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several variants of standard ADMM algorithm that result
from different operator splitting rather than DR have also
been studied [18], [19]. To the best of our knowledge, unless
the smooth part of the objective function is strongly convex
or the associated Lagrangian satisfies Kurdyka-Lojasiewicz
condition [20] the global convergence of ADMM in multiblock case is an open question.

Abstract— We consider composite optimization problems in
which the objective function is given by the sum of a smooth
convex term and multiple, potentially non-differentiable, convex
regularizers. We show that a primal-dual method based on
the proximal augmented Lagrangian, which was originally
introduced for problems with two components, can be directly
extended to this multi-block case. Moreover, we prove that the
continuous-time primal-dual dynamics resulting from the proximal augmented Lagrangian are globally asymptotically stable
even in the multi-block case if the set of equilibrium points
is compact. This is in contrast to ADMM where additional
assumptions, e.g., strong convexity of some components, are
required. We then examine three-block problems with two nonsmooth regularizers and establish global asymptotic stability
of splitting dynamic resulting from the proximal augmented
Lagrangian.

Several operator splitting schemes including DR and
ADMM are particular instances of proximal point iterations [21], [22]. The Method of Multipliers (MM) [4], [23],
a technique broadly used for solving constrained nonlinear programming problems, represents another important
instance within this class. MM can be derived by applying
proximal point iterations to the Fenchel dual problem [24]
and, in contrast to ADMM, there are systematic ways for
setting algorithmic parameters. However, MM involves joint
minimization of the augmented Lagrangian over all primal
optimization variables and this task is typically as challenging as solving the original optimization problem. Moreover,
joint minimization step in MM precludes parallelization
which is indispensable for large-scale problems.

Index Terms— Asymptotic stability, composite optimization,
gradient flow dynamics, Lyapunov functions, proximal operator,
proximal augmented Lagrangian, operator splitting.

I. I NTRODUCTION
We consider a class of composite optimization problems
with the objective function given by a sum of a smooth
convex term and multiple, possibly non-differentiable, convex regularizers. Such problems arise in a variety of fields
including machine learning [1], [2], image processing [3],
statistics [4], and control theory [5]–[7].
In multi-block optimization, it is advantageous to introduce auxiliary variables. This decouples non-differentiable
parts of the objective function from differentiable ones and
facilitates their separate treatment. For problems with two
blocks, a successful instance of this approach is given by the
celebrated Douglas-Rachford (DR) splitting algorithm [8].
When applied to the Fenchel dual problem, DR splitting
gives the Alternating Direction of Method of Multipliers
(ADMM) [9], which is widely used in practice [4]. Even
though convergence properties of ADMM and DR splitting
algorithms are well understood for two-block problems [10]–
[14], direct extension of ADMM to three-block problems
may not converge without additional assumptions [15].
Hence, extensive efforts have been made to understand additional conditions for ensuring global convergence of ADMM
in multi-block case; see [16], [17] and reference therein. In
addition to identifying sufficient conditions for convergence,

In [25], instead of minimizing the augmented Lagrangian
with respect to all primal variables, an approach that constrains it along the manifold resulting from explicit minimization over the variables appearing in non-smooth components was introduced. This approach yields the Proximal
Augmented Lagrangian (PAL), which is determined by the
sum of original smooth terms and Moreau envelopes associated with non-differentiable regularizers. In contrast to the
augmented Lagrangian, PAL is a continuously differentiable
function of primal and dual variable and standard techniques from smooth optimization, including Arrow-HurwiczUzawa primal-dual dynamics [26], can be used to compute
its saddle points. In the two-block case, these primal-dual
dynamics are shown to be globally exponentially stable
in both continuous [25] and discrete [27] time. Moreover,
methods based on proximal augmented Lagrangian are also
convenient for distributed optimization [28] as well as for
the development of second-order techniques for non-smooth
composite optimization [29].
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Studying optimization algorithms as continuous-time dynamical systems has a rich history, starting with the seminal
paper by Arrow, Hurwicz, and Uzawa [26]. This viewpoint
has recently been advanced and extended to a broad range of
problems including convergence analysis of primal-dual [25],
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[30]–[34] and accelerated [35]–[41] first-order methods.
The Lagrangian associated with (2) is given by,
X
L(x, z; y) := f (x) +
(gi (zi ) + ⟨yi , Ti x − zi ⟩)

In this paper, we study continuous-time primal-dual dynamics based on proximal augmented Lagrangian for multiblock convex composite optimization problems. In addition
to smoothness of at least one component in the objective
function, we assume that the set of the solutions is compact
and prove global asymptotic stability of these dynamics in
the multi-block case. We also confine our attention to threeblock problems with two non-smooth convex regularizers and
show that a splitting dynamic based on PAL represents a
continuous-time analogue of the splitting algorithm in [19].

i

and the corresponding augmented Lagrangian is
X
2
1
Lµ (x, z; y) := L(x, z; y) +
2µi ∥Ti x − zi ∥2 =
i

X
gi (zi ) + 2µ1 i ∥zi − (Ti x + µi yi )∥22 − µ2i ∥yi ∥22
f (x) +
i

T

is the vector of Lagrange
where y := y1T · · · yrT
multipliers yi ∈ Rmi and µi ’s are positive parameters.

The rest of the paper is organized as follows. In Section II,
we formulate a convex multi-block composite optimization
problem and provide background material. In Section IIIA, we introduce primal-dual gradient flow dynamics based
on proximal augmented Lagrangian and employ a Lyapunovbased approach to show that the associated set of equilibrium
points is globally asymptotically stable. In Section III-B,
we examine a class of three-block problems with two nonsmooth regularizers and establish global asymptotic stability
of the splitting algorithm resulting from PAL. We conclude
the paper in Section IV with remarks.

The first-order optimality conditions for (2) are
X
TiT yi⋆
0 = ∇f (x⋆ ) +
0 ∈ ∂gi (zi⋆ ) −

i
yi⋆ ,

(4a)

i = 1, . . . , r

(4b)

0 = Ti x⋆ − zi⋆ , i = 1, . . . , r

(4c)

and these are equivalent to the optimality condition for (1),
X
0 ∈ ∇f (x⋆ ) +
TiT ∂gi (Ti (x⋆ ))
(5)
i

where ∂gi is the subdifferntial of gi . On the other hand, the
minimizer of Lµ with respect to zi is determined by

II. P ROBLEM FORMULATION AND BACKGROUND

zi⋆ (x, yi ) = proxµi gi (Ti x + µi yi ), i = 1, . . . , r

We study composite optimization problems of the form,
minimize f (x) +
x

r
X

gi (Ti x)

and the proximal augmented Lagrangian is obtained by evaluating Lµ along the manifold determined by z ⋆ (x, y) [25],

(1)

i=1

Lµ (x; y) := Lµ (x, z ⋆ (x, y); y)
r
X
= f (x) +
Mµi gi (Ti x + µi yi ) −

n

where x ∈ R is the optimization variable, f : Rn → R is a
convex continuously differentiable function with a Lipschitz
continuous gradient ∇f , gi : Rmi → R are possibly nondifferentiable convex regularization functions, and Ti ∈
Rmi ×n are given matrices. Equivalently, (1) can be cast as
minimize
x, z

f (x) +

r
X

gi (zi )

i=1



.

(7)
Here, Mµi gi is the Moreau envelope of the function gi and
the saddle points of (7) are characterized by
X
0 = ∇f (x⋆ ) +
TiT ∇Mµi gi (Ti x⋆ + µi yi⋆ )
(8a)

(2)

i

0 = µi ∇Mµi gi (Ti x⋆ + µi yi⋆ ) − µi yi⋆ , i = 1, . . . , r.
(8b)
We next show that the saddle points (x⋆ , y ⋆ ) of the proximal
augmented Lagrangian, determined by (8), satisfy optimality
condition (5). Substitution of expression (3) for µi ∇Mµi gi
into (8b) yields

The proximal operator of a proper, closed, convex function
g is the minimizer of a quadratically-augmented version of g,


1
2
proxµg (v) := argmin g(z) +
∥z − v∥2
2µ
z

Ti x⋆ = proxµi gi (Ti x⋆ + µi yi⋆ ), i = 1, . . . , r.

where µ is a positive parameter and v is a given vector. The
value function of this optimization problem determines the
associated Moreau envelope,

(9)

Since the resolvent operator associated with ∂gi is single
valued and proxµi gi = (I + µi ∂gi )−1 , equation (9) is
equivalent to yi⋆ ∈ ∂gi (Ti x⋆ ) for i = 1, . . . , r. Combining
this relation with (8b) and (8a) gives (5).

1
∥proxµg (v) − v∥22
2µ

III. G LOBAL ASYMPTOTIC STABILITY OF PROXIMAL

which is a continuously differentiable function, even for a
non-differentiable g [21],
µ∇Mµg (v) = v − proxµg (v).

µi
2
2 ∥yi ∥2

i=1

subject to Ti x − zi = 0, i = 1, . . . , r
T

is the vector of auxiliary
where z := z1T · · · zrT
variables zi ∈ Rmi .

Mµg (v) := g(proxµg (v)) +

(6)

GRADIENT FLOW ALGORITHMS

In this section, we introduce a continuous-time system
based on Arrow-Hurwicz-Uzawa (AHU) gradient flow dy-

(3)
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and express dynamics (10) in new coordinates as
X
1 T
x̃˙ = −(∇f (x) − ∇f (x⋆ )) −
µi Ti (Ti x̃ + µi y˜i − z̃i )

namics that can be used to compute saddle points of the
proximal augmented Lagrangian (7). For convex problems,
we utilize a Lyapunov-based approach to show that these
saddle points correspond to the set of globally asymptotically
stable equilibrium points of AHU dynamics. Furthermore,
for problem (1) with two non-smooth regularizers and T1 =
T2 = I, we utilize a nonlinear coordinate transformation,
inspired by Douglas-Rachford splitting [8], to show that
the approach based on the proximal augmented Lagrangian
yields a continuous-time version of the splitting algorithm
developed in [19]. For convex problems, we prove the global
asymptotic stability of the set of equilibrium points of the
resulting dynamics.

i

ỹ˙ i = Ti x̃ − z̃i , i = 1, . . . , r

(11)
by utilizing
∇Mµi gi (Ti x + µi yi ) − ∇Mµi gi (Ti x⋆ + µi yi⋆ ) =
1
µi

(Ti x̃ + µi y˜i − z̃i ) .

The derivative of V along the solutions of (11) is given by
X
2
1
V̇ = − ⟨x̃, ∇f (x) − ∇f (x⋆ )⟩ −
µi ∥Ti x̃∥2 +
i
X
1
µi ⟨Ti x̃ − µi ỹi , z̃i ⟩
i
X
2
1
= − ⟨x̃, ∇f (x) − ∇f (x⋆ )⟩ −
µi ∥Ti x̃∥2 +
i
X
X
1
2
⟨T
x̃,
z̃
⟩
−
⟨T
i
i
i x̃ + µi ỹi , z̃i ⟩ .
µi
µi

A. Arrow-Hurwicz-Uzawa gradient flow dynamics
The Arrow-Hurwicz-Uzawa gradient flow dynamics based
on proximal augmented Lagrangian (7) are given by
X
ẋ = −∇f (x) −
TiT ∇Mµi gi (Ti x + µi yi )

i

i

i

ẏi = µi (∇Mµi gi (Ti x + µi yi ) − yi ), i = 1, . . . , r.
(10)
We next demonstrate that these primal-descent dual-ascent
dynamics can be used to compute saddle points of (7) and,
thus, to solve convex composite optimization problem (1).

Now, since f is convex with an Lf -Lipschitz continuous
gradient [44] and proxµi gi is firmly non-expansive [21], we
have

Assumption 1: Let the function f in (1) be convex with
an Lf -Lipschitz continuous gradient ∇f and let the regularization functions gi be proper, closed, and convex.

(12)
and substitution of these upper bounds to V̇ yields
X
2
1
V̇ ≤ − L1f ∥∇f (x) − ∇f (x⋆ )∥22 −
µi ∥Ti x̃ − z̃i ∥2 .

− ⟨x̃, ∇f (x) − ∇f (x⋆ )⟩ ≤ − L1f ∥∇f (x) − ∇f (x⋆ )∥22
− ⟨Ti x̃ + µi ỹi , z̃i ⟩ ≤ −∥z̃i ∥22

Assumption 2: The set of solutions to problem (1) characterized by (5) and subdifferentials ∂gi evaluated at Ti x⋆
for each i = 1, . . . , r are compact.

i

Thus, V̇ is a negative semidefinite function and the set of
equilibrium points is stable in the sense of Lyapunov.

Remark 1: Assumption 2 provides sufficient conditions
for the equilibrium points of gradient flow dynamics (10),
which are characterized by (8), to form a compact set. The
condition on compactness of the solution set of problem (1)
is satisfied if, for example, the function f is strictly convex
or if at least one of the regularizers is an indicator function
of a compact set. On the other hand, the condition on
compactness of ∂gi (Ti x⋆ ) is satisfied if Ti x⋆ is in the interior
domain of gi [42] or if the functions gi are locally Lipschitz
continuous [43] for all i = 1, . . . , r.

Furthermore, since V̇ ≤ 0 for the points satisfying
∇f (x) = ∇f (x⋆ ) and Ti x̃ = z̃i , dynamics (11) evaluated at
these points become
X
TiT ỹi
x̃˙ = −
i

ỹ˙ i = 0, i = 1, . . . , r
and V̇ = x̃,

P

i

TiT ỹi . Now, let

where x̃ := x − x⋆ , ỹi := yi − yi⋆ , and (x⋆ , y ⋆ ) is an
equilibrium point of (10) determined by (8). For notational
convenience, we define

C := {(x, y) | V̇ (x̃, ỹ) = 0}
P
and note that if x̃, i TiT ỹi = 0, then
P
d
x̃, i TiT ỹi
0 = dt
P T
P T
˙
˙
= x̃,
i Ti ỹi
i Ti ỹi + x̃,
P T
˙
= x̃,
i Ti ỹi
P T 2
= −∥ i Ti ỹi ∥2 .
P
This implies that i TiT ỹi = 0. Thus, under dynamics (11),
the largest invariant set Ω ⊆ C is given by
P T
Ω := {(x̃, ỹ) | (x̃, ỹ) ∈ C,
i Ti ỹi = 0},

z̃i := zi⋆ (x, yi ) − zi⋆ (x⋆ , yi⋆ )
= proxµi gi (Ti x + µi yi ) − proxµi gi (Ti x⋆ + µi yi⋆ )

Next, we show that Ω is equivalent to the set of equilibrium
points characterized by (8). For every pair (x, y) such that

Theorem 1: Let Assumptions 1 and 2 hold. Then, the
set of saddle points (x⋆ , y ⋆ ) of proximal augmented Lagrangian (7) is a globally asymptotically stable equilibrium
set of gradient flow dynamics (10) and each x⋆ is a solution
of (1).
Proof: Let us introduce a Lyapunov function candidate
1
1X
V (x̃, ỹ) = ⟨x̃, x̃⟩ +
⟨ỹi , ỹi ⟩
2
2 i
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(x̃, ỹ) ∈ Ω, we have

time version of the splitting algorithm developed in [19].

∇f (x) − ∇f (x⋆ ) = 0
X
TiT (yi − yi⋆ ) = 0

(13a)
Theorem 2: Let Assumption 1 hold and let µ ∈ (0, 2/Lf ).
Then, the set of equilibrium points {z ⋆ } of proximal splitting
dynamics (19) is globally asymptotically stable and corresponding x⋆ = proxµg1 (ξ ⋆ ) is an optimal solution of (14).

(13b)

i

Ti x − proxµi gi (Ti x + µi yi ) = 0, i = 1, . . . , r. (13c)
Equality (13c) follows from Ti x̃ = z̃i and (9), and is
equivalent to yi = ∇Mµi gi (Ti x + µi y) for i = 1, . . . , r.
Substituting these relations to (13b) and then adding (13b)
to (13a) yield optimality condition (8a). Finally, (8b) can
be obtained from (13c) using (3). This shows that Ω is a
compact set and LaSalle’s Invariance Principle implies global
asymptotic stability of the set of equilibrium points.

Proof: Let us introduce a change of variables and a
Lyapunov function candidate
˜ 2 = 1 ∥ξ − ξ ⋆ ∥2
˜ = 1 ∥ξ∥
(20)
V (ξ)
2
2
2
2
where ξ ⋆ satisfies (18). For notational convenience, we also
introduce three nonlinear functions,

B. A splitting algorithm for problems with two regularizers
For two regularization functions with T1 = T2 = I in (1),
minimize f (x) + g1 (x) + g2 (x)

∆1 (ξ) := Pµg1 (ξ) − µ∇f (Pµg1 (ξ))
∆2 (ξ) := Pµg1 (ξ) + ∆1 (ξ)
∆(ξ) := ∆2 (ξ) − ξ

(14)

x

optimality conditions (8) for proximal augmented Lagrangian (7) with µ1 = µ2 = µ simplify to

and rewrite (19) in new coordinates,

˙
ξ˜ = −(Pµg1 (ξ) − Pµg1 (ξ ⋆ )) +
∇f (x⋆ ) + ∇Mµg1 (x⋆ + µy1⋆ ) + ∇Mµg2 (x⋆ + µy2⋆ ) = 0
(21)
(Pµg2 (∆(ξ)) − Pµg2 (∆(ξ ⋆ ))).
∇Mµg1 (x⋆ + µy1⋆ ) − y1⋆ = 0
∇Mµg2 (x⋆ + µy2⋆ ) − y2⋆ = 0. The derivative of V along the solutions of (21) is given by
The last two equalities together with (3) yield
⋆

x

⋆

= proxµg1 (x +

µy1⋆ )

⋆

= proxµg2 (x +

µy2⋆ )

V̇ = − ⟨ξ − ξ ⋆ , Pµg1 (ξ) − Pµg1 (ξ ⋆ )⟩ +
⟨ξ − ξ ⋆ , Pµg2 (∆(ξ)) − Pµg2 (∆(ξ ⋆ )))⟩ .

(15)

Since the proximal operator is firmly non-expansive [21], the
first term on the right-hand-side satisfies

and from the above optimality conditions we also have
∇f (x⋆ ) + y1⋆ + y2⋆ = 0.

(16)

− ⟨ξ − ξ ⋆ , Pµg1 (ξ) − Pµg1 (ξ ⋆ )⟩ ≤ −∥Pµg1 (ξ) − Pµg1 (ξ ⋆ )∥22

Now, introduction of an auxiliary variable
ξ ⋆ := x⋆ + µy1⋆

and, since ξ = ∆2 (ξ) − ∆(ξ) = Pµg1 (ξ) + ∆1 (ξ) − ∆(ξ),
the second can be written as

(17a)

⟨ξ − ξ ⋆ , Pµg2 (∆(ξ)) − Pµg2 (∆(ξ ⋆ )))⟩ =
− ⟨∆(ξ) − ∆(ξ ⋆ ), Pµg2 (∆(ξ)) − Pµg2 (∆(ξ ⋆ ))⟩ +
⟨Pµg1 (ξ) − Pµg1 (ξ ⋆ ), Pµg2 (∆(ξ)) − Pµg2 (∆(ξ ⋆ ))⟩ +
⟨∆1 (ξ) − ∆1 (ξ ⋆ ), Pµg2 (∆(ξ)) − Pµg2 (∆(ξ ⋆ ))⟩ .
(22)
For the first term on the right-hand-side of (22) we have the
following upper bound,

allows us to express x⋆ as
x⋆ = proxµg1 (ξ ⋆ )

(17b)

and combine (16) with (17a) and (17b) to obtain
x⋆ + µy2⋆ = x⋆ − µ∇f (x⋆ ) − µy1⋆
= 2x⋆ − µ∇f (x⋆ ) − ξ ⋆
= 2proxµg1 (ξ ⋆ ) − µ∇f (proxµg1 (ξ ⋆ )) − ξ ⋆ .
(17c)
Finally, substitution of (17a) and (17c) into (15) yields the
following optimality condition,

− ⟨∆(ξ) − ∆(ξ ⋆ ), Pµg2 (∆(ξ)) − Pµg2 (∆(ξ ⋆ ))⟩ ≤
−∥Pµg2 (∆(ξ)) − Pµg2 (∆(ξ ⋆ ))∥22
and for the third, we use the Fenchel-Young inequality

Pµg1 (ξ ⋆ ) = Pµg2 (2Pµg1 (ξ ⋆ ) − µ∇f (Pµg1 (ξ ⋆ )) − ξ ⋆ )
(18)
where, for notational compactness, Pµgi := proxµgi and x⋆
is determined by (17b).
We next demonstrate that the proximal splitting dynamics
obtained from (18),

⟨∆1 (ξ) − ∆1 (ξ ⋆ ), Pµg2 (∆(ξ)) − Pµg2 (∆(ξ ⋆ ))⟩ ≤

1
∥∆1 (ξ) − ∆1 (ξ ⋆ )∥22 + ∥Pµg2 (∆(ξ)) − Pµg2 (∆(ξ ⋆ ))∥22 .
2
Furthermore, from the definition of ∆1 (ξ), we have
∥∆1 (ξ) − ∆1 (ξ ⋆ )∥22 = ∥Pµg1 (ξ) − Pµg1 (ξ ⋆ )∥22 +
µ2 ∥∇f (Pµg1 (ξ)) − ∇f (Pµg1 (ξ ⋆ ))∥22 −
2µ ⟨Pµg1 (ξ) − Pµg1 (ξ ⋆ ), ∇f (Pµg1 (ξ)) − ∇f (Pµg1 (ξ ⋆ ))⟩ .
(23)
Since f satisfies (12), we have the following upper bound

ξ˙ = −Pµg1 (ξ) + Pµg2 (2Pµg1 (ξ) − µ∇f (Pµg1 (ξ)) − ξ),
(19)
can be used to solve composite optimization problem (14).
We note that the dynamical system in (19) is a continuous135

for (23),
≤ ∥Pµg1 (ξ) − Pµg1 (ξ )∥22
∥∆1 (ξ) − ∆1 (ξ
µ(2/Lf − µ)∥∇f (Pµg1 (ξ)) − ∇f (Pµg1 (ξ ⋆ ))∥22 .
⋆

⋆

)∥22
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distributed convex optimization,” in Proceedings of the 50th IEEE
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(24)

For µ ∈ (0, 2/Lf ), we can use the above expressions to
upper bound the derivative of V along the solutions of (21)
with
− 12 ∥(Pµg1 (ξ) − Pµg1 (ξ ⋆ )) − (Pµg2 (∆(ξ)) − Pµg2 (∆(ξ ⋆ ))∥22
Finally, using (18) we can write
V̇ ≤ − 12 ∥Pµg1 (ξ) − Pµg2 (∆(ξ))∥22
which shows that V̇ is a negative definite function everywhere apart from the set of equilibrium points, where V̇ = 0.
This completes the proof.
IV. C ONCLUDING REMARKS
We have considered a class of composite optimization
problems where the objective function can be expressed
as a sum of a smooth convex term and multiple possibly
non-differentiable convex regularizers. We proved that if the
set of equilibrium points is compact, then, unlike existing
ADMM variants, the Arrow-Hurwicz-Uzawa gradient flow
dynamics based on proximal augmented Lagrangian are
globally asymptotically stable even in the multi-block case.
We then confined our attention to a three-block problem
and showed that the splitting dynamics resulting from the
proximal augmented Lagrangian represent a continuous-time
version of the algorithm developed in [19]. In our ongoing
effort, we aim to identify conditions for global exponential
stability of the primal-dual gradient flow dynamics based on
proximal augmented Lagrangian.
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feedback gains via the alternating direction method of multipliers,”
IEEE Trans. Automat. Control, vol. 58, no. 9, pp. 2426–2431, 2013.

136

[32] A. Cherukuri, E. Mallada, and J. Cortés, “Asymptotic convergence of
constrained primal–dual dynamics,” Syst. Control Lett., vol. 87, pp.
10–15, 2016.
[33] A. Cherukuri, E. Mallada, S. Low, and J. Cortes, “The role of convexity on saddle-point dynamics: Lyapunov function and robustness,”
IEEE Trans. Automat. Control, vol. 63, no. 8, pp. 2449–2464, 2018.
[34] G. Qu and N. Li, “On the exponential stability of primal-dual gradient
dynamics,” IEEE Control Syst. Lett., vol. 3, no. 1, pp. 43–48, 2018.
[35] W. Su, S. Boyd, and E. Candes, “A differential equation for modeling
Nesterov’s accelerated gradient method: Theory and insights,” J. Mach.
Learn. Res., vol. 17, pp. 1–43, 2016.
[36] A. Wibisono, A. C. Wilson, and M. I. Jordan, “A variational perspective on accelerated methods in optimization,” Proc. Natl. Acad. Sci.,
vol. 113, no. 47, pp. E7351–E7358, 2016.
[37] G. França, D. Robinson, and R. Vidal, “ADMM and accelerated
ADMM as continuous dynamical systems,” in Proceedings of the 35th
International Conference on Machine Learning, 2018, pp. 1559–1567.
[38] B. Shi, S. S. Du, M. I. Jordan, and W. J. Su, “Understanding the
acceleration phenomenon via high-resolution differential equations,”
Math. Program., pp. 1–70, 2021.
[39] M. Muehlebach and M. Jordan, “A dynamical systems perspective
on Nesterov acceleration,” in Proceedings of the 36th International
Conference on Machine Learning, 2019, pp. 4656–4662.
[40] J. I. Poveda and N. Li, “Inducing uniform asymptotic stability in nonautonomous accelerated optimization dynamics via hybrid regularization,” in Proceedings of the 58th IEEE Conference on Decision and
Control, 2019, pp. 3000–3005.
[41] G. França, D. P. Robinson, and R. Vidal, “Gradient flows and proximal splitting methods: A unified view on accelerated and stochastic
optimization,” Phys. Rev. E, vol. 103, no. 5, p. 053304, 2021.
[42] H. Bauschke and P. L. Combettes, Convex Analysis and Monotone
Operator Theory in Hilbert Spaces. Springer, 2011. [Online].
Available: https://hal.inria.fr/hal-00643354
[43] J. Cortés and S. K. Niederländer, “Distributed coordination for nonsmooth convex optimization via saddle-point dynamics,” J. Nonlinear
Sci., vol. 29, no. 4, pp. 1247–1272, 2019.
[44] Y. Nesterov, Introductory lectures on convex optimization: A basic
course, 2013, vol. 87.

137

