĵmin = Ĵ(λ̂) =
σ2
w

(1 + cρ2)(1− cρ2)

where λ̂ := (m+ L)/2 and the scalar c is given by

c :=
κ− (1 + ρ)/(1− ρ)

ρ (κ+ (1 + ρ)/(1− ρ))
∈ [−1, 1]. (34)

Proof: See Appendix D in [57]. �
The parameters in (33) with c given by (34) are equivalent to

the parameters presented in Theorem 4. Lemma 4 in conjunction
with (32) allow us to compute Jmax and Jmin.

Corollary 2: The parameterized family of heavy-ball-like
methods (33) satisfies Jmax = nĴ(m) = nĴ(L) and Jmin =
2Ĵ(m) + (n− 2)Ĵ(λ̂), where Ĵ(m) and Ĵ(λ̂) are given in
Lemma 4, and Jmax and Jmin defined in (10) are the largest and
smallest values of J when the algorithm is applied to f ∈ QL

m

with the condition number κ = L/m.
Proposition 2 uses the expressions in Corollary 2 to establish

orderwise tight upper and lower bounds on Jmax and Jmin for
the parameterized family of heavy-ball-like algorithms (33). Our
upper and lower bounds are within constant factors of each other
and they are expressed in terms of the problem size n, condition
number κ, and settling time Ts.

Proposition 2: For the parameterized family of heavy-ball-
like methods (33), Jmax and Jmin in (10) satisfy

Jmax × Ts = σ2
w p1c(ρ)nκ(κ+ 1) (35a)

Jmin × Ts = σ2
w κ (2 p1c(ρ) (κ+ 1) + (n− 2) p2c(ρ)) .

(35b)

Furthermore, for the gradient noise model (σw = ασ)

Jmax × Ts = σ2p3c(ρ)nκ(κ+ 1) (36a)

Jmin × Ts = σ2κ (2 p3c(ρ) (κ+ 1) + (n− 2) p4c(ρ)) (36b)

where

p1c(ρ) := qc(ρ)/(2(1 + ρ)2(1 + cρ)2)

p2c(ρ) := qc(ρ)/((1 + ρ)(1 + cρ2)(1 + cρ))

p3c(ρ) := qc(ρ)/(2L
2)

p4c(ρ) := qc(ρ)q−c(ρ)(1 + ρ)/L2

qc(ρ) := (1− cρ)/(1− cρ2). (37)

In addition, for c ∈ [0, 1], p1c(ρ) ∈ [1/64, 1/2] and p2c(ρ) ∈
[1/16, 1]; and for c ∈ [−1, 1], p3c(ρ) ∈ [1/(4L2), 1/L2] and
p4c(ρ) ∈ [1/(4L2), 4/L2].
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Proof: See Appendix D [57]. �
Proposition 3: For the parameterized family of heavy-ball-

like methods (33) with c ∈ [−1, 0], Jmax and Jmin in (10) satisfy

Jmax = σ2
w p5c(ρ)n (1 + 1/κ)Ts (38a)

Jmin = σ2
w (2 p5c(ρ) (1 + 1/κ) + p6c(ρ)(n− 2)/κ)Ts

(38b)

where p5c(ρ) := 1/(2(1 + |c|ρ)(1 + |c|ρ2)) ∈ [1/8, 1/2] and
p6c(ρ) := 2(1 + ρ)p5c(ρ)q−c(ρ) ∈ [1/8, 2].

Proof: See Appendix D in [57]. �
The upper bounds in Theorems 4 and 3 follow from Propo-

sitions 2 and 3, respectively. Since these upper bounds have the
same scaling as the corresponding lower bounds in Theorems 2
and 3 that hold for all stabilizing parameters (α, β, γ), this
demonstrates tightness of lower bounds for all settling times
and for both noise models.

B. Parameterized Family of Nesterov-Like Methods

For the two-step momentum algorithm (2) with γ = β, the
line segment (b(λ), a(λ)) parameterized by λ ∈ [m,L] passes
through the origin. As described in Section IV, gradient descent
and Nesterov’s method with the optimal parameters provided
in Table I are obtained for a = 0 and a = −(ρ/2)b, respec-
tively, and the corresponding end points (b(m), a(m)) and
(b(L), a(L)) lie on the edgesXρZρ andYρZρ of theρ-linear con-
vergence triangle Δρ. To provide a continuous transformation
between these two standard algorithms, we introduce a parame-
ter c ∈ [0, 1/2], and let the line segment satisfy a(λ) = −cρb(λ)
and take its end points at the edges XρZρ and YρZρ; see Fig. 3
for an illustration. This can be accomplished with the following
choice of parameters:

α = (1 + ρ)(1 + c− cρ)/(L(1 + c))

γ = β = cρ2/((αL− 1)(1 + c)). (39)

For the parameterized family of Nesterov-like algorithms (39),
Proposition 4 establishes the settling time and characterizes
the dependence of Jmin × Ts and Jmax × Ts on the condition
number κ and the problem size n.

Proposition 4: For the class of functions QL
m with the condi-

tion number κ = L/m, let the scalar ρ be such that

Ts = 1/(1− ρ) ∈ [(
√
3κ+ 1)/2, (κ+ 1)/2].

The two-step momentum algorithm (2) with parameters (39)
achieves the convergence rate ρ and satisfies

Jmax × Ts ≥ σ2
w

(
(n− 1)κ(κ+ 1)/32 +

√
3κ+ 1/2

)
Jmax × Ts ≤ 6σ2

wnκ(3κ+ 1)

Jmin × Ts ≥ σ2
w

(
κ(κ+ 1)/32 + (n− 1)

√
3κ+ 1/2

)
Jmin × Ts ≤ σ2

w (6κ(3κ+ 1) + (n− 1)(κ+ 1)/2)

where Jmax and Jmin are the largest and smallest values that
J can take when the algorithm is applied to f ∈ QL

m with the
condition number κ = L/m, and the scalar c ∈ [0, 1/2] is the

Fig. 4. Triangle Δρ (yellow) and the line segments (b(λ), a(λ)) with λ ∈
[m,L] (blue) for gradient descent with reduced stepsize (40) and heavy-
ball-like method (41), which place the end point (b(m), a(m)) at Xρ and
the end point (b(L), a(L)) at (2c′ρ, ρ2) on the edge XρYρ, where c′ :=
κ(1− ρ)2/ρ− (1 + ρ2)/ρ ranges over the interval [−1, 1].

solution to the quadratic equation

κ(1− ρ)(1− cρ− c2(1 + ρ)) = (1 + ρ)(1− cρ− c2(1− ρ)).

Proof: See Appendix D in [57]. �
Since α in (39) satisfies αL ∈ [1, 3], comparing the upper

bounds in Proposition 4 with the lower bounds in Theorem 2
shows that, for settling times Ts ≤ (κ+ 1)/2, (39) achieves
orderwise optimal Jmax and Jmin for both the iterate (σw = σ)
and gradient (σw = ασ) noise models.

C. Impact of Reducing the Stepsize

When the only source of uncertainty is a noisy gradient, i.e.,
σw = ασ, one can attempt to reduce the noise amplification J
by decreasing the stepsize α at the expense of increasing the
settling time Ts = 1/(1− ρ) [13], [24], [39], [41]. In particular,
for gradient descent, α can be reduced from its optimal value
2/(L+m) by keeping (b(m), a(m)) at (−ρ, 0) and moving
the point (b(L), a(L)) from (ρ, 0) toward (−ρ, 0) along the
horizontal axis; see Fig. 4. This can be accomplished with

α = (1 + cρ)/L, γ = β = 0 (40)

for some c ∈ [−1, 1] parameterizing (b(L), a(L)) = (cρ, 0). In
this case, the settling time satisfies Ts = (κ+ c)/(c+ 1) ∈
[(κ+ 1/2),∞) and similar arguments to those presented in the
proof of Lemma 4 can be used to obtain

Ĵmax = Ĵ(m) = σ2κ2(1− ρ)/L2

Ĵmin =

{
Ĵ(L) = σ2α2/(1− c2ρ2) c ≤ 0

Ĵ(1/α) = σ2α2 c ≥ 0.

For a fixed n, the stepsize in (40) yields a Θ(κ2) scaling
for both Jmax × Ts and Jmin × Ts for all c ∈ [−1, 1]. Thus,
gradient descent with reduced stepsize orderwise matches the
lower bounds in Theorem 2. An integral quadratic constraints
(IQC)-based approach [40, Lemma 1] was utilized in [41, Th. 13]
to show that α in (40) also yields the previously discussed con-
vergence rate and worst-case noise amplification for one-point
m-strongly convex L-smooth functions.

Remark 6: Any desired settling time Ts = 1/(1− ρ) ∈
[(
√
κ+ 1)/2,∞) can be achieved by the heavy-ball-like method

with reduced stepsize

α = (1− ρ)2/m, β = ρ2, γ = 0. (41)
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Fig. 5. Triangle Δρ (yellow) and the line segments (b(λ), a(λ)) with λ ∈
[m,L] (blue) for the Nesterov-like method with reduced stepsize (40),
which places the end point (b(m), a(m)) at Xρ and the end point
(b(L), a(L)) at (−2cρ, cρ2), where c := κ− 1/(1− ρ)2 ranges over the
interval [0,1].

This choice yields Jmax = σ2nκ2(1− ρ4)/(L2(1 + ρ)4) for
the gradient noise model σw = ασ [41, Th. 9]; see Fig. 4. In
addition, by considering the error in yt = xt + γ(xt − xt−1) as
the performance metric, it was stated and numerically verified
in [41] that the choice of parameters (41) yields Pareto-optimal
algorithms for simultaneously optimizing Jmax and ρ for the
gradient noise model σw = ασ. We note that the settling time
Ts = Θ(κ) of gradient descent with standard stepsizes (α =
1/L or 2/(m+ L)) can be achieved via (41) by reducing α to
O(1/(κL)). In contrast, the parameterized family of heavy-ball-
like methods (33) is orderwise Pareto-optimal (cf., Theorems 2
and 3) while maintaining α ∈ [1/L, 4/L].

Remark 7: Any desired settling time Ts = 1/(1− ρ) ∈
[
√
κ,∞) can be achieved by the Nesterov-like method with

reduced stepsize

α = (1− ρ)2/m, β = γ =
ρ

2− ρ
. (42)

This choice makes the line segment (b(λ), a(λ)) for λ ∈
[m,L] pass through the origin with the endpoint (b(m), a(m))
at the vertex Xρ = (−2ρ, ρ2) of the ρ-exponential stability
triangle Δρ, and it yields (b(L), a(L)) = (−2cρ, cρ2), where
c := κ− T 2

s is a nonnegative constant; see Fig. 5 . For the
gradient noise model σw = ασ, these parameters lead to

Ĵmax = Ĵ(m) =
σ2κ2(1 + ρ2)

L2(1 + ρ)3Ts
�

σ2κ2

4L2Ts
. (43)

We note that, as ρ→ 1, the largest modal contribution to
noise amplification Ĵmax becomes inversely proportional to
the settling time Ts. The family of parameters in (42) were
utilized in [39] to propose the multistage accelerated stochas-
tic gradient (M-ASG) algorithm as a means to systematically
tradeoff convergence rate and noise amplification. For strongly
convex problems, this algorithm optimally reduces the error in
function values, thereby matching the fundamental lower bound
established in [61]. In particular, at every stage k ∈ {0, 1, . . .},
M-ASG performs a specific restart that balances the initial
condition followed by Nk Nesterov-like-iterations with

αk :=
1

4kL
, βk = γk :=

1−√
αkm

1 +
√
αkm

(44)

where Nk is proportional to 2k/κ, m is the parameter of strong
convexity, and L is the Lipschitz constant. When restricted to
strongly convex quadratic problems, the parameters in (44) are

Fig. 6. Exponential stability triangles Δρk along with the line segments
(bk(λ), ak(λ)) with λ ∈ [m,L] associated with the first three stages k =
0, 1, 2 in the M-ASG algorithm. The parabola b2 = 4a determines the
locus of vertices Xρ and Yρ.

identical to those in (42) with the convergence rate ρk = 1−
1/(2k

√
κ); see Fig. 6 . It is straightforward to show that while

M-ASG reduces the largest contribution to noise amplification
Ĵ(m) to half by going to the next stage, it also doubles the settling
time. Finally, contrasting (43) with the lower bounds in (51a)
and (14a), established in Theorem 3, allows us to conclude that
M-ASG preserves J × Ts near the Pareto-optimal curve at each
stage while achieving the optimal iteration complexity [61] by
successively reducing the stepsize to half of its previous value
and utilizing a suitable iteration count Nk.

VI. PROOFS OF THEOREMS 1–4

A. Proof of Theorem 1

From Theorem 5, it follows that we can use upper bounds on
Ĵ(λ) over λ ∈ [m,L] to establish an upper bound on J . Since
the algorithm achieves the convergence rate ρ, combining (20)
and Lemma 2 yield (b(λ), a(λ)) ∈ Δρ for all λ ∈ [m,L]. As
we demonstrate in Appendix B, the function Ĵ is convex in
(b, a) over the stability triangle Δ. In addition, Δρ ⊂ Δ is the
convex hull of the points Xρ, Yρ, Zρ in the (b, a)-plane. Since
the maximum of a convex function over the convex hull of a
finite set of points is attained at one of these points, Ĵ attains its
maximum over Δρ at Xρ, Yρ, or Zρ.

Using the definition of Xρ, Yρ, and Zρ in (23c), the affine
relations (30), and the analytical expression for Ĵ in Theorem 5,
it follows that the maximum occurs at vertices Xρ and Yρ

Ĵmax := max
λ∈[m,L]

Ĵ(λ) = σ2
w(1 + ρ2)/

(
(1− ρ)3(1 + ρ)3

)
where we use dXρ

= lYρ
= (1− ρ)2, lXρ

= dYρ
= (1 + ρ)2,

and hXρ
= hYρ

= 1− ρ2.Combining the aforementioned iden-
tity with Theorem 5 completes the proof of (12a).

We use an argument similar to the proof of Proposition 1 to
prove (12b). In particular, since (b(L), a(L)) ∈ Δρ, we have

αL = d(L) ≤ dmax = (1 + ρ)2

where d given by (25) is the horizontal signed distance to the
edge XZ of the stability triangle Δ. On the other hand, dmax

is the largest value that d can take among all points (b, a) ∈
Δρ and it corresponds to the vertex Yρ; see (27a). Combining
this inequality with σw = ασ and (12a) completes the proof of
Theorem 1.
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Fig. 7. Line L (blue, dashed) and the intersection point G, along
with the distances d1, h1, dG, and hG as introduced in the proof of
Theorem 2.

B. Proof of Theorem 2

Using the expression J =
∑

i Ĵ(λi) established in Theo-
rem 5, we have the decomposition

J = Ĵ(m) +

n−1∑
i=1

Ĵ(λi). (45)

To prove the lower bounds (13b) and (14b) on Jmin, we
establish a lower bound on Ĵ(m)× Ts that scales quadratically
with κ, and a general lower bound on Ĵ(λ)× Ts.

1) Case σw = σ: The proof of (13b) utilizes the inequalities

Ĵ(m)× Ts ≥ σ2
wκ

2/(2(1 + ρ)5) (46a)

Ĵ(λ)× Ts ≥ σ2
w(

√
κ+ 1)/2. (46b)

We first prove (46a). Our approach builds on the proof of Propo-
sition 1. In particular, d(λ) = αλ for the point (b(λ), a(λ)),
where d and (b, a) are defined in (30) and (19c), respec-
tively. Thus, d(m) = d(L)/κ. Furthermore, Lemma 3 implies
(b(λ), a(λ)) ∈ Δρ for λ ∈ [m,L]. Thus, the trivial inequality
d(L) ≤ dmax leads to

d(m) ≤ dmax/κ = (1 + ρ)2/κ (47)

wheredmax = (1 + ρ)2 is the largest value thatd can take among
all points (b, a) ∈ Δρ; see (27a). We now use Theorem 5 to write

Ĵ(λ) =
σ2
w(d(λ) + l(λ))

2d(λ)h(λ)l(λ)
≥ σ2

w

2d(λ)h(λ)
. (48)

Next, we lower bound the right-hand side of (48). Let L be
the line that passes through (b(λ), a(λ)), which is parallel to the
edgeXZ of the stability triangleΔ, and letG be the intersection
of L and the edgeXρZρ of the ρ-stability triangle Δρ; see Fig. 7
for an illustration. It is easy to verify that

hG ≥ h(λ), dG = d(λ) (49a)

where hG and dG correspond to the values of h and d associated
with the point G. In addition, since G lies on the edge XρZρ,
hG and dG satisfy the affine relation

hG = 1− ρ+ dGρ/(1− ρ). (49b)

This follows from the equation of the line XρZρ in the (b, a)-
plane and from the definitions of d and h in (30). Furthermore,
combining (49a) and (49b) implies

h(λ)(1− ρ) ≤ hG(1− ρ) = (1− ρ)2 + ρ d(λ). (50a)

For λ = m, we can further write

2 d(m)
(
(1− ρ)2 + ρ d(m)

) ≤ 2 (1 + ρ)5/κ2 (50b)

where the inequality is obtained from (28) and (47). Combin-
ing (48), (50a), and (50b) completes the proof of (46a).

Next, we prove the general lower bound in (46b). As we
demonstrate in Appendix B, the modal contribution Ĵ to the
noise amplification is a convex function of (b, a) which takes its
minimum Ĵmin = σ2

w over the stability triangle Δ at the origin
b = a = 0. Combining this fact with the lower bound in (7) on
ρ completes the proof of (46b).

Finally, we can obtain the lower bound (13b) on Jmin by
combining (45) and (46).

2) Case σw = ασ: The proof of (14b) utilizes

Ĵ(λ)× Ts ≥ σ2/(2λ2(1 + ρ)) (51a)

Ĵ(λ)× Ts ≥ σ2(1− ρ)3κ2/L2. (51b)

In particular, (14b) follows from using (51a) for λ = m and
taking the maximum of (51a) and (51b) for the other eigenvalues
to bound the expression for J in Theorem 5.

We first prove (51a). By combining (48) and (50a), we obtain

Ĵ(λ)

1− ρ
≥ α2σ2

2 d(λ) ((1− ρ)2 + ρ d(λ))
. (52)

Since d(λ) ≥ dmin := (1− ρ)2, where dmin is the smallest
value of d over Δρ, [cf. (27b)], we can write

α2σ2

(1− ρ)2 + ρd(λ)
≥ α2σ2

d(λ)(1 + ρ)
=

σ2d(λ)

λ2(1 + ρ)
. (53)

Combining (52) and (53) completes the proof of (51a).
To prove (51b), we use d(λ) ≥ dmin := (1− ρ)2 and d(m) =

αm, to obtain α ≥ (1− ρ)2κ/L. Combining this inequality
with Ĵmin = σ2

w = α2σ2 yields (51b). Finally, we obtain the
lower bound (14b) on Jmin by combining (45) and (51).

To obtain the lower bounds (13a) and (14a) on Jmax, we
consider a quadratic function for which the Hessian has n− 1
eigenvalues at λ = m and one eigenvalue at λ = L. For such a
function, we can use Theorem 5 to write

Jmax ≥ J = (n− 1)Ĵ(m) + Ĵ(L). (54)

3) Case σw = σ: To prove (13a), we use inequalities in (46a)
and (46b) to bound Ĵ(m)/(1− ρ) and Ĵ(L)/(1− ρ) in (54),
respectively.

4) Case σw = ασ: To prove (14a), we use inequality in (51a)
with λ = m to lower bound Ĵ(m)/(1− ρ), and combine (51a)
and (51b) to lower bound Ĵ(L)/(1− ρ) in (54).

C. Proof of Theorem 3

The following proposition allows us to prove the lower bounds
in Theorem 3.

Proposition 5: Letρ = ρ(A) = 1− 1/Ts be the convergence
rate of the two-step momentum algorithm (2). Then, the largest
and smallest modal contributions to noise amplification given
by (32) satisfy Ĵmax ≥ σ2

w/(2(1 + ρ)2)Ts and Ĵmin ≥ σ2
w.

Proof: The inequality Ĵmin ≥ σ2
w follows from the fact that

Ĵ , as a function of (b, a), takes its minimum value at the
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origin; see Appendix B. The proof for Ĵmax utilizes the fact
that for any constant parameters (α, β, γ) and fixed condition
number, the spectral radius ρ(A) corresponds to the smallest
ρ-linear convergence triangle Δρ that contains the line segment
(b(λ), a(λ)) for λ ∈ [m,L]. Thus, at least one of the end points
(b(m), a(m)) or (b(L), a(L)) will be on the boundary of the
triangle Δρ(A). Combining this with the fact that d(m) ≤ d(L),
it follows that at least one of the following holds:

(b(m), a(m)) ∈ XρZρ or XρYρ

(b(L), a(L)) ∈ YρZρ or XρYρ.

Together with the concrete values of vertices (22c) in terms
of ρ, this yields

1− ρ ≥ min {h(m), h(L), l(L)/(1 + ρ), d(m)/(1 + ρ)} .
(55)

Also, using Theorem 5 and noting that the maximum values
thath(λ), d(λ), and l(λ) can take amongΔρ are given by 1 + ρ2,
(1 + ρ)2, and (1 + ρ)2, respectively, we can write

Ĵ(m) ≥ σ2
w

2h(m)d(m)

≥ max

{
σ2
w

2h(m)(1 + ρ)2
,

σ2
w

2d(m)(1 + ρ2)

}

Ĵ(L) ≥ σ2
w

2h(L)l(L)

≥ max

{
σ2
w

2h(L)(1 + ρ)2
,

σ2
w

2l(L)(1 + ρ2)

}
. (56)

Finally, by the convexity of Ĵ (see Appendix B), we have
Ĵmax ≥ max{Ĵ(m), Ĵ(L)}. Combining this with (55) and (56)
completes the proof. �

The lower bounds in Theorem 3 follow from combining
Proposition 5 with the expression for J in Theorem 5.

D. Proof of Theorem 4

As described in Section V, the parameters in Theorem 4 are
obtained by placing the end points of the horizontal line segment
(b(λ), a(λ)) parameterized by λ ∈ [m,L] at the edgesXρZρ and
YρZρ of the ρ-linear convergence triangleΔρ. These parameters
can be equivalently represented by (33) where the scalar c given
in Lemma 4 satisfies c ∈ [0, 1] if and only if Ts ≤ (κ+ 1)/2
and it satisfies c ∈ [−1, 0] if and only if Ts ≥ (κ+ 1)/2. The
proof of Theorem 4 follows from combining Lemma 4 and
Propositions 2 and 3.

VII. CONCLUSION

We have examined the amplification of stochastic distur-
bances for a class of two-step momentum algorithms in which
the iterates are perturbed by an additive white noise that arises
from uncertainties in gradient evaluation or in computing the
iterates. For both noise models, we establish lower bounds on the
product of the settling time and the smallest/largest steady-state

variance of the error in the optimization variable. These bounds
scale with κ2 for all stabilizing parameters, which reveals a
fundamental limitation imposed by the condition number κ
in designing algorithms that tradeoff noise amplification and
convergence rate. In addition, we provide a novel geometric
viewpoint of stability and ρ-linear convergence. This viewpoint
brings insight into the relation between noise amplification,
convergence rate, and algorithmic parameters. It also allows us
to

1) take an alternative approach to optimizing convergence
rates for standard algorithms;

2) identify key similarities and differences between the iter-
ate and gradient noise models;

3) introduce parameterized families of algorithms for which
the parameters can be continuously adjusted to tradeoff
noise amplification and settling time.

By utilizing positive and negative momentum parameters in
accelerated and decelerated regimes, respectively, we demon-
strate that a parameterized family of the heavy-ball-like algo-
rithms can achieve orderwise Pareto optimality for all settling
times and both noise models.

Our ongoing work focuses on extending these results to algo-
rithms with more complex structures including update strategies
that utilize information from more than the last two iterates and
time-varying algorithmic parameters [62]. It is also of interest
to identify fundamental performance limitations of stochastic
gradient descent algorithms in which both additive and multi-
plicative stochastic disturbances exist [63], [64].

APPENDIX

A. Settling Time

If ρ denotes the linear convergence rate, Ts = 1/(1− ρ)
quantifies the settling time. The inequality in (5) shows that
cρt ≤ ε provides a sufficient condition for reaching the accu-
racy level ε with ‖ψt‖2/‖ψ0‖2 ≤ ε. Taking the logarithm of
cρt ≤ ε and using the first-order Taylor series approximation
log (1− x) ≈ −x around x = 0 yields a sufficient condition on
the number of iterations t for an algorithm to reach ε-accuracy

t ≥ log (ε/c)/ log (1− 1/Ts) ≈ Ts log (c/ε).

B. Convexity of Modal Contribution Ĵ to Noise
Amplification

By Theorem 5, we have

Ĵ

σ2
w

=
d+ l

2 d h l
=

1

2h d
+

1

2h l

where we have dropped the dependence on λ for simplicity. The
functions 1/(2hd) and 1/(2hl) are both convex over the positive
orthant d, h, l > 0. Thus, Ĵ is convex with respect to (d, h, l).
In addition, since d, h, and l are all affine functions of a and b,
we can use the equivalence relation in (31) to conclude that Ĵ is
also convex in (b, a) over the stability triangle Δ. Finally, since
b(λ) and a(λ) are affine in λ, it follows that for any stabilizing
parameters, Ĵ is also convex with respect to λ over the interval
[m,L].
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Convexity of Ĵ allows us to use first-order conditions to find
its minimizer. In particular, since for σw = 1

∂Ĵ

∂d
= − 1

2hd2
,

∂Ĵ

∂l
= − 1

2hl2
,

∂Ĵ

∂h
= − l + d

2h2dl

∂d

∂a
=
∂l

∂a
= −∂h

∂a
=
∂d

∂b
= − ∂l

∂b
= 1,

∂h

∂b
= 0

it is easy to verify that∂Ĵ/∂a = ∂Ĵ/∂b = 0 at a = b = 0. Thus,
Ĵ takes its minimum Ĵmin = σ2

w over the stability triangle Δ at
a = b = 0, which corresponds to d = h = l = 1.

C. Proofs of Section IV

1) Proof of Lemma 2: We start by noting that ρ(M) ≤ ρ if
and only if ρ(M ′) ≤ 1 where M ′ :=M/ρ. The characteristic
polynomial associated with M ′, Fρ(z) = z2 + (b/ρ)z + a/ρ2,
allows us to use similar arguments to those presented in the proof
of Lemma 1 to show that

ρ(M ′) ≤ 1 ⇐⇒ (b/ρ, a/ρ2) ∈ Δ1 (57)

where Δ1 := {(b, a) | |b| − 1 ≤ a ≤ 1} is the closure of the set
Δ in (22b). Finally, the condition on the right-hand side of (57)
is equivalent to (b, a) ∈ Δρ, where Δρ is given by (23b).
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Prof. Jovanović serves as an Associate Editor for the IEEE Control
Systems Magazine. He is a Fellow of the American Physical Society
and was the recipient of a CAREER Award from the National Science
Foundation in 2007, the George S. Axelby Outstanding Paper Award
from the IEEE Control Systems Society in 2013, and the Distinguished
Alumni Award from the Department of Mechanical Engineering, UC
Santa Barbara in 2014.

Authorized licensed use limited to: University of Southern California. Downloaded on January 31,2025 at 08:28:49 UTC from IEEE Xplore.  Restrictions apply. 

https://dx.doi.org/10.1109/TAC.2024.3438808


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00111
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 1200
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00083
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00063
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


