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Equivalent Models for Queueing Analysis of
Deterministic Service Time Tree Networks
Michael J. Neely , Charles E. Rohrs, Eytan Modiano
Abstract— In this paper we analyze feedforward tree networks
of queues serving fixed length packets. Using sample path
conservation properties and stochastic coupling techniques, we
analyze these systems without making any assumptions about
the nature of the underlying input processes. In the case when
the server rate is the same for all queues, the exact packet
occupancy distribution in any queue of a multi-stage network is
obtained in terms of a reduced 2-stage equivalent model. Simple
and exact expressions for occupancy mean and variance are
derived from this result, and the network is shown to exhibit
a natural traffic smoothing property, where preliminary stages
act to smooth or improve traffic for downstream nodes. In the
case of heterogeneous server rates, a similar type of smoothing
is demonstrated, and upper bounds on the backlog distribution
are derived. These bounds hold for general input streams and
are tighter than currently known bounds for leaky bucket and
stochastically bounded bursty traffic.
Index Terms— stochastic coupling, network calculus

I. I NTRODUCTION
Many modern data networks transmit information using
fixed length packets. Often this takes place at lower network
protocol layers, where variable length packets from a source
are segmented into fixed length cells for transmission over
a sub-network. Such data segmentation facilitates network
design and control and allows for many practical advantages
in terms of pipelining gains, congestion control, and fairness
issues. Fixed length packets are also advantageous from a
queueing theory perspective, as they minimize queue backlog
among all packet length distributions with the same mean [3].
It is thus important to develop methods for understanding and
analyzing networks of deterministic service time queues.
In this paper, we consider feedforward tree networks with
arbitrary traffic streams exogenously entering each node (Fig.
1). Packets from these streams flow through the multiple stages
of the tree toward a single output port at the head node.
All packets have length L bits, and hence have deterministic
service times Ti = L/µi , where µi is the service rate of
packets in node i (in units of bits/second). In the first half of
this paper, we assume processing rates µi are identical for all
queues. Under this assumption, we use stochastic equivalence
and stochastic inequality relationships to show that the steady
Manuscript received March 12, 2002; revised February 18, 2005. The
material in this correspondence was presented at the 38th Annual Allerton
Conference on Communication, Control, and Computing, Monticello, IL,
October 2000.
M. J. Neely is with the Department of Electrical Engineering, University
of Southern California, Los Angeles, CA 90089 USA.
C. E. Rohrs is with the Digital Signal Processing Group, Research Laboratory of Electronics, Massachusetts Institute of Technology, Cambridge, MA
02139 USA.
E. Modiano is with the Laboratory for Information and Decision Systems,
Massachusetts Institute of Technology, Cambridge, MA 02139 USA.

A1(t)

A3(t)
A5(t)

μ1
μ3

A2(t)

μ5

μ2

A4(t)

Fig. 1.

μ4

A multi-stage tree network with multiple exogenous sources.

state occupancy distribution at the head node of a multistage tree network is exactly preserved in a reduced 2-stage
equivalent model. Exact expressions for the mean and variance
of packet occupancy are derived from this result, and the
number of packets in the head node of the tree is shown to
be stochastically less than the number there would be if all
preliminary nodes were removed. We then consider networks
with heterogeneous server rates µi , and develop a simple
upper bound on the packet occupancy distribution at each of
the nodes. This analysis contributes to a stochastic network
calculus for analyzing general tree systems in terms of simpler
one-queue or two-queue equivalent models.
As queueing networks are non-linear systems driven by
stochastic events, exact analytical results are largely limited
to systems with the special structure of time reversibility [23]
[24]. Exact analysis of non-reversible queueing systems is
usually confined to small networks (see [4] [5] [6] for analysis
of a single discrete time queue with general inputs, and [7]
for a moment generating function analysis of a two-queue
tandem with i.i.d. arrivals every timeslot). An approximation
method is developed in [8] for modeling discrete time tandems
with arrivals and departures at each stage in the special case
when inputs have a specified Markovian structure. Bounding
techniques for general networks are developed in [9] [10] [11]
using a deterministic calculus of network service curves, and
bounds using stochastic calculus are developed in [13] [14].
An exact analysis of fluid tandems with a single input having exponentially distributed ON and OFF periods is presented
in [15] using stochastic Itô calculus. An exact waiting time
analysis is developed in [16] [17] for a tandem of deterministic
service time queues with Poisson inputs. This analysis uses
a simple input-output invariance property for tandems with
non-increasing service rates. A similar property is proven in
[19] for discrete time trees with slotted service at each queue
and with independent inputs. This result is used in [18] to
compute the average delay in each node of a discrete time tree
when inputs are Poisson. Our work uses a similar input-output
invariance property, but extends the techniques to demonstrate
equivalence of packet occupancy distributions (rather than just
averages) and to treat networks with general stochastic inputs.
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Exact analysis is provided for networks with homogeneous
A2(t)
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server rates, and bounding analysis is provided for systems
with heterogeneous server rates (without requiring the non- A (t)
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1
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2
2
increasing service rate assumption).
d
This paper is structured as follows: In Section II we
d
T1
develop an input-output relationship for tree networks with
a single bottleneck. In Section III, we consider networks
Fig. 2. A two-queue system with deterministic service times T1 , T2 (with
with homogeneous server rates and show that the steady T1 ≤ T2 ), and its equivalent model with queue 1 replaced by a time delay.
state packet occupancy distribution of any node in a multistage tree is identical to the corresponding distribution in
a simpler 2-stage equivalent model. This analysis combines
Lemma 2: (Queue Replacement) If both queues are initially
sample path queueing properties with stochastic equivalence empty and if T1 ≤ T2 , then D(t) is unchanged if the first
relations. In Sections IV and V, exact expressions for the queue is replaced by a pure delay line of duration T1 .
mean and variance of packet occupancy are derived, and a
The modified system is simpler and forms an equivalent
traffic smoothing result is developed to establish upper bounds model of the original system. Lemma 2 was independently
on the backlog distribution at any node. In Section VI this proven in [16] and [1] for the case when there is no intermedibounding analysis is extended to systems with heterogeneous ate delay between the two queues. The case of an intermediate
servers. The resulting bounds exploit the special structure of delay line of duration d > 0 follows directly from the result
deterministic service time queues as well as the probabilistic for no delay line by using Lemma 1 to switch the order of
nature of the underlying input processes, and are shown to be the delay and the first queue. Intuitively, the result of Lemma
tighter than the network calculus bounds derived for special 2 follows because the final node serves packets no faster than
classes of traffic with variable length packets in [9]-[14].
the first node can deliver them. Hence, the busy period of the
final node of the original system cannot finish before the busy
period of the final node in the equivalent model. Note that
II. E QUIVALENT M ODELS
although the D(t) function is unchanged, it is possible for the
packet departure order to be different in the equivalent model.
Here we demonstrate an important input-output sample path
property for deterministic service time queues. We begin by
presenting two simple lemmas. Consider a single queue with A. Tree Reduction Principle
a general input stream consisting of fixed length packets
Consider a multi-stage tree network with M queues and
arriving at times τ1 , τ2 , . . ., with arbitrarily distributed and heterogeneous server rates µ , so that packets have service
i
correlated interarrival times. Packets are served according to times T = L/µ in each queue i ∈ {1, . . . , M }. The inputs
i
i
any non-preemptive service discipline, such as the First-In- to each queue i consist of an exogenous arrival process A (t)
i
First-Out (FIFO) policy. Let A(t) represent the arrival pro- together with the endogenous departure process of upstream
cess, formally
P∞ written as a sum of shifted impulse functions: queues (Fig. 1). Let TM represent the service time of the
A(t) = n=1 δ(t − τn ). We assume that τ1 > 0, so that all final node (corresponding to service rate µ ), and let D(t)
M
packets arrive after time 0. Let T represent the service time represent the departure process of this node.
of each packet in the server of the queue. Assume the system
Theorem 1: (Output Invariance) If TM ≥ Ti for all prelimiis initially empty, and let D(t) represent the corresponding nary nodes i, then D(t) is unchanged if all other nodes i 6= M
process of queue departures during the interval [0, t]. Suppose are replaced with pure delay lines of duration T , as in Fig. 3.
i
the departures next pass through a delay line of duration
Proof: The proof follows by iteratively applying Lemma 2.
d, for some value d ≥ 0. The delay line accepts incoming Specifically, consider the two queue system composed of the
packets, stores them, and releases them after exactly d seconds, final node together with any other node i situated immediately
resulting in an output process D(t − d).
behind it (possibly with a delay line in between). Let the
Lemma 1: (Delay Permutation) The resulting output pro- preliminary node represent ‘queue 1’ of Lemma 2, and let all
cess D(t − d) is unchanged if the delay line is situated before of its arrivals collectively represent ‘A1 (t)’ from the lemma.
the queue, rather than after it.
Likewise, let all other streams into the final node collectively
This elementary lemma follows because queues are time represent ‘A2 (t).’ Then the departure process of the final node
invariant systems, so that an input of A(t − d) leads to an is unchanged if the preliminary node is replaced by a delay line
output of D(t−d). For the next lemma, consider the two-queue of duration equal to Ti . Recursively repeating this procedure
tandem of Fig. 2. Packets arrive to the first queue according to replaces all preliminary nodes with pure delay lines without
an input stream A1 (t), and these packets are then delivered to affecting the overall departure process of the system.
the second queue after passing through an intermediate delay
Theorem 1 allows the departure function of the final node
line of duration d ≥ 0. Additional packets arrive directly to the in a multi-stage tree network to be modeled by the departures
second queue according to an input stream A2 (t). Let D(t) of a single queue with a set of delayed input streams, provided
represent the resulting output process of the second queue. Let that the service rate of the final node is less than or equal to all
T1 and T2 represent the service times of packets in the first other service rates. We note that a similar reduction principle
queue and second queue, respectively.
for trees was developed in [19] for the special case of discrete
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time systems with slotted service and independent inputs. In
the next section we use this theorem to analyze tree networks
with homogeneous servers.
As an aside, we note that for heterogeneous networks, Theorem 1 implies that routing according to a shortest-path tree
is optimal when sending fixed length packets from multiple
sources to a single bottleneck node M , where µM ≤ µi
for all nodes i. Specifically, consider a network of queueing
nodes defined by an arbitrary graph (with no tree structure yet
determined), and define the path length of a route between
any two nodes as the sum of service times Ti = L/µi over all
nodes of the route. It is clear that under any routing policy,
every exogenously arriving packet is delayed from entering
the final node by at least the sum of service times over its
shortest path. Each packet is delayed by exactly this amount
in the shortest path tree model where all preliminary nodes are
replaced by pure time delays (Fig. 3). Hence, at every instant
of time the number of departures in this reduced model is
greater than or equal to the number of departures under any
routing scheme in the actual network. However, Theorem 1
implies that the departures of this reduced model are identical
to the actual departures in the network under shortest path
tree routing, and hence shortest path tree routing minimizes
the total number of packets in the system at every instant of
time.
III. T REES WITH H OMOGENEOUS S ERVER R ATES
Here we consider tree networks with homogeneous server
rates, so that packet service times satisfy Ti = T for all i.
Theorem 2: If Ti = T for all i, then at every instant of
time the number of packets in the final node of the tree is the
same as the number of packets in the final node of a reduced
2-stage tree, where all nodes more than one stage beyond the
final node are replaced with delay lines of duration T .
Proof: The endogenous inputs to the final node are the
departure processes from the previous stages. By Theorem
1, these departure processes are unchanged when their preliminary queues are replaced with time delays. Because the
endogenous and exogenous inputs to the final node remain
the same in the reduced system, the number of packets in the
final node is unchanged.
Theorem 2 allows the occupancy dynamics in the final node
of a tree to be modeled by a reduced 2-stage system with
preliminary time delays. Intuitively, it is clear that if the inputs
Ai (t) are stationary and independent of each other, then the
steady-state occupancy distribution in the final node of the
reduced system is preserved when the delay lines are removed.

3

Here we use stochastic coupling to formally prove this result,
and show that steady state behavior exists in the equivalent
model if and only if it exists in the original system. We first
present the basic concepts of stochastic coupling theory.
A. Stochastic Dominance and Equivalence
Definition 1: A random variable N1 is stochastically
greater than another random variable N2 if there exists a third
“coupling variable” Ñ1 such that N1 ≥ Ñ1 , and Ñ1 has the
same distribution as N2 . In this case, we write N1 ≥ N2 .
st.

An equivalent definition can be stated by coupling with
respect to N2 , so that there is an external variable Ñ2 with
the same distribution as N1 and such that Ñ2 ≥ N2 . It is well
known that N1 ≥ N2 if and only if P r[N1 ≥ α] ≥ P r[N2 ≥
st.

α] for all real numbers α (see [22]). This fact immediately
implies that stochastic inequality relations are transitive: If
N1 ≥ N2 and N2 ≥ N3 , then N1 ≥ N3 .
st.

st.

st.

If N1 and N2 have the same distribution, we write N1 =
st.
N2 , and say that the random variables are stochastically
equivalent. It is also essential to have a notion of stochastic
equivalence for random processes:
Definition 2: A random process A1 (t) is stochastically
equivalent to another process A2 (t) if E {h(A1 )} =
E {h(A2 )} for all measurable operators h(·) that map a process
A(t) to a single real number.
It is clear that if stochastically equivalent input processes
A1 (t) and A2 (t) are applied to identical queues at time 0, they
produce stochastically equivalent packet occupancy processes
N1 (t) and N2 (t), and that at any particular time instant τ , the
random variables N1 (τ ) and N2 (τ ) satisfy N1 (τ ) = N2 (τ ).
st.
Indeed, this can be seen from the definition by defining the
operator h(·) that maps an arrival process to the number of
packets N (τ ) at time τ via the queueing law.
B. Removing Delays Via Stochastic Coupling
Consider now the 2-node tandem with nodes 1 and 2 and
input streams A(t), B(t), and C(t) delivering packets destined
for node 2, as shown in Fig. 4. This system represents any two
sequential nodes of a multi-stage tree, where the general inputs
consist of the combined exogenous streams and endogenous
streams from other nodes. As before, we assume all arrivals
occur after time 0, so that A(t) = B(t) = C(t) = 0 for all
t ≤ 0.
C(t)
B(t)

A3(t)

A1(t)
A2(t)

A5(t)
μ5

T1
T2

A(t)

T4

Fig. 3.
Replacing all preliminary nodes of the network in Fig. 1 with
delay lines. The output process D(t) is unchanged if µi ≥ µ5 for all
i ∈ {1, . . . , 5}.
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Fig. 4.

A canonical 2-queue system with input X(t) delayed by time d.

Note that the A(t) process is explicitly shown with a time
delay of duration d. We show that if A(t), B(t), and C(t) are
independent and stationary, the delay can be removed without
affecting the steady state distribution of packets in node 1
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or node 2. We first define the notions of steady state and
stationarity.
Definition 3: Let the stochastic process N (t) represent the
number of packets in a queue as a function of time. The steady
state distribution F [n] for the queue is defined:
Z
1 t
M
P r[N (τ ) ≤ n]dτ , n ∈ {0, 1, 2, . . .} (1)
F [n]=
lim
t→∞ t τ =0
whenever the limit exists.
We now define the notion of stationarity for processes that
only have arrivals after time 0. For any arrival process A(t) and
any positive delay d, we define the partially deleted process
Ãd (t) as follows:

0
if t ≤ d
M
Ãd (t)=
A(t) if t > d
Thus, Ãd (t) can be viewed as a version of the A(t) data stream
in which packets during the first d seconds are thrown away.
Definition 4: An arrival process A(t) is stationary if for any
positive delay d, the delayed process A(t − d) is stochastically
equivalent to Ãd (t).
Note that for two stationary arrival processes A(t) and B(t)
that are also independent, the superposition A(t − d) + B(t)
is stochastically equivalent to the superposition Ãd (t) + B(t),
and hence either superposition applied to a queue yields the
same steady state packet occupancy distribution, provided that
the distribution exists. We further note that the total number of
packets in a deterministic service time queue cannot increase
if some packets from the input stream are deleted [2].
Theorem 3: For any general inputs A(t), B(t), C(t) that
are independent and stationary, the steady state occupancy
distribution in node 1 of Fig. 4 exists if and only if the steady
state occupancy distribution exists when the time delay on the
A(t) input stream is removed. If the distributions exist, they
are identical.
Similarly, the steady state distribution in node 2 is the same
with or without the time delay on the A(t) stream, provided
the distribution exists.
Proof: It is useful to define N[A(t)] (τ ) as the number
of packets at time τ in a queue that is initially empty
with a general arrival process A(t) applied at time 0, where
A(t) could represent a superposition of processes. Note that
N[A(t)] (τ ) is always greater than or equal to the number of
packets in a queue at time τ with the same input process but
with some of the arriving packets deleted. Hence, the following
inequalities hold deterministically for all time instants τ :
N[Ãd (t)+B̃d (t)] (τ ) ≤ N[Ãd (t)+B(t)] (τ ) ≤ N[A(t)+B(t)] (τ ) (2)
The random variable N[A(t)+B(t)] (τ ) on the right of the
above inequality represents the number of packets in node 1
of Fig. 4 at time τ in the case when the A(t) and B(t) streams
are applied directly with no time delay, while the middle term
of the above inequality represents the corresponding number
of packets when arrivals during the first d seconds are deleted
from the A(t) stream. Likewise, the leftmost term considers
the case when packets from both the A(t) and B(t) streams
are deleted during the first d seconds.

4

However, by stationarity, the arrival process Ãd (t) + B̃d (t)
is stochastically equivalent to the process A(t − d) + B(t − d),
which represents a delayed version of A(t) + B(t). Likewise,
by independence, the arrival process Ãd (t) + B(t) is stochastically equivalent to the process A(t−d)+B(t). We thus have
the following stochastic equalities for all time instants τ :
=

N[A(t)+B(t)] (τ − d)

=

N[A(t−d)+B(t)] (τ )

N[Ãd (t)+B̃d (t)] (τ )

st.

N[Ãd (t)+B(t)] (τ )

st.

Using these stochastic inequalities in (2) yields:
N[A(t)+B(t)] (τ − d) ≤ N[A(t−d)+B(t)] (τ ) ≤ N[A(t)+B(t)] (τ )
st.

st.

The upper and lower bounds in the above inequality are time
delayed versions of the same process, namely, the process of
packets in node 1 of Fig. 4 when A(t) and B(t) are applied
directly. It follows that their time average distributions (defined
in (1)) are equal, and converge if and only if the middle term
converges. The middle term represents the process of packets
in node 1 when the A(t) stream first passes through the d
second delay. Thus, the steady state distribution in node 1 is
unchanged if the time delay is removed.
The proof of the corresponding property for node 2 is
similar, and follows from the fact that, because both nodes
have the same service time T , the number of packets in node
2 is greater than or equal to the resulting number of packets
if some arrivals from A(t), B(t), or C(t) are deleted before
entering the system (see Appendix A). It follows that for all
instants τ :
N1 (τ ) ≤ N2 (τ ) ≤ N3 (τ )
where N3 (τ ) represents the packet occupancy in the second
node of Fig. 4 when the streams A(t), B(t), and C(t) are applied with no time delays, N2 (t) represents the corresponding
occupancy in the second node in the case when all packets
arriving from A(t) during the first d seconds are deleted,
and N1 (t) represents the occupancy in the case when arrivals
from all streams are deleted for the first d seconds. The result
follows by noting that N1 (τ ) = N3 (τ − d), and that N2 (τ ) is
st.
stochastically equal to the number of packets in the final node
of Fig. 4 (with A(t) delayed by d seconds).
C. The 2-Stage Reduction Theorem
We can now present the main reduction theorem for homogeneous tree networks with general stationary and independent
arrival processes. Consider a multi-stage tree network with
exogenous arrival processes Ai (t) at each node i, and define its
2-stage equivalent model as the system with the same inputs,
but with all queues more than 1 stage behind the final node
removed.
Theorem 4: (2-Stage Equivalent Models) If exogenous inputs Ai (t) are stationary and independent of each other, a
steady-state occupancy distribution exists in the final node of
the original network if and only if a steady state occupancy
distribution exists in the 2-stage equivalent model. Furthermore, if the distributions exist, they are exactly the same.
Proof: Reduce the multi-stage tree network to a 2-stage
network in tandem with delay lines, as described in Theorem
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Fig. 5. (a) The canonical 2-stage equivalent model of a homogeneous tree
network, and (b), (c) reduced systems with the same total packets.

2. Note that this does not change the packet occupancy
process N (t) in the final node. By the delay removal theorem
(Theorem 3), we can iteratively remove each of the delay lines
without changing the steady state distribution in the final node.
The resulting system has no time delays and is exactly the 2stage equivalent model.
Note that any node i of a tree can be viewed as the final
node of the smaller network consisting only of nodes with
arrival streams that pass through node i. Hence, the steady
state occupancy distribution of any node of a tree network can
be exactly analyzed according to a 2-stage equivalent model.
IV. M EAN AND VARIANCE A NALYSIS
Here we use the 2-stage reduction theorem to develop simple expressions for the mean and variance of packet occupancy
in terms of the corresponding moments in systems with only
one queue and two queues, respectively. Consider a multi-stage
tree with homogeneous service times T in each node, and with
stationary and independent exogenous arrival processes Ai (t).
By Theorem 4, the steady state occupancy in any such network
can be analyzed by a 2-stage equivalent model. The canonical
2-stage model is shown in Fig. 5a, and has G first stage queues.
In this model, the inputs A1 (t), . . . AG (t) represent superpositions of the exogenous inputs of the original multi-stage
network, and A0 (t) is the exogenous input to the final node.
Assume this system exhibits steady state behavior, and let
N1 , . . . , NG represent the steady state number of packets in the
first stage queues. Let Y represent the steady state occupancy
in the final node. That is, the collection {N1 , . . . , NG , Y } can
be viewed as random variables with joint distribution given by
the steady state system occupancy distribution. Alternatively,
these random variables can be viewed as samples of queue
occupancy at a time when the system is in steady state.
A. Mean Occupancy
Here we compute E {Y }, the mean occupancy in the final
node of the canonical 2-stage tree of Fig. 5a. Assume inputs
A0 (t), A1 (t), . . . , AG (t) are rate ergodic with arrival rates
λ0 , λ1 , . . . , λG , and define the sum rate λ = λ0 + . . . + λG .

5

Define QT (Ai + . . . + Aj ) to be the expected occupancy in
a single queue with deterministic service time T and with
a superposition of the arrival streams Ai (t) + . . . + Aj (t)
entering as inputs. Thus, the mean occupancy in the first stage
queues of Fig. 5a can be written as E {Ni } = QT (Ai ) for
i ∈ {1, . . . , G}. Now consider the system of Fig. 5b, where
the first stage queues are replaced by delay lines of duration T .
Let W = W1 +. . . WG represent the sum number of packets in
the delay lines (where Wi represents the number of packets in
the delay line from stream Ai (t)). Let Z represent the number
in the final node. We have:
E {N1 + . . . + NG + Y } = QT (A1 )+. . .+QT (AG )+E {Y }
E {W + Z} = E {W } + QT (A0 + A1 + . . . + AG )
= (λ − λ0 )T + QT (A0 + A1 + . . . + AG )
By Theorem 1, we know that the departures of both the
system of Fig. 5a and Fig. 5b are the same for all time, and
hence the total number of packets in the two systems is always
the same. The equalities above can thus be equated, yielding
the following exact expression for E {Y }:
E {Y } = (λ − λ0 )T + QT (A0 + A1 + . . . + AG ) −

G
X

QT (Ai )

i=1

The above equation expresses the expected occupancy in any
node of a homogeneous multi-stage tree network in terms
of the expected occupancy in single-queue systems with a
superposition of the original exogenous inputs, and can be
evaluated whenever the average occupancy in such single
queue systems can be computed.
We note that expected occupancy for tree networks with
Poisson inputs was derived previously in [18]. We can obtain
the result of [18] from the above formula by using the QT (A)
function for the special case of Poisson inputs. In this case,
QT (A) can be written as a pure function of the arrival rate λ,
and is given by the standard Pollaczek-Khinchin formula for
expected occupancy in an M/D/1 queue:
QT (λ) = λT +

(λT )2
2(1 − λT )

B. Occupancy Variance
To compute the variance V ar(Y ) for packet occupancy in
the final node, consider the following alternative modification
of the canonical 2-stage system in Fig. 5a: Replace all preliminary nodes i ∈ {1, . . . , G} − {k} with time delays of
duration T , but keep the preliminary node k unchanged. By
Theorem 1, this modification also contains the same aggregate
number of packets as the original system. Let Zk represent
the corresponding number of packets in the final node of this
modified system.
Lemma 3: The variables Y , Z, {Zk }, {Wk }, and {Nk }
satisfy:
2

Y =

G
X
k=1

Zk2 − (G − 1)Z 2 +

X
i6=j

(Wi − Ni )(Wj − Nj ) (3)
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Proof: Using the fact that all three systems in Fig. 5 have
the same total number of packets within them, we have:
N1 + . . . + NG + Y

= W1 + . . . + WG + Z
X
= Nk + Zk +

Wi

i∈{1,...,G}−{k}

The above equalities hold for all k ∈ {1, . . . , G}, and hence:
Wk − Nk = Zk − Z
Y =Z+

G
X

for all k ∈ {1, . . . , G}

[Wk − Nk ] = Z +

k=1

G
X

[Zk − Z]

(4)
(5)

k=1

Squaring both sides of (5) (working only with the Zk and Z
variables) and then using (4) establishes the result.
Theorem 5: (Variance) If A0 (t), A1 (t), . . . , AG (t) are stationary and independent of each other, then:
V ar(Y ) =

G
X

V ar(Zk ) − (G − 1)V ar(Z)

(6)

k=1

Proof: Note that eq. (3) of the preceding lemma is simply
an algebraic statement about any variables Y , Z, {Zk }, {Wk },
and {Nk } that satisfy (4) and (5). Any random variables
satisfying these two linear equations will also satisfy these
equations in their expected values. Hence, we can replace Y ,
Z, {Zk }, {Wk }, and {Nk } in (4) and (5) with their expectations E {Y }, E {Z}, {E {Zk }}, {E {Wk }}, and {E {Nk }} to
find that the lemma also implies:
2

E {Y } =
+

G
X
k=1
X

2

E {Zk } − (G − 1)E {Z}

2

E {Wi − Ni } E {Wj − Nj }

(7)

i6=j

Taking expectations over (3) and subtracting (7) yields:
PG
V ar(Y ) = k=1 V ar(Zk ) − (G − 1)V ar(Z)
P
+ i6=j E {(Wi − Ni )(Wj − Nj )}
P
− i6=j E {Wi − Ni } E {Wj − Nj }
Because the input processes are stationary and independent,
(Wi − Ni ) is independent of (Wj − Nj ) whenever i 6= j. The
last two terms of the above equation thus cancel, proving the
theorem.
Expressions for the variance V ar(Zk ) for a tandem of 2
queues with Poisson inputs and for a discrete time tandem with
i.i.d. arrivals and general arrival distributions are presented in
[2] using a moment generating technique developed in [7].
These expressions can be used with Theorem 5 to yield exact
variance expressions for any node of a multi-stage tree with
such inputs.
V. T RAFFIC S MOOTHING
Here we show that tree networks of homogeneous, deterministic service time queues naturally act to “smooth” traffic,
making the patterns better for downstream nodes to receive.
All inputs are again assumed to be independent and stationary.
Theorem 6: (Smoothing) The steady state packet occupancy in the final node of a homogeneous tree is stochastically

6

less than its resulting occupancy when all preliminary nodes
are removed and the exogenous inputs are applied directly to
the final stage.
Proof: By Theorem 4, we can first reduce the multistage tree to its canonical 2-stage equivalent model (as in
Fig. 5a), where the inputs to the equivalent model represent
superpositions of the inputs to the tree. The total number of
packets in this 2-stage system is the same as the total number
of packets in a modified system where all nodes at the first
stage are replaced by time delays of duration T , as in Fig. 5b.
However, it is clear that the number of packets in the set of
first stage queues is always greater than or equal to the number
in the corresponding delay lines. It follows that the number of
packets Y in the final node of the 2-stage system is less than
or equal to the number of packets Z in the final node of the
modified system. Thus, Y ≤ Z. However, from Theorem 3,
we know that Z = Z 0 , where Z 0 represents the steady state
st.
occupancy of the modified system when the preliminary delay
lines are removed. Hence, Y ≤ Z 0 , proving the theorem.
st.

This result provides a simple bound on the occupancy distribution of the final node of a homogeneous tree in terms of the
occupancy in a single queue with the same exogenous inputs.

VI. T REES WITH H ETEROGENEOUS S ERVICE R ATES
Note that the results of the previous section are derived
from the output invariance properties of tree networks with
homogeneous service rates, as characterized by Theorem 1.
The theorem holds whenever the service rate of a given node of
the tree is less than or equal to the rates of all of its preliminary
nodes. Hence, all results for homogeneous trees derived in the
previous section apply equally to trees with non-increasing
service rates on every path to the destination. However, it is
common for service rates to increase at one or more stages,
so that downstream nodes have the ability to support the sum
traffic load from earlier queues. In this section, we consider
the general case of trees with arbitrary service rates µi at
each node i. Specifically, we consider a tree with M nodes
with labels i ∈ {1, . . . , M }, where the final node is labeled as
node M (see Fig. 6a for the case M = 5). Let Ai (t) represent
a general arrival process of packets exogenously entering the
network at node i, and let λi represent the arrival rate. All
packets have fixed lengths L with service times L/µi in each
node i. Let NM represent the steady state packet occupancy
(γ )
in the final node. For each i ∈ {1, . . . , M } let Ni i represent
the steady state occupancy in a virtual queue with service
rate γi and input process Ai (t) entering it alone (we assume
throughout that a steady state exists).
Theorem 7: (Stochastic Occupancy Bound) For any virtual
service rates {γi } such that γ1 + . . . + γM = µM , we have:
(a) If exogenous inputs {Ai (t)} are stationary and indepen(γ )
dent, then variables {Ni i } are independent, and:
(γ1 )

NM ≤ N1
st.

(γ2 )

+ N2

(γ

+ . . . + NM M

)

(8)

(b) If exogenous inputs are not stationary and independent,
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(γi )

then there exist variables {N̂i
(γ1 )

NM ≤ N̂1
(γ )
N̂i i =
st.

PM

} such that:

(γ2 )

+ N̂2

i=1

(γ

+ . . . + N̂M M

)

(9)

for all i ∈ {1, . . . , M }
(10)
The stochastic bounds described above can be easily visualized
in terms of the parallel queue system of Fig. 6d, where each
of the M exogenous inputs of the tree is given a separate
virtual queue. Notice that the rates γi of the virtual queues
must sum to the rate of the final node, but are otherwise left
unspecified. Hence, the rates can be chosen for convenience, or
can be optimized to achieve the tightest upper bound. Before
proving the theorem, we demonstrate its implications.
Example 1 (Averages): Let QL/γi (Ai ) represent the average occupancy in a single queue with service rate γi , packet
length L, and input stream Ai (t). From Theorem 7, we have
the following upper bound for the average occupancy in the
final node of a multi-stage tree:

M
i=1

M
X

γi =µM

QL/γi (Ai )

i=1

The QL/γi (Ai ) function can be shown to be a convex function
of γi [20], and hence the minimization above represents a
convex optimization. A simpler bound is obtained by the
assignment γi = µM λλi (where λ = λ1 + . . . + λM is the sum
input rate). This choice of the γi values ensures all virtual
queues are stable whenever the original network is stable.
Example 2 (Leaky Bucket Inputs): Suppose the exogenous
inputs {Ai (t)} are leaky bucket constrained with rate and burst
parameters (λi , σi ) [9], so that with probability 1 a queue with
input Ai (t) and server rate γi will never have more than σi
packets, provided that γi ≥ λi L. If the sum arrival rate λ
from all inputs to the tree satisfies λL ≤ µM , then using
the proportional rate allocation γi = µM λi /λ guarantees each
virtual queue i receives a service rate γi ≥ λi L. Theorem 7
thus verifies the well known result that the number
PMof packets
in the head node is always less than or equal to i=1 σi [10]
[12]. Furthermore, the probability of achieving this worst case
backlog can be bounded if more detailed statistical information
about the arrival processes is available.
Example 3 (Moment Generating Functions): If inputs
{Ai (t)} are stationary and independent, then we have from
part (a) of Theorem 7 that for any rates {γi } that sum to µM :

E erNM

≤

M
Y

xi ≤ maxi∈{1,...M } [xi /pi ] for any values {xi }, we

have:

(γ )
Ni i

E {NM } ≤ P min

7

n
o
(γi )
E erNi

i=1

for any value r ≥ 0. Hence, the moment generating function
for the number of packets in the final node of a tree is less
than or equal to the product of moment generating functions
for queues with single inputs Ai (t) and server rates γi .
If inputs are not necessarily stationary or independent, then
(γ )
part (b) of Theorem 7 implies there exist variables {N̂i i }
such that the occupancy NM in the final node of the tree
(γ )
(γ )
(γ )
(γ )
satisfies NM ≤ N̂1 1 +. . .+ N̂M M , where N̂i i = Ni i for
st.
each i ∈ {1, . . . , M }. Let {p1 , p2 , . . . , pM } be any collection
of non-negative numbers that sum to 1. Using the fact that


E erNM

M
n
o
o
n
X
(γi )
(γi )
≤ E er maxi [N̂i /pi ]
≤
E erN̂i /pi
i=1

for any r ≥ 0. Because
function satisfies:

(γ )
N̂i i =
st.


E erNM

≤

M
X

(γ )
Ni i ,

the moment generating

n
o
(γi )
E erNi /pi

i=1

Example 4 (Complementary Occupancy Distribution): A
bound on the complementary occupancy distribution can similarly be derived for the general case when inputs are not necessarily stationary or independent. Again let {p1 , p2 , . . . , pM }
be a collection of non-negative numbers that sum to 1. Using
the same technique as [14], we observe the following inclusion
(γ )
(γ )
(γ )
of events: {N̂1 1 + . . . + N̂M M > k} ⊂ {N̂1 1 > p1 k} ∪
(γM )
(γ )
. . . ∪ {N̂M
> pM k}. Hence, because P r[N̂i i > x] =
(γ )
P r[Ni i > x] for any x, we have from the union bound:
h
(γ )
P r[NM > k] ≤ P
minP
P r[N1 1 > p1 k] + . . .
γi =µM , pi =1
i
(γ )
+P r[NM M > pM k] (11)
The above bound is simpler and tighter than the bounds
derived for variable length packet systems in [13] [14] with inputs that are characterized by a class of exponentially bounded
bursty arrivals (EBB) or stochastically bounded bursty arrivals
(SBB). Indeed, in the special case when inputs are EBB or
SBB, then neglecting the optimization over γi and simply
choosing the proportional rate assignment γi = µM λi /λ, the
bound of (11) becomes identical to the bound offered in [13]
[14] for the occupancy distribution of a single queue with
a superposition of EBB or SBB sources. When this queue is
situated within a multi-stage network, the bounding techniques
of [13] [14] can be used recursively to compute updated
bounds by considering the effects of each stage. However,
these updated bounds require more computation and have the
disadvantage of getting progressively larger and larger at each
stage—suggesting that congestion may increase with the size
of the network in systems with variable length packets. The
bound in (11) holds equally well for any node at any stage of
the network. Hence, it is always tighter and is immune to any
pejorative effects when the size of the network is scaled. This
independence to scaling is due to the intrinsic traffic smoothing
properties of deterministic service time queues. Furthermore,
the bound of (11) holds for any general input processes, and
incorporates the particular statistical properties of each process
by relating performance to the resulting backlog in a system of
single queues with each of these inputs applied individually.
A. Derivation of Theorem 7
To prove Theorem 7, we use two preliminary lemmas that
hold for one queue and two queue systems with fixed length
packets. Consider a queue with server rate µ and with a
superposition of M input processes A1 (t) + . . . + AM (t).
Let N (t) represent the number of packets in this queue as
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a function of time (assuming the system is initially empty).
For a given rate γi ≤ µ, let Ni (t) represent the corresponding
number of packets in a queue with server rate γi and with
input stream Ai (t) alone.
Lemma 4: (Multiplexing Inequality) For arbitrary input
streams {Ai (t)} and for any rates {γi } such that γ1 + . . . +
γM = µ, we have at every instant of time:
N (t) ≤ N1 (t) + . . . + NM (t)
The lemma is an immediate consequence of the multiplexing results proven in [21]. Intuitively, Lemma 4 follows by
observing that the single queue system is either empty or is
processing data at a rate that is greater than or equal to the
sum processing rate of the combined system of M queues.
Next consider two tandem queues with a single input.
Packets of length L bits arrive to the first queue according
to an arrival process A(t) with rate λ, and these packets enter
the second queue after service at the first. Service rates of the
first and second queues are µ1 and µ2 , respectively. Assume
the system exhibits a steady state, and let random variable N2
represent the steady state number of packets in queue 2. Let
Ñ2 represent the corresponding steady state occupancy in the
case when the first queue is removed and all packets directly
enter queue 2.
Lemma 5: (Smoothing in Single-Input Tandems) For arbitrary service rates µ1 and µ2 , we have: N2 ≤ Ñ2 . That is,
st.

removing the first queue creates a stochastically greater packet
occupancy at the second queue.
Proof: If µ1 ≥ µ2 , then the proof is the same as the proof
of Theorem 6, as the total number of packets in the tandem
is unchanged if the first queue is replaced by a pure delay
line. In the case µ1 < µ2 , there is never more than 1 packet
in the second queue. Thus, P r[N2 > k] = 0 ≤ P r[Ñ2 > k]
for all integers k ≥ 1. Furthermore, by Little’s Theorem we
have that P r[N2 > 0] = P r[Ñ2 > 0] = λL/µ2 . Thus, N2 is
stochastically less than Ñ2 .
These two lemmas can be used iteratively to bound packet
occupancy in any node of a heterogeneous tree. Consider the
final node in the network of Fig. 6a, which has rate µ5 . Let
N5 represent the random number of packets in this final node
when the system is in steady state. We see from the figure that
there are three separate streams flowing into this node. Thus,
in the first iteration of our reduction technique we split this
[it=1]
[it=1]
,
node into three virtual sub-nodes with rates γ5
, γ3
[it=1]
that individually service the three streams (where
and γ4
[it=1]
[it=1]
[it=1]
γ5
+ γ3
+ γ4
= µ5 , see Fig. 6b). From Lemma
[it=1]
[it=1]
[it=1]
4, the resulting number of packets N5
, N3
, N4
in
[it=1]
[it=1]
[it=1]
+N3
+N4
. (Here,
the sub-nodes satisfy N5 ≤ N5
the “it=1” superscript designates values obtained on the first
iteration of the reduction, and the subscript index represents
the highest-numbered exogenous input corresponding to the
particular sub-node).
Now notice that several 2-queue tandem situations have
been created (Fig. 6b). Consider for instance the queue with
[it=1]
rate µ3 in tandem with the N3
queue. From Lemma
5, removing this front queue creates a stochastically greater
[it=1]
occupancy Ñ3
. Likewise, the queue with rate µ4 can be

A1(t)

μ1

8

A3(t)

A5(t)

A1(t)

μ3
A2(t)

μ5

N5

μ2

A2(t)

(a)
A (t)
A3(t) 5
A1(t)

μ1

A2(t)

μ2

μ4

A4(t)

A4(t)

(b)

N[it=1]
5

γ5[it=1]

N[it=1]
3

γ3[it=1]

N[it=1]
4

γ4[it=1]

A3(t) A (t)
5

μ1

A1(t)

γ

μ3

N[it=1]
3

γ

μ4

N[it=1]
4

γ

(γ1)

γ1

(γ2)

γ2

(γM)

γM

N1

A2(t)

[it=1]

N[it=1]
5

N2

5

[it=1]

3

[it=1]

4

μ2
A4(t)

AM(t)

(c)

(d)

NM

Fig. 6. An illustration of the iterative reduction P
technique to stochastically
bound the occupancy in the final node. Note that i γi = µ0 .

[it=1]

removed to generate a new variable Ñ4
that is stochas[it=1]
tically greater than N4
, creating the simplified system in
Fig. 6c. The number of stages in this simplified system is one
less than the original.
For a second iteration, the same procedure can be
[it=1]
applied to split queue Ñ3
into queues with rates
[it=2]
[it=2]
[it=2]
[it=2]
[it=2]
[it=2]
γ1
, γ2
, γ3
such that γ1
+ γ2
+ γ3
=
[it=1]
γ3
. Proceeding this way, we remove nodes and split nodes
until we are left with a parallel collection of 5 queues of rates
γ1 , . . . , γ5 such that γ1 + . . . + γ5 = µ5 , and each new node
i has its own exogenous input stream Ai (t). At each step
of the iteration the component variables Ni are stochastically
(γ )
(γ )
increasing. Thus, we are left with variables N1 1 , . . . , N5 5 ,
(γi )
where each Ni
is distributed as a packet occupancy in a
single queue with input stream Ai (t) and processing rate γi
(Fig. 6d).
In this way, we can bound packet occupancy in the head
node of a multi-stage heterogeneous tree with arbitrary exogenous inputs A1 (t), . . . , AM (t) by simply using the parallel
queue picture of Fig. 6d. However, there is a subtlety in
the above iteration procedure: While it is true that N5 ≤
[it=1]
[it=1]
[it=1]
N5
+ N3
+ N4
when the network is changed
[it=1]
[it=1]
from Fig. 6a to Fig. 6b, and it is true that N5
≤ Ñ5
,
st.

[it=1]

N3

[it=1]

≤ Ñ3

st.

[it=1]

, N4

[it=1]

≤ Ñ4

when the network is

st.

changed from Fig. 6b to Fig. 6c, it is not necessarily the case
[it=1]
[it=1]
[it=1]
+ Ñ4
. This issue is formally
that N5 ≤ Ñ5
+ Ñ3
st.

treated by using stochastic coupling to introduce the auxiliary
(γ )
variables N̂i i of Theorem 7. We first require two lemmas.
Lemma 6: If N, A, and B are random variables such that
N ≤ A + B, then there exist variables Â and B̂ such that
st.

N ≤ Â+B̂, and Â = A, B̂ = B. Furthermore, if A and B are
st.

st.

independent, then Â and B̂ can be chosen to be independent.
Proof: By definition of stochastic inequality, there exists a
random variable Z such that N ≤ Z and Z = A + B. Given
st.

this Z variable, form the pair of random variables (Â, B̂) by
choosing them according to the joint conditional distribution
pA,B| Z (a, b | A + B = Z). Thus, the vector (Â, B̂) is coupled
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to the Z variable through the joint distribution function for
the pair (A, B). It follows that Â + B̂ = Z ≥ N , and that
Â = A, B̂ = B. If A and B are independent, then Â and B̂
st.
st.
will also be independent.
Lemma 7: If N , A, and B are random variables such that
N ≤ A+B, and if there exist variables Ã, B̃ such that A ≤ Ã
st.

st.

and B ≤ B̃, then there exist variables Â, B̂ such that N ≤
st.

Â + B̂, and Â = Ã, B̂ = B̃.
st.
st.
Proof: By definition of stochastic inequality, because A ≤
st.

Ã and B ≤ B̃, there must exist variables A0 and B 0 such

9

at any node is stochastically increased if its preliminary nodes
are removed. For tree networks with heterogeneous server
rates {µi }, a simple upper bound on the packet occupancy
of any node was developed in terms of the occupancy in a
set of virtual queues that individually serve the exogenous
input streams Ai (t). The bound is independent of the location
of the node within the tree, and is tighter than previous
bounds derived for variable length packet systems with traffic
envelope constraints. This work contributes to a theory of
stochastic network calculus, and provides powerful techniques
for analyzing complex queueing systems.

st.

that A ≤ A0 , B ≤ B 0 , and A0 = Ã, B 0 = B̃. It follows that
st.
st.
N ≤ A0 +B 0 . By the previous lemma, there must be variables
st.

Â and B̂ such that N ≤ Â + B̂ and Â = A0 , B̂ = B 0 . By
st.

st.

transitivity, we have Â = Ã and B̂ = B̃, proving the lemma.
st.

st.

We can now prove Theorem 7.
Proof: (Theorem 7) We proceed by induction on the iterative procedure outlined above. At the beginning of iteration k,
assume we have a set of sub-nodes Ik with steady state occu[it=k]
[it=k]
pancies Ñi
(i ∈ Ik ) and corresponding variables N̂i
P
[it=k]
[it=k]
[it=k]
such that NM ≤ i∈Ik N̂i
and N̂i
= Ñi
for
st.

[it=k]

all i ∈ Ik . After splitting each node with occupancy Ñi
into a set of S(i) parallel sub-nodes with new occupancies
P
[it=k+1]
[it=k]
[it=k+1]
Nj
(j ∈ S(i)) such that Ñi
≤ j∈S(i) Nj
,
it follows that:
X
[it=k+1]
[it=k]
Nj
, ∀i ∈ Ik
(12)
N̂i
≤
st.

j∈S(i)

Next, the inputs to the parallel sub-nodes are “un-smoothed”
by removing any preliminary queues, and new variables
[it=k+1]
Ñj
are formed that are stochastically greater than
[it=k+1]
Nj
, that is, for each i ∈ Ik and each j ∈ S(i):
[it=k+1]

Nj

[it=k+1]

≤ Ñj

(13)

st.

Applying Lemma 7 to (12) and (13), for all i we can find
[it=k+1]
auxiliary variables N̂j
for each j ∈ S(i) such that
P
[it=k]
[it=k+1]
[it=k+1]
[it=k+1]
N̂i
≤
N̂
,
and N̂j
= Ñj
j∈S(i) j
st.

M
for all j ∈ S(i). Defining the set Ik+1 =
∪i∈Ik S(i) establishes
the induction hypothesis for the next iteration, proving the
theorem.

VII. C ONCLUSIONS
We have used sample path observations and stochastic
coupling techniques to analyze deterministic service time tree
networks with arbitrary input streams. The analysis yields
quantitative probabilistic expressions for network congestion
in terms of simpler systems. For homogeneous tree networks
with multiple stages, a reduced 2-stage equivalent model was
developed and shown to exactly preserve the steady state
occupancy distribution. Exact expressions for occupancy mean
and variance in any node were obtained using this analysis, and
a smoothing result was proven, showing that packet occupancy

A PPENDIX A
Here we show that the number of packets in the second node
of the 2-queue tandem in Fig. 4 is greater than or equal to the
number there would be if some arrivals from any of the inputs
are deleted before entering the system. To see this, first note
by Theorem 1 that the total number of packets in the tandem
is unchanged if the first node is replaced by a pure delay line
of duration T . The total number of packets in this equivalent
model (delay line plus queue) cannot increase if some arrivals
are deleted, and hence the total number in the 2-queue tandem
cannot increase with deleted arrivals. Thus, if the first node of
the 2-queue tandem is empty, then the total number of packets
in node 2 is greater than or equal to the corresponding amount
if some arrivals were deleted. It is not difficult to show that
this property is preserved during times when the first stage
node is busy. Indeed, during such busy periods the first node
delivers at the maximum rate of 1 packet per T seconds, and
the number of packets in the second node cannot decrease
below the corresponding number in the deleted system.
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