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Nanocomposite hydrogels with only nanoparticle crosslinkers exhibit extraordinarily
higher stretchability and toughness than the conventional organically crosslinked hydrogels, thus showing great potential in the applications of artificial muscles and cartilages. Despite their potential, the microscopic mechanics details underlying their mechanical performance have remained largely elusive. Here, we develop a constitutive
model of the nanoparticle hydrogels to elucidate the microscopic mechanics behaviors,
including the microarchitecture and evolution of the nanoparticle crosslinked polymer
chains during the mechanical deformation. The constitutive model enables us to understand the Mullins effect of the nanocomposite hydrogels, and the effects of nanoparticle
concentrations and sizes on their cyclic stress–strain behaviors. The theory is quantitatively validated by the tensile tests on a nanocomposite hydrogel with nanosilica crosslinkers. The theory can also be extended to explain the mechanical behaviors of existing
hydrogels with nanoclay crosslinkers, and the necking instability of the composite hydrogels with both nanoparticle crosslinkers and organic crosslinkers. We expect that this
constitutive model can be further exploited to reveal mechanics behaviors of novel particle-polymer chain interactions, and to design unprecedented hydrogels with both high
stretchability and toughness.
& 2016 Elsevier Ltd. All rights reserved.
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1. Introduction
Biocompatible hydrogels with strong sensitivity to external stimuli (e.g., temperature, light and electromagnetic fields)
have shown great promise for applications in artificial organs, biological scaffolds and human-centered robotics/actuators
(Haraguchi, 2011b; Kamata et al., 2014; Keplinger et al., 2013; Sun et al., 2012; Wang et al., 2010; Zhao, 2014). However,
traditional organically crosslinked hydrogels, made of polymer monomers, covalent crosslinkers and water (Fig. 1a), usually
suffer from significant limitations in mechanical properties, such as limited stretchability and low fracture toughness. In
order to enhance the mechanical properties of the hydrogels, a number of strategies have been proposed recent years to
design hydrogels with novel crosslinking agents and tailored molecular architectures (Zhao, 2014). For example, doublenetwork hydrogels have been designed with one network with long polymer chains and the other with shorter polymer
chains. Under mechanical loading, the shorter polymer chains are first fractured to partially dissipate the elastic energy,
while the hydrogel is still intact due to the backing of the long polymer chains (Gong et al., 2003; Long et al., 2014; Na et al.,
n
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Fig. 1. Fabrication of hydrogels with (a) organic crosslinkers and (b) nanoparticle crosslinkers. (c) Fabricated hydrogels with only nanoparticle crosslinkers
can be stretched to 44 times with a small crack within the sample.

2004, 2006; Sun et al., 2012; Tanaka et al., 2005). Following the idea stream, other hydrogels are designed to embed highfunctionality crosslinkers that bridge a number of chains with inhomogeneous chain lengths (Fig. 1b) (Haraguchi and Takehisa, 2002; Huang et al., 2007; Wang et al., 2010), so that the portion of short chains may be first detached or fractured
under mechanical loading but the long chains can still maintain the elasticity of the hydrogels. In addition, physical
crosslinkers have been employed to synthesize hydrogels so that the polymer bonds can be dynamically dissociated to
release the mechanical energy, and re-associated repeatedly (An et al., 2010; Hui and Long, 2012; Sun et al., 2012, 2013).
Furthermore, hydrogels usually become weak at the swollen state; to address this problem, various crosslinking agents with
opposite effects have been embedded into hydrogels to achieve non-swellable hydrogels to maintain good mechanical
robustness (Kamata et al., 2014). The aforementioned strategies can be employed separately or integratedly to design hydrogels with high stretchability and toughness (Sun et al., 2012; Sun et al., 2013).
This paper is focused on the hydrogels with polymer networks crosslinked by high-functionality crosslinkers (Flory,
1953). These high-functionality crosslinkers are usually made of inorganic nanoparticles, such as nanoclay, silica, silsesquioxane, titania, graphene oxcide and carbon nanotubes (Carlsson et al., 2010; Haraguchi, 2007, 2011a,b; Haraguchi et al.,
2003, 2007, 2002, 2011; Haraguchi and Li, 2006, 2005; Haraguchi and Song, 2007; Haraguchi and Takehisa, 2002; Huang
et al., 2007; Ren et al., 2011; Wang et al., 2010).Unlike the organic crosslinkers that usually can only covalently attach several
polymer chains around the crosslinkers (e.g., less than 10) due to limited number of connection free-end groups, the nanoparticle crosslinkers with high surface activity are capable of attaching a large number of polymer chains (e.g., more than
100). The attached polymer chains usually have chain lengths over a large range of inhomogeneous distribution so that the
loaded polymer chains can be sequentially detached (or fractured) to gradually dissipate the stored elastic energy. In addition, different from the permanent covalent bonds in the organically crosslinked hydrogels, the bonding between the
nanoparticle crosslinkers and the polymer chains are through physical bonds such as ionic and coordination interactions
(Carlsson et al., 2010; Haraguchi and Takehisa, 2002). When deformed, a portion of polymer chains can detach from the
nanoparticle crosslinkers to partially release the stored elastic energy in the polymer network. Because of the high energy
dissipation, this nanocomposite hydrogel exhibits extraordinarily higher stretchability and toughness than the conventional
covalently crosslinked hydrogel, thus showing great potential to be used in the artificial muscles and cartilages (Haraguchi,
2011b).
Despite the great potential, the mechanistic mechanisms underlying the mechanical performance of the nanoparticle
hydrogels have not been well quantitatively investigated. Balaz et al., employed molecular dynamic computations to study
the mechanical deformation and strain recovery of the nanoparticle crosslinked polymer networks (Iyer et al., 2014, 2013).
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Due to the limited computational size scales, it is unclear how well the computational results match the macroscopic stress–
strain behaviors of the nanoparticle hydrogels. In particular, it is highly desirable to construct a simple analytical model, in
order to fully utilize the premium mechanical properties or guide/promote the further development of this type of nanoparticle hydrogels (Iyer et al., 2014, 2013). In addition, we note that the theoretical development of the nanoparticle hydrogels is different from that of the well-studied filled elastomers; because the nanoparticle hydrogels only contain nanoparticle crosslinkers, but filled elastomers mainly have organic crosslinkers from the backbone elastomers and only include a small portion of additional filler crosslinkers (Bueche, 1960; Dargazany and Itskov, 2009; Diani et al., 2009; Govindjee and Simo, 1991; Haraguchi et al., 2006). Besides, the nanoparticle hydrogels embed water within the polymer
network structures. Moreover, unlike the hydrogels with traditional covalently-crosslinked networks that have been well
modeled with Neo-Hookean model, 3-chain model, 4-chain model, 8-chain model and n-chain model (Erman and Mark,
1997; Flory, 1953; Rubinstein and Colby, 2003; Treloar, 1975), it is still elusive how to mechanistically bridge the relationship
between the molecular structure of nanoparticle crosslinked polymer networks of the nanoparticle hydrogels and their
mechanical properties. In particular, It is largely elusive how to relate the chain length inhomogeneity (Wang et al., 2015;
Zhao, 2012) and deformation induced chain evolution to the experimentally observed stress–strain hysteresis of the nanoparticle hydrogels (Haraguchi, 2011b; Haraguchi and Takehisa, 2002; Iyer et al., 2014, 2013).
Here we formulate a constitutive model to understand the stress–strain behaviors of nanoparticle hydrogels. We model
the polymer network with polymer chains with inhomogeneous length crosslinked with nanoparticles that are arranged in
shape of body-centered cubes. We assume that the polymer chains can detach from the nanoparticles if the chain forces are
larger than the bonding strength between the particle and the polymer chain. Once detached, the polymer chains will
reorganize and evolve. Considering the effects of chain detachment and evolution enables us to model the Mullins effect of
the nanoparticle hydrogels (Mullins and Tobin, 1965). Experiments with a model hydrogel with silica nanoparticles as
crosslinkers can quantitatively validate our theory. The constitutive model can also be used to explain the cyclic stress–
strain behaviors of nanoclay hydrogels that only use nanoclays as crosslinkers. The model can be further extended to explain
the experimentally observed necking instability of hydrogels with both nanoparticle and organic crosslinkers.
The plan of the paper is as follows. Section 2 introduces the experimental procedures of the fabrication and mechanical
testing of the nanoparticle hydrogels. Section 3 presents a constitutive model that considers the architecture and evolution
of the polymer networks of the nanoparticle hydrogels under large deformation. Based on the constructed constitutive
model, in Section 4 we examine the effects of chain detachment, chain alteration, particle concentration and particle size on
the stress–strain behaviors of the nanoparticle hydrogels. Theoretical predictions are quantitatively compared with the
experimentally measured results of nanosilica hydrogels. In Section 5, we show applications of the established theory in
predicting the mechanical behaviors of nanoclay hydrogels. We further extend the theory to explain the necking instability
of nanocomposite hydrogels with both nanoparticle and organic crosslinkers. The conclusive remarks are given in Section 6.

2. Experimental
Here we choose silica nanoparticles as crosslinkers to polymerize polymer monomers N,N-Dimethylacrylamide (DMA,
Siglma-Aldrich) or N-Isopropylacrylamide (NIPA, Siglma-Aldrich) within aqueous solutions because the polymerization can
take place at room temperature (25 °C) (Carlsson et al., 2010), advantageous over the fabrication of other nanoparticle
hydrogels (e.g., nanoclay hydrogels) that requires low temperature condition (r5 °C) (Haraguchi, 2011b; Haraguchi and
Takehisa, 2002). To initiate the free-radical polymerization between the polymer chains and silica nanoparticles, we use
potassium persulfate (KPS, Siglma-Aldrich) as the redox initiator and N,N,N′,N′-tetramethylethylenediamine (TEMED, Siglma-Aldrich) as the accelerator. For all hydrogels, we keep the molar ratio of DMA, KPS and TEMED as 100:1:1, and the
weight ratio of DMA and water as 0.14. To examine the effects of the nanoparticle concentrations on the stress–strain
behaviors of the nanocomposite hydrogels, the weight ratio of DMA and silica nanoparticles is varied to be 1, 2 and 5,
denoted as SP1, SP2 and SP5, respectively (Carlsson et al., 2010). To study the effects of nanoparticle sizes on the gel stress–
strain behaviors, we employ silica nanoparticles with varied sizes, i.e., TM-50 (50% wt particle suspension) with radius
7.5 nm, HS-40 (40% wt particle suspension) with radius 4.5 nm and SM-30 (30% wt particle suspension) with 2.5 nm (Rose
et al., 2014). We denote the fabricated hydrogels as TM-SPX, HS-SPX and SM-SPX (X denotes 1, 2 or 5), respectively. The
detailed compositions of fabricated hydrogels are listed in Table 1. In a typical fabrication process of TM-SP2 hydrogels,
Table 1
Compositions of nanocomposite hydrogels with nanosilica crosslinkers.
Sample

Nanosilica suspension

Silica (g)

DI water (g)

DMA (g)

KPS (g)

TEMED (mL)

TM-SP1
TM-SP2
TM-SP5
HS-SP2
SM-SP2

TM-50
TM-50
TM-50
HS-40
SM-30

1.428
2.856
7.14
2.856
2.856

10.555
10.555
10.555
10.555
10.555

1.485
1.485
1.485
1.485
1.485

0.0405
0.0405
0.0405
0.0405
0.0405

20
20
20
20
20

130

Q. Wang, Z. Gao / J. Mech. Phys. Solids 94 (2016) 127–147

7.699 g DI water and 5.712 g Ludox TM-50 (Sigma-Aldrich) in a plastic tube are mixed with Vortex for 30 min. Then, 1.485 g
DMA, 0.0405 KPS and 22.5 mL TEMED are added into the plastic tube with additional mixing for 45 min. Finally, we transfer
the hydrogel solution into a glass mold (length 75 mm, width 45 mm and height 4 mm) for polymerization overnight. Once
polymerized, the hydrogels are cut into pieces with dimension length 37 mm, width 45 mm and height 4 mm and mounted
on a stress–strain tester (Model 5942, Instron). The clamped samples with initial gauge length 4 mm, width 45 mm and
thickness 4 mm are uniaxially stretched with low strain rate  0.06 s  1 and unloaded with strain rate  0.06 s  1. To demonstrate the high toughness of the hydrogel samples, we cut a crack with length around 4 mm (along width direction) in
the sample center (Fig. 1c). As shown in Fig. 1c, the hydrogel (TM-SP2 hydrogel) with a center crack can be stretched for 44
times of the original length.

3. The constitutive model
3.1. The free energy function
The nanoparticle hydrogel consists of nanoparticle-crosslinked polymer networks and water. The free energy of the
hydrogel comes from two parts: stretching the polymer network and the mixing between the polymer chains and water
molecules (Flory and Rehner Jr., 1943; Hong et al., 2008). Therefore, the free energy of the nanoparticle hydrogel per unit
reference volume can be expressed as,

W = Ws + Wm

(1)

where Ws and Wm are free energy density due to stretching the polymer networks, and mixing polymer chains and water
molecules, respectively. The mixing free energy has been modeled by Flory and Rehner by considering the polymer solvent
interactions (Flory and Rehner Jr., 1943; Hong et al., 2008). During the mechanical testing of the nanoparticle hydrogel, the
nominal water concentration of the hydrogel is kept nearly constant (no contact with water and carefully control the
moisture) and the temperature remains at room temperature (25 °C). In addition, the water diffusion time scale
(  (0.04 m)2/1  10  6 m2 s  1  27 min) within the hydrogel is usually much larger than the experimental time scale in the
current paper (loading  2.5 min). Therefore, we assume that the mixing free energy density of the nanoparticle hydrogel
Wm remains constant throughout the mechanical deformation.

Fig. 2. Proposed network model of the nanocomposite hydrogel. (a) The hydrogel consists of layered body-centered cubes. (b) Particle crosslinkers are
located on the corners and the center of the cube. (c) Between a particle pair, polymer chains with (d) inhomogeneous lengths are attached on the particle
surfaces.
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3.2. The network model
3.2.1. The fabricated hydrogel network
In a nanoparticle hydrogel, the nanoparticles act as crosslinkers to bridge the polymer chains into a polymer network
through the ionic and coordination interactions between nanoparticles and the polymer chains (Haraguchi and Takehisa,
2002). For example, the anionic groups of the polymer chains can be ionically bonded to SO−3 and K þ groups which come
from the redox initiator KPS and are attached on the nanoparticle surface. Due to the large aspect area of the nanoparticles,
the nanoparticle surfaces may have a large number of attaching groups (e.g., 4100) which bond a large number of polymer
chains on one nanoparticle crosslinker. The nanoparticles, hooked by the polymer chains, in turn are self-assembled into a
three-dimensional architecture. Experiments with Transmission Electron Microscopy have verified that the nanoparticles
within the polymer networks indeed layout as a three-dimensional periodic architecture with average particle–particle
distance (Williams et al., 2015). Between two particles, the attached polymer chains usually do not have the same chain
length, but have inhomogeneous chain lengths over a wide distribution (Haraguchi, 2011b; Haraguchi and Takehisa, 2002;
Zhao, 2014). This chain inhomogeneity contributes to the high toughness of the nanoparticle hydrogels in that large deformation may first break short polymer chains to partially dissipate elastic energy, while the long polymer chains can still
maintain the elasticity of the hydrogels.
In the current paper, we try to develop a simplest network model to capture the essential polymer network architecture
and polymer chain length inhomogeneity. To simplify the model, we assume that the elasticity of the network only come
from the crosslinking between the polymer chains and the nanoparticle surfaces, without considering the interaction or
entanglement of the polymer chains. Following the essential idea of polymer network models (Erman and Mark, 1997;
Rubinstein and Colby, 2003; Treloar, 1975), we assume that the network is constructed by layering a number of unit cubes to
span over the whole volume of the hydrogel (Fig. 2a). In each unit cube, nanoparticles are located on the corners and centers
in a body-centered fashion: 8 nanoparticles on corners and 1 nanoparticle in the center of the cube (Fig. 2b). One corner
particle and the center particle form a particle pair, and a number of polymer chains attach between the particle pair
(Fig. 2c). The polymer chains between a particle pair do not have the uniform chain length, but follow a non-uniform chainlength distribution function (Fig. 2d).
For a fabricated hydrogel, we assume the particle concentration (the number of particles per unit volume of the fabricated hydrogel) as ηp . Since each cube averagely occupies 2 particles (Fig. 2b), the volume of each cube can be calculated as

vu =

2
ηp

(2)

The size of the cube can be calculated as
1

a=

1
( vu ) 3

⎛ 2 ⎞3
= ⎜⎜ ⎟⎟
⎝ ηp ⎠

(3)

The distance between the center and the corner particles (distance of a particle pair) can thus be written as
1

3
3 ⎛⎜ 2 ⎞⎟ 3
D=
a=
2
2 ⎜⎝ ηp ⎟⎠

(4)

Each unit cube with volume vu occupies 8 particle–particle pairs. The number of particle–particle pairs in a unit volume
of the hydrogel is

ηpair =

8
= 4ηp
vu

(5)

Between each particle pair, we assume that N polymer chains with inhomogeneous chain lengths are attached on the
nanoparticles. Each polymer chain is describe by the Kuhn's polymer theory; that is, a polymer chain is made of a number of
freely jointed Kuhn segments with each segment length b (taken as 1.1  10  10 m through the paper) (Erman and Mark,
1997; Rubinstein and Colby, 2003; Treloar, 1975). We assume that the polymer chains can be classified to m types of chains,
each type with the same Kuhn segment number. We denote the Kuhn segment number (chain length) of the ith polymer
chain as ni , and the number of ith polymer chains as Ni , where 1 ≤ i ≤ m . Without loss of generality, we further assume
n1 ≤ n2 ≤ . . . ni . . . ≤ nm . Therefore, the number of total polymer chains between a particle pair can be calculated as
m

N=

∑ Ni
i=1

(6)

The number of the ith polymer chain follows a statistical probability distribution as

Pi ( ni ) =

Ni
N

(7)
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where the summation of the probability densities should be equal to a unit, i.e., ∑i = 1 Pi (ni ) = 1. The probability density
function Pi (ni ) will be discussed in details in Section 3.4.
Since we assume each of the ith chains is freely jointed with ni Kuhn segments, the fully extended contour length of the
ith chain is ri c = ni b. In the freely joint state, the average end-to-end distance can be approximated as the root-mean-square
distance of the freely jointed Kuhn segments, namely

ri 0 =

ni b

(8)

Under deformation, the end-to-end distance of the ith chain becomes ri , and the stretch of the ith chain can be expressed
as

Λi =

ri
ri0

(9)

where the chain stretch must be in a range, 0 ≤ Λi ≤ ric /ri0 = ni . Assuming the particle size is small, we approximate the
end-to-end distance of ith chain as the particle distance D at the fabricated state, i.e., ri = D .
According to Langevin-chain statistics (Kuhn and Grün, 1942), the chain force on the ith chain at the fabricated state can
be expressed as

fi =

kB T −1 ⎛ ri ⎞ kB T −1 ⎛ D ⎞
L ⎜
L ⎜
⎟
⎟=
⎝ ni b ⎠
⎝ ni b ⎠
b
b

(10)

where L−1 () is the inverse Langevin function, and the Langevin function can be written as
L (x ) = coth x − 1/x .kB = 1.38 × 10−23 m2 kg s−2 K−1is Boltzmann constant, and T is the absolute temperature in Kelvin. It can
be seen from Eq. (10), the chain force becomes smaller as increasing the chain length and the chain becomes more flexible.
Among all chains attached on the particle pair, the largest chain force exists on the first type of chain with Kuhn number n1,
i.e.,

f1 =

kB T −1 ⎛ D ⎞
L ⎜
⎟
⎝ n1b ⎠
b

(11)

If n1 is small enough, the bonding between the polymer chain and the nanoparticle may not be able to sustain the large
tensile chain force. We assume the bonding strength between the polymer chain and the nanoparticle as fstr . The smallest
Kuhn segment number of a polymer chain (i.e., chain length n1 of the first type of the chain) between the particle pair can
thus be calculated as

1

n1 =
L

( )
fstr b
kB T

D
=
b
coth

1

( )
fstr b
kB T

−

kB T
fstr b

D
b

(12)

The Kuhn segment number of other types of polymer chains should be larger than n1, i.e., n1 ≤ n2 ≤ . . . ni . . . ≤ nm , where
nm is the largest Kuhn segment number.
3.2.2. The deformed hydrogel network with chain evolution
When the fabricated hydrogel is under macroscopic mechanical deformation, the distance of the particle pair increases

Fig. 3. Deformation of a body-centered unit cube follows the affined deformation assumption with stretches in three directions (λ1, λ2 and λ3) the same as
those of the macroscopic deformation.
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and the polymer chains are elongated. At the fabricated state, the side lengths of the body-centered cube are a  a  a and
the distance of the particle pair is D = 3 a/2(Fig. 3). At the current state, the hydrogel is under three directional stretch λ1, λ2
and λ3. We assume that the deformation of the body-centered cube follows the affined deformation assumption (Arruda and
Boyce, 1993; Rubinstein and Colby, 2003; Treloar, 1975), and is thus deformed by λ1, λ2 and λ3 in three directions (Fig. 3).
Therefore, the distance of the particle pair becomes

d=

λ12 + λ22 + λ32
2

a=

I1
D
3

(13)

where I1 = λ12 + λ22 + λ32 is the first invariant of right Cauchy Green tensor. The stretch of the particle pair is

Λpair =

d
=
D

I1
3

(14)

Taking the fabricated state as the reference state, we can write the relative stretch of the ith chain as

Fig. 4. Evolution of the polymer network of the nanocomposite hydrogel. (a) The polymer network at the reference state. (b) Under loading, polymer
chains can be detached from the particles to be either inactive (green and purple chains) or become longer active chains (red chains). (c) Under unloading,
long chains can graft on the middle particles (red and yellow chains), and previously detached short chains can also be re-attach on the particles (green
chain). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Λi =

d
=
D

I1
3

(15)

It is also noted that if we take the freely-relaxed state as the reference state, the real stretch of the ith chain is (Λi D) /( ni b).
By assuming the particle size is small, we can approximate the end-to-end distance of ith chain as the particle distance d at
the current state. The chain force on the ith chain at the current state is (Kuhn and Grün, 1942)

fi =

kB T −1 ⎛ ri ⎞ kB T −1 ⎛ D
L ⎜
L ⎜
⎟=
⎝ ni b ⎠
b
b
⎝ ni b

I1 ⎞
⎟
3⎠

(16)

Upon the mechanical loading of the hydrogel, a number of polymer chains can be detached from the particles (Fig. 4ab).
Upon the mechanical unloading, these detached polymer chains may be re-attached or re-organized (Fig. 4c). The microscopic chain evolution leads to stretch-induced softening and the hysteresis of the cyclic stress–strain behaviors, so called
Mullins effect (Carlsson et al., 2010; Haraguchi, 2011b; Mullins and Tobin, 1965). A number of theories have been proposed
to study the Mullins effect of elastomers and hydrogels, such as domain evolution theory (Johnson and Beatty, 1993; Mullins
and Tobin, 1965; Qi and Boyce, 2004), damage theory (Blanchard and Parkinson, 1952; Bueche, 1960; Govindjee and Simo,
1991; Lion, 1996), network alteration theory (Chagnon et al., 2006; Marckmann et al., 2002; Zhao, 2012) and phenomenological theory (Dorfmann and Ogden, 2003; Miehe, 1995; Ogden and Roxburgh, 1999). Here, we study the Mullins effects of
particle hydrogel network by considering the chain detachment and evolution during the mechanical loading–unloading.
The goal is to use the simplest model to capture the network evolution process of the stressed nanocomposite hydrogels and
elucidate the physical essence of the Mullins effects of the nanocomposite hydrogels under large deformation.
We assume that during the loading–unloading history the hydrogel undergoes largest deformation denoted with the
maximum of the first invariant of right Cauchy Green tensor, i.e.,

(

Imax = λ12 + λ22 + λ32

)max

(17)

The corresponding largest relative stretch and largest chain force of the ith chain respectively are

Imax
3

( Λi )max =
( fi )max

(18)

⎡ D
k T
= B L−1 ⎢
b
⎣ ni b

Imax ⎤
⎥
3 ⎦

(19)

3.2.2.1. The chain detachment. When the hydrogel is under virgin mechanical loading with I (I = Imax ), the tensile chain force
on the ith chain fi is given in Eq. (16). If fi is equal to or larger than the maximum attachment strength on the particles fstr ,
the ith chain will be detached from the particles (e.g., purple and green chains in Fig. 4b). Here we consider the bonding
between the polymer chain and particles is physical bonding, we thus assume that the attachment strength is much smaller
than the fracture strength of the polymer chain, and we only consider chain detachment without chain fracture (Haraguchi,
2011b; Haraguchi and Takehisa, 2002). Due to chain detachment, the short chains will be detached, leaving only long chains
attaching between particles. The critical chain length can be calculated by

fi =

kB T −1 ⎛ D
L ⎜
b
⎝ ni b

I1 ⎞
⎟ = fstr
3⎠

(20)

We thus can calculate the critical chain length nc as

1

nc =
L

( )
fstr b
kB T

D
b

I1
3

(21)

where nc ≥ n1 and nc is the chain length of the cth type of chain (c ≥ 1). It can be seem from Eq. (21), the critical chain length
nc increases with the strain invariant I1. During the load–unloading history, the maximum critical chain length is

1

nmc =
L

( )
fstr b
kB T

D Imax
b
3

(22)

where nmc is the chain length of the mcth type of chain.
After chain detachment, the length of the active chains should be always larger than nc , i.e., nc ≤ nc + 1.... ≤ nm . The number
of active chains between a particle pair can be expressed as
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m

∑ Nia = ∑ Pi N
i=c

(23)

i=c

where Nia = Pi N is the number of the active ith polymer chains (i ≥ c ).
3.2.2.2. The network alteration. During the mechanical loading (virgin loading with I1 = Imax or non-virgin loading with
I1 ≤ Imax ), a portion of detached short chains may become active long chains (illustrated as the red chain from Fig. 4a to b). To
capture this effect, we follow the network alteration theory to model the number of the active chains to be an exponential
function with the chain stretch as (Chagnon et al., 2006; Marckmann et al., 2002; Ogden and Roxburgh, 1999; Zhao, 2012)

⎡ ⎛ I
⎞⎤
Nia
= exp ⎢ α1 ⎜ max − 1⎟ ⎥
Ni
3
⎠ ⎥⎦
⎣⎢ ⎝

(24)

where Nia is the active chain number of the ith chains after the network alteration, α1 is a positive parameter, and c ≤ i ≤ m .
It is noted that during the virgin loading Imax in Eq. (24) is equal to I1, while Imax ≥ I1 during the non-virgin loading.
During the mechanical unloading with I < Imax , a number of polymer chains can reorganize or re-attach on the particles.
First, during the mechanical unloading the stretched long chains may become relaxed and may graft on the middle particles
(see red and yellow chains in Fig. 4c); therefore, the long chain number may decrease by a portion. We model the long chain
grafting during the unloading as (Chagnon et al., 2006; Marckmann et al., 2002; Ogden and Roxburgh, 1999; Wang and
Hong, 2011; Zhao, 2012)

⎡ ⎛ I
⎡
⎞⎤
⎛ I
Nia
= exp ⎢ α1 ⎜ max − 1⎟ ⎥ exp ⎢ −α2 ⎜ max −
⎢⎣
Ni
3
3
⎠ ⎥⎦
⎝
⎣⎢ ⎝

I1 ⎞ ⎤
⎟⎥
3 ⎠ ⎥⎦

(25)

where α2 is a positive parameter, and Eq. (25) is only for the long chains with chain length nmc ≤ ni ≤ nm .
Second, the long chain grafting during unloading can in turn contribute to the increasing of shorter chains with chain
length nc ≤ ni < nmc . In addition, the re-attachment of the detached shorter chains (nc ≤ ni < nmc ) can also increase the
number of these short chains (green chain in Fig. 4c). Following a similar exponential function as Eq. (25), we model the
short chain number restoration as (Chagnon et al., 2006; Marckmann et al., 2002; Ogden and Roxburgh, 1999; Wang and
Hong, 2011; Zhao, 2012)

⎡
⎛ I
Nia
= exp ⎢ −α3 ⎜ max −
Ni
3
⎝
⎣⎢

I1 ⎞ ⎤
⎟⎥
3 ⎠ ⎥⎦

(26)

where Eq. (26) is only for nc ≤ ni < nmc . α3 can be positive with Nia < Ni or negative with Nia > Ni .
3.3. Stress–stretch relationship
The free energy of deforming the hydrogel network comes from the free energy of deforming all polymer chains between
the particle pairs. Since the particle volume fraction is very small, we assume that the effect of nanoparticles on the overall
free energy of the hydrogel is negligible. In a unit reference volume of the hydrogel, the particle pair number is ηpair = 4ηp
(Eq. (5)). Therefore, the free energy of the polymer network per unit volume of the deformed hydrogel can be calculated as
m

Ws = 4ηp ∑ ⎡⎣ ωi ( ni , Λi ) Nia ⎤⎦
i=c

(27)

where Nia is the number of active ith chain given in Eqs. (25)–(27) during the mechanical loading or unloading, and the free
energy of the deformed ith chain can be calculated by (Kuhn and Grün, 1942)

⎡ β
⎛ β ⎞⎤
i
i
⎟⎥
ωi ( ni , Λi ) = ni kB T ⎢
+ ln ⎜
⎢⎣ tanh βi
⎝ sinh βi ⎠ ⎥⎦
r
L−1 ( n ib )
i

ΛD
L−1 ( ni b ),
i

(28)

where βi =
=
L−1 () is the inverse Langevin function, and Λi = I1/3 given by Eq. (15).
It is noted that in Eq. (28) we assume that any polymer chains with the same length, including initially-attached and
reattached chains, have the same stretching free energy at a certain macroscopic strain invariant I1. It is understood in the
following way. Under mechanical loading, when the chain force fi of the ith chain is larger than the attaching strength fstr ,
the polymer chain is detached from the particle. Once detached, the stretching free energy of this polymer chain is not
counted into the total stretching free energy of the network. However, it does not mean that the polymer chain spontaneously relaxes the end-to-end distance back to ni b, because this relaxation process within a solid hydrogel matrix takes
time. The chain length relaxation process is usually modeled by de Gennes’ reptation model (de Gennes, 1971; Rubinstein
and Colby, 2003) which gives the chain diffusion coefficient as Dc = (kB T ) /(ni ς ), where ς is the friction coefficient per Kuhn
segment. Therefore, the chain relaxation time scale can be estimated as (d − ni b)2 /Dc , where d is the particle distance when
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the polymer chain is detached. If we input some characteristic values for the parameters, such as ni = 1000, d = 4D = 400b,
b ¼1.1  10  10 m, and ς ≈ 1  10  5 kg s  1 (de Gennes, 1971; Rubinstein and Colby, 2003), the chain relaxation time can be
estimated as 66 min that is much larger than the experimental time scale (loading–unloading  5 min). Under this assumption, we argue that during the period between the detaching and unloading-reattaching, the polymer chain probably
nearly unchanges the end-to-end distance. When the hydrogel is unloaded, the polymer chain probably re-attaches back to
the particle (reflected by Eq. (26)) with nearly unchanged end-to-end distance.
We assume that the hydrogel network is incompressible. Since we fix the free energy density due to the mixing Wm to be
constant, we can write the principal stress as

∂Ws
−Π
∂λ1

(29a)

σ 2 = λ2

∂Ws
−Π
∂λ2

(29b)

σ1 = λ3

∂Ws
−Π
∂λ3

(29c)

σ1 = λ1

where Π is the hydrostatic pressure to enforce the incompressibility.
If we consider a pure-shear uniaxial tension, the uniaxial stretch is λ1 = λ and the transverse stretches are λ2 = λ−1 and
λ3 = 1 (Fig. 1ci–cii). By considering the stresses in transverse directions vanish, the true stress in the uniaxial tension direction can be derived as

σ1 = 4ηp kB T

m ⎛
Nia βi ⎞
D 2
⎟⎟
λ − λ−2) ∑ ⎜⎜
(
b
i = c ⎝ 3I1 ⎠

(30)

The nominal stress can thus be written as

s1 = 4ηp kB T

D
λ − λ− 3
b

(

m

⎛ Nia β ⎞
i⎟
⎟
3I1 ⎠

) ∑ ⎜⎜⎝
i=c

(31)

Similarly, if we consider a uniaxial tension with λ1 = λ and λ2 = λ3 =
can be calculated as

s1 = 4ηp kB T

λ−1/2,

the nominal stress along the stretching direction

m ⎛
Nia βi ⎞
D
λ − λ− 2 ) ∑ ⎜
⎟
(
b
⎝ 3I ⎠
i=c

(32)

3.4. Chain length distribution
We consider the length distribution of the polymer chains bridging two particles by following Bueche (1960). Between a
particle pair, N polymer chains are attached on with Kuhn segment n1 ≤ n2 ≤ . . . ni . . . ≤ nm . Assuming the particle is small,
we approximate the end-to-end distance of ith chain as the particle distance D at the fabricated state. Following Gaussian
statistics, if one end of ith chain is attached to one particle surface, the chance that nith Kuhn segment along the ith chain is
within a distance ΔD of position D can be considered as a 1D random-walk problem (Fig. 5), with the probability expressed
as (Bueche, 1960; Flory, 1953; Rubinstein and Colby, 2003; Treloar, 1975),
1

⎛ 3D 2 ⎞
⎛ 3 ⎞2
⎟ ΔD
P1 = ⎜
⎟ exp ⎜ −
2
⎝ 2π n i b ⎠
⎝ 2ni b2 ⎠

(33)

where the Kuhn length is b and ni is the Kuhn segment number of the ith chain. It is noted that this 1D random walk model
is different from commonly used 3D random walk model for 3D behaviors of a polymer chain. This 1D random walk model is

Fig. 5. Chain attaching model between a particle pair.
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valid because we only consider the chain-length distribution between two particles (Bueche, 1960); however, 3D random
walk model may involve more than one particle pair (e.g., 8 particle pairs in the current situation). This 1D random walk
model to formulate the chain length distribution between a particle pair has been widely accepted and adopted (Bueche,
1960; Dargazany and Itskov, 2009; Diani et al., 2009; Govindjee and Simo, 1991).
When looking closer into the nith segment, we consider the thermal-driven random motion of the nith segment actually
induces perturbation around a small volume (Fig. 5). This small volume can be approximated as a sphere with radius b. We
further assume the random motion of the nith segment coincides with the perturbation ΔD of the ending point of the chain.
Therefore, we can approximate the perturbation distance ΔD the nith Kuhn segment around the position D as

(34)

ΔD ≈ b

We denote the chance that the nith Kuhn segment (spanning ΔD around the position D ) can attach on the particle
surface as κ . We calculate κ in the following way. We assume the radius of the particle as r . On each particle surface, Nsite
active sites exist to form ionic or coordination interactions with the polymer chains. The number of such active site highly
depends on the deposition of the redox initiator upon the particle surface. On the particle surface, the average area per
active site is thus written as

Asite =

4π r 2
Nsite

(35)

The probability that the nith Kuhn segment with a length b can attach on such active site can be approximated as the
ratio between the spanning area of the nith Kuhn segment (Fig. 5) and the area of one active site, i.e.,

κ=

πb2
b2Nsite
=
Asite
4r 2

(36)

where we can also callκ as the activity of the particle surface. The particle surface activity increases monotonically with the
number of active sites on the particle surface, and decreases with the particle size r .
Based on Eqs. (33)–(36), we can calculate the probability that nith Kuhn segment of the ith chain attach on another
particle surface (one end has attached on one particle surface) is
1

⎛ 3D 2 ⎞
⎛ 3 ⎞2
⎟
P2 = P1κ = bκ ⎜
⎟ exp ⎜ −
2
⎝ 2π n i b ⎠
⎝ 2ni b2 ⎠

(37)

Here, we consider two ends of the ith chain attach on two particles and we thus should also exclude the situation that
the middle Kuhn segments attach on particle surfaces. The probability shorter Kuhn segments (1st to (ni 1)th) cannot
attach to the particle surface can be expressed as
1
⎡
⎛ 3D 2 ⎞ ⎤
ni − 1
⎛ 3 ⎞2
⎟ exp ⎜ −
⎟⎥
P3 = Π ⎢ 1 − bκ ⎜
2
⎝ 2πsb ⎠
s= 1 ⎢
⎝ 2sb2 ⎠ ⎥⎦
⎣

(38)

In is noted that if a polymer chain attach on a particle via a middle Kuhn segments, rather than the ending segments, the
polymer chain should be treated as two chains with shorter lengths, respectively. Combining Eqs. (37) and (38), we can
compute the probability that the ith chain with Kuhn number ni attach on a particle pair with distance D as

Fig. 6. Probability densities

Pi

plotted as functions of chain lengths n for varied (a) particle distances D/b and (b) particle activity κ .
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P4 (ni ) = P2 P3

(39)

Eq. (39) can be explicitly written as (Dargazany and Itskov, 2009; Govindjee and Simo, 1991),
1

⎧
⎛ 3 ⎞2
κ ⎡
D
−G
πni erf
P4 ( ni ) = κ ⎜
⎟ exp ⎨ −G −
⎢ 6n i e + 3
⎝ 2π n i ⎠
⎩
π⎣
b

( G) −

6 e−Gni − 3

D
π erf
b

(

⎤⎫
Gni ⎥ ⎬
⎦⎭

)

(40)

where G = 3D2/(2ni b2). To normalize P4 (ni ), we enforce a factor P̄ to obtain Pi (ni ) in Eq. (7), i.e.,

Pi ( ni ) = P4 ( ni ) P¯

(41)
m

so that the summation of Pi (ni ) equals to a unit, i.e., ∑i = 1 Pi (ni ) = 1.
From Eqs. (40) and (41), we can see that the chain length distribution density Pi (ni ) is a function of particle pair distance
D/b and the activity of the particle surface κ . With increasing chain length, the probability density increases first and then
decreases with a highest probability at the median chain length. The larger the particle pair distance, the more long chains
can attach on the particles. Therefore, the chain length with the highest probability increases with the increasing particle
pair distance D/b (Fig. 6a). Moreover, with the higher activity of the particles, it is more probable that the polymer chains
with chain length of wider distributions. As shown in Fig. 6b, increases with the particle activity κ the half-height width of
the probability distribution increases.

Fig. 7. Effect of chain detachment on the stress–stretch behaviors of the nanocomposite hydrogels. (a) The probability density plotted as a function of the
chain length. nc denotes the critical chain length of the detaching chains. (b) The critical chain length nc and (c) normalized nominal stress plotted as
functions of increasing stretch λ and varied bonding strength fstr. (d) The energy dissipation ratio plotted as a function of increasing bonding strength. The
inset schematic illustrates the stored elastic energy during the loading and unloading, Eload and Eunload, respectively. ΔE¼ Eload  Eunload denotes the dissipated energy during a loading–unloading cycle.
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4. Results
In this section, we will study the stress–stretch behaviors of the nanocomposite hydrogels under uniaxial large deformation with the aid of Eqs. (31), (32) and (41). We will examine the effects of the chain detachment, network alteration,
particle concentration, and particle size on the cyclic tensile mechanical behaviors of the nanocomposite hydrogels. Theoretical predictions will be compared with the experimental results of the nanosilica hydrogels.

Fig. 8. Effects of chain alternation on the cyclic stress–stretch behaviors of the nanocomposite hydrogels. Nominal stresses plotted as functions of varied
stretch for varied (a) chain loading alteration coefficient α1, (c) chain unloading alteration coefficient α2 and (d) chain unloading re-attachment coefficient
α3. (b, d and f) The corresponding energy dissipation ratios plotted as functions of chain alternation coefficients α1, α2 and α3, respectively.
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4.1. Effect of chain detachment
At the fabricated state, the shortest chains that can attach on the particles have chain length n1 (Eq. (15)). Under deformation, all chains with shorter length than nc (gray shadow part) are detached from the particle (Fig. 7a). The critical
detachment chain length nc can be calculated by Eq. (21), where the maximum first invariant of right Cauchy Green tensor is
Imax = (λ2 + λ−2 + 1)max , λ is the uniaxial stretch under a pure-shear stretching condition. As shown in Fig. 7b, the critical
detachment chain length nc monotonically increases with the increasing uniaxial stretch λ . In addition, as the bonding
strength fstr increases, less chains can be detached from the particles; therefore, the critical detachment chain length nc
decreases with increasing bonding strength (Fig. 7b). For the extreme case, when fstr is infinitely large, no chains can be
detached from the particles during the deformation.
The detached chains release the free energy of these chains, not only affecting the stress–strain behaviors during the
mechanical loading but also inducing energy dissipations through the loading–unloading cycles. To examine the sole effect
of chain detachment, we here neglect the network alteration effects in Section 3.2.2.2, namely α1 = α2 = 0 and α3 = ∞, and
plot the cyclic stress–stretch behaviors of the nanocomposite hydrogels for various chain-particle bonding strength in
Fig. 7c. With increasing stretch, nominal stress first increases and then become softened due to the chain detachment
(Fig. 7c). The larger the bonding strength fstr , the stress-softening occurs starting from a larger stretch. If a significant portion
of the polymer chains are detached from the particles, the nominal stress may even become decreasing with the increasing
stretch (e.g., fstr b /(kB T ) = 1.5 or 2 in Fig. 7c). This negative stress-softening behavior can lead to the so called necking
instability of the hydrogel, which will be discussed in details in Section 5.2 and Fig. 13.
Due to the chain detachment during the mechanical stretching, the stress response of the unloading part is smaller than
the loading part, resulting in the Mullins effect (Fig. 7c) (Mullins and Tobin, 1965). Due to the Mullins effect, a portion of
elastic energy is dissipated by exhibiting the hysteresis through a loading–unloading cycle. To quantify the energy dissipation, we denote the stored elastic energy of the stretching loading part as Eload and that of the unloading part Eunload (see
inset of Fig. 7d). The hysteresis of the loading–unloading loop dissipates elastic energy ΔE = Eload − Eunload . Here, we further
define the energy dissipation ratio as

ψ=

ΔE
Eload

(42)

We plot the dissipated energy ratio as a function of the chain-particle bonding strength. With increasing the bonding
strength, the smaller portion of polymer chains can be detached during the mechanical loading; therefore, the loading–
unloading hysteresis dissipates smaller portion of elastic energy (Fig. 7d). As the bonding strength increases to large enough
(e.g., fstr b /(kB T ) ≥ 10 ), the energy dissipation ratio decreases to nearly zero as almost no polymer chains are detached
(Fig. 7d).
4.2. Effect of network alteration
Besides the effects of the chain detachment, the Mullins effect of the nanocomposite hydrogels can also be attributed to
the effects of the network alterations during the mechanical loading–unloading (Fig. 8). First, the chain detachment may
increase the number of long chains (nc ≤ ni ≤ nm ) (see red chains in Fig. 4ab), indicated by the parameter α1. According to Eq.

Fig. 9. The comparison of experimentally measured and theoretically predicted stress–stretch behaviors of the nanocomposite hydrogels. (a) Three
samples are tested for one cycle but with varied maximum stretches. (b) One sample is tested for three sequential cycles with different maximum stretches.
The following parameters are employed to plot the curves: D/b = 100 ,κ = 0.0058, α1 = 0.01, α 2 = 1.2, α3 = 0.2, fstr b/(kB T ) = 4 and ηp = 8.2 × 1019m−3. (For
interpretation of the references to color in this figure, the reader is referred to the web version of this article.)
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(25), with increasing α1 more long chains are generated by the detachment of short chains (n1 ≤ ni < nc ), thus leading to
higher stress response in the mechanical loading (Fig. 8a). Besides, due to the energy saving by generating long chains, less
energy is dissipated by the chain detachment (Fig. 8b).
Second, during the mechanical unloading, the grafting of long chains on the middle particles may transit a number of
long chains (nmc ≤ ni ≤ nm ) to shorter chains (nc ≤ ni ≤ nmc ) (see red and yellow chains in Fig. 4c). The chain grafting effect
during the mechanical unloading is parameterized by α2, and larger α2 indicates more long chains disappear by the chain
grafting (Eq. (26)). By fixing other parameter, increasing α2 does not affect the stress response in the loading part, but leads
to lower stress response in the unloading parts (Fig. 8c). Therefore, the energy dissipation ratio increases with increasing α2
as shown in Fig. 8d.
Third, in the mechanical unloading, due to chain grafting and chain re-attachment (Fig. 4c), a number of the previously
detached short chains (nc ≤ ni ≤ nmc ) can become active again. This healing effect of the short chains is indicated by
parameter α3 in Eq. (27). With decreasing α3, more active short chains (nc ≤ ni ≤ nmc ) are generated during the mechanical
loading, thus generating higher stress response in the unloading parts in Fig. 8e. It is noted that when α3 is negative, the
number of active short chains can be higher than the original one at the fabricated state, because the grafting of long chains
during the mechanical unloading may induce significant amount of short chains. Due to healing effect, smaller energy
dissipation can thus be expected with decreasing α3 (Fig. 8f).
4.3. Cyclic tension test
We next compare the theoretical prediction presented in Eq. (31) with the experimentally measured stress–stretch
behaviors of the uniaxially cyclic tension tests. In Fig. 9a, three samples (TM-SP2) with the same size (initial gauge dimension: length 4 mm, width 45 mm and thickness 4 mm) are loaded and unloaded with uniaxial pure-shear tension for
one cycle with various maximum stretches (λmax ¼2, 4 and 6). The theoretical predictions match the experimental results
consistently by setting α1 = 0.01, α2 = 1.2, α3 = 0.2 and fstr b /(kB T ) = 4 (Fig. 9a). By using the same set of parameters, the
theoretical predictions can also agree relatively well with the experimentally measure stress–stretch behaviors of a sequential cyclic tensions of a TM-SP2 hydrogel sample (Fig. 9b). It is noted that due to the Mullins effect the stress–stretch
behaviors of the non-virgin loading part should follow the unloading route of the previous cycle (see the intersection
between the solid red line and dashed black line, or between the dashed black line and the dotted pink line) (Fig. 9b). The
experimentally observed behaviors may offset in the intersection parts but still qualitatively follow the theoretical predictions (Fig. 9b). The discrepancy may come from the viscoelasticity of the hydrogel that we have not considered in the
current model.
4.4. Effect of particle concentration
The stress–stretch behaviors can be significantly affected by the particle concentration in the nanocomposite hydrogels.
First, the nominal stress is a linear relationship with the particle concentration ηp (Eqs. (31) and (32)). Second, the particle
concentration ηp is directly related to the distance of the particle through Eq. (4), thus affecting the chain length distribution

Fig. 10. Effects of particle concentrations on the stress–stretch behaviors of the nanocomposite hydrogels. (a) Chain probability density plotted as functions
of the chain length for varied particle pair distance. (b) Experimentally measured (Carlsson et al., 2010) and theoretically predicted stress–stretch behaviors
of the nanocomposite hydrogels for varied particle concentrations. “SP5”, “SP2” and “SP1” denotes particle concentration ηp = 20.5 × 1019m−3,
ηp = 8.2 × 1019m−3 and ηp = 4.2 × 1019m−3, respectively (Table 1). The following parameters are employed to plot theoretical curves in (b): α1 = 0.01,
α 2 = 0.8, α3 = 0.2, fstr b/(kB T ) = 4 .

142

Q. Wang, Z. Gao / J. Mech. Phys. Solids 94 (2016) 127–147

through Eqs. (40) and (41). For example, the particle distances of the nanocomposite hydrogels with particle concentration
4.1 × 1019m−3 (TM-SP1), 8.2 × 1019m−3 (TM-SP2) and 20.5 × 1019m−3 (TM-SP5) (see Table 1) can be respectively calculated as
D/b = 73.7, 100 and 126, thus showing varied chain length distribution in Fig. 10a. Carlsson et al. (2010), measured the
stress–stretch behaviors of nanocomposite hydrogels with varied particle concentrations, shown in Fig. 10b. The uniaxial
tension tests are performed by setting the initial gauge length is much larger than the width; therefore, the stretch state
should be λ1 = λ and λ2 = λ3 = λ−1/2. The nominal stress–stretch relationship can be written as Eq. (32), which is plotted for
nanocomposite hydrogels with various particle concentrations in Fig. 10b. The theoretical predictions for high particle
concentrations (SP5 and SP2) quantitatively agree with the experimental results (Carlsson et al., 2010), while the prediction
for the low concentration case (SP1) only shows qualitative agreement. The discrepancy is probably because that the hydrogel with lower particle concentration is softer and thus may show more evident viscoelastic effect that the current model
does not consider.
4.5. Effect of particle size
The particle size can also affect the stress–stretch behaviors of the nanocomposite hydrogels. The particle size may affect
two physical parameters: the particle activity κ in Eq. (36) and the attaching chain number N between the particle pair in Eq.
(6). For the particles we consider in the current paper, we assume the particles are fabricated with the same method, and we
deposit the same amount of redox initiators (See Table 1); therefore, we assume the number of the active sites Nsite for
attaching polymer chains is proportional to the surface area of the particle (~4πr 2). Therefore, the particle activity κ in Eq.
(36) is the same for the particles considered in the current paper. In turn, the number of active sites on a particle can be
expressed as

Nsite =

4r 2κ
b2

(43)

We further assume each active site has been bonded to a polymer chain. Since the active sites on one particle should be
averagely connected to polymer chains for 4 particle pairs (Figs. 2 and 3), the attaching chain number (Eq. (6)) between as
particle pair can thus be approximated as

N~

Nsite
r 2κ
= 2
4
b

(44)

which shows that N is proportional to the square of the particle size r .
Here, we examine the effects of particle sizes by using three types of particles with size r ¼7.5 nm (TM-SP2), 4.5 nm (HSSP2) and 2.5 nm (SM-SP2), respectively (see Table 1) (Rose et al., 2014). To isolate the effect of the particle sizes, we set the
particle concentration in the hydrogel to be the same, thus the chain length distribution the same for three samples with
varied particle sizes (Fig. 11a). The predicted stress–stretch behaviors by using Eqs. (44) and (31) quantitatively agree with
the measured experimental results for various particle sizes (Fig. 11b). Existing discrepancy comes from the unconsidered
viscoelastic effects mentioned in Sections 4.3 and 4.4, as well as the assumption that the active site number is proportional

Fig. 11. Effects of particle sizes on the stress–stretch behaviors of the nanocomposite hydrogels. (a) Chain probability density plotted as functions of the
chain length for varied particle pair distance. (b) Experimentally measured and theoretically predicted stress–stretch behaviors of the nanocomposite
hydrogels for varied particle sizes. “TM”, “HS” and “SM” denotes nanoparticles with radius r ¼ 7.5 nm, r¼ 4.5 nm and r ¼ 2.5 nm, respectively (Table 1). The
following parameters are employed to plot theoretical curves in (b): α1 = 0.01, α 2 = 0.8, α3 = 0.2, fstr b/(kB T ) = 4 , Nsite ¼ 108 (r¼ 7.5 nm), Nsite ¼ 39 (r¼ 4.5 nm)
and Nsite ¼12 (r¼ 2.5 nm).
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Fig. 12. (a) A schematic to show the molecular structure of the nanoclay hydrogel. Figure from reference (Haraguchi et al., 2002). The experimentally
measured and theoretically predicted stress–stretch behaviors of (b) uniaxial stretching nanoclay hydrogels with varied nanoclay concentrations and (c) a
nanoclay hydrogel under a cyclic loading–unloading. The experimental data in (b) and (c) are reproduced from Haraguchi et al. (2002) and Klein et al.
(2015), respectively. The following parameters are employed to plot theoretical curves in (b) and (c): κ = 0.0058, α1 = 0.01, α 2 = 1.2, α3 = 0.2,
fstr b/(kB T ) = 4 and Nsite ¼ 108.
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to the surface area. It is highly possible that the smaller particles have stronger capability to absorb more redox initiators per
unit surface area, which, however, is not considered in this section.

5. Applications of the theory
Besides the silica nanoparticles used in Sections 2 and 4, a number of nanoparticles have been used to crosslink polymer
chains into nanocomposite hydrogel networks, including nanoclay, silsesquioxane, titania, graphene oxcide and carbon
nanotubes (Carlsson et al., 2010; Haraguchi, 2007, 2011a,b; Haraguchi et al., 2003, 2007, 2002, 2011; Haraguchi and Li, 2006,,
2005; Haraguchi and Song, 2007; Haraguchi and Takehisa, 2002; Huang et al., 2007; Ren et al., 2011; Wang et al., 2010). The
theory constructed in the current paper can be useful not only for the nanosilica hydrogels, but also probably for hydrogels
with other nanoparticle crosslinkers. In this section, we will apply the theory to predict the mechanical behaviors of the
nanoclay hydrogels that use exfoliated nanoclay particles to crosslink polymer chains N,N-Dimethylacrylamide or N-Isopropylacrylamide (Fig. 12a) (Haraguchi, 2007, 2011b; Haraguchi and Takehisa, 2002).
5.1. Stress–strain behaviors of nanoclay hydrogels
To synthesize the nanoclay hydrogels, Haraguchi, et al. used Laponite XLG nanoclays that are in disk shape
with dimension around 30 nm in diameter and 1 nm in thickness (Fig. 12a) (Haraguchi, 2007, 2011b; Haraguchi and
Takehisa, 2002). The active sites on the nanoclay surfaces form physical bonds with the polymer chains and thus
crosslink the polymer chains into networks. Haraguchi et al. (2003) measured the stress–stretch behaviors of the nanoclay hydrogels with various nanoclay concentrations as reproduced in Fig.12b. The stress responses increase with
increasing clay concentrations.
To model the nanoclay hydrogels here, we approximate the disk-shaped nanoclays (Fig. 12a) as spherical particles as

Fig. 13. (a) Experimentally observed necking instability of the composite hydrogel with both nanoclay and organic crosslinkers (Haraguchi et al., 2006). The
stress–stretch behaviors of (b) the networks with nanoclay crosslinkers and organic crosslinkers, respectively, and (c) the interpenetrating network with
both crosslinkers. (d) The theoretically predicted and experimentally measured stress–stretch behaviors of the composite hydrogel with both crosslinkers
through necking instability. The following parameters are employed to plot theoretical curves in (b–d): D/b = 100 , κ = 0.00195, α1 = 0.01, α 2 = 1.2, α3 = 0.2
fstr b/(kB T ) = 1.24 , Nsite ¼ 108, and norg = 200 .
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shown in Figs. 2 and 3. To ensure the same number of active sites on nanoparticle surfaces, we set the surface area of the
spherical particles the same as that of the nanoclays by assuming the active site densities on both nanoparticles are the
same. Therefore, the radius of the spherical nanoparticles is calculated as 7.5 nm. Following the similar procedure in Section
4.4, we estimate the particle distance D, and use Eq. (32) to plot out the stress–stretch behaviors of the nanoclay hydrogels
for various nanoclay concentrations in Fig. 12b. The theoretical predictions match consistently with the experimental results
(Haraguchi et al., 2003). In addition, by following Eq. (32), the cyclic stress behaviors can also be predicted, in good
agreement with the experimentally measured results (Klein et al., 2015).
5.2. Necking instability of nanocomposite hydrogels with both nanoclay and organic crosslinkers
Haraguchi et al. (2006) incorporated both nanoclay crosslinkers and organic crosslinkers within the nanocomposite
hydrogels and found out the hydrogels exhibited necking instability under the uniaxial tension (reproduced in Fig. 13a). We
can understand the necking instability of the composite hydrogel as follows. We consider that the hydrogel consists of two
interpenetrating networks: the nanoclay crosslinked network and organically crosslinked network. The free energy density
of stretching the composite hydrogel can thus be written as

Wcom = Wnano + Worg

(45)
m
4ηp ∑i = c

where the free energy density of the nanoclay network Wnano =
[ωi (nia , Λi ) Nia ] comes from Eq. (28) and Wchem is the
free energy density of stretching the organically crosslinked network. Here, we model the organically crosslinked network
by following the eight-chain model (Arruda and Boyce, 1993) with the free energy density expressed as

⎡ β
⎛ β
⎞⎤
org
org
⎟⎟ ⎥
Worg = Norg norg kB T ⎢
+ ln ⎜⎜
⎢⎣ tanh βorg
⎝ sinh βorg ⎠ ⎥⎦
where norg is the average chain length, Norg is the chain number per unit volume of the network, βorg =

(46)
L−1 (Λ

org /

norg ),

Λorg = I1/3 is the chain stretch of the organically crosslinked polymer chain and I1 is the first invariant of the right Cauchy
Green tensor. Under pure-shear uniaxial stretch with λ1 = λ and λ2 = λ3 = λ−1/2, the nominal stress of the composite hydrogel
consists two parts, namely

scom = snano + sorg

(47)

where the nominal stress of the nanoclay-crosslinked network snano can be written as Eq. (32), and the nominal stress of the
chemically crosslinked network can be calculated from Eq. (46) as,

sorg =

Norg norg kB Tβorg
3Λorg

( λ − λ− 2 )

(48)

We hypothesize that necking instability of the nanocomposite hydrogels with two interpenetrating networks is due to
breaking of the nanoclay networks with short polymer chains and backing-up of the organic networks with long polymer
chains. During the stretching, the nanoclay-assisted polymer chains are first stretched out and detached from the nanoclays
due to short chain length or small polymer-particle bonding strength; therefore, the stress response of the nanoclay network first quickly goes up, and then goes down due to the chain detachment (Eq. (32), Fig. 13b). However, the stress
response of the organically crosslinked polymer network, consisting of long polymer chains, slowly increases with the
increasing stretch (Eq. (48)). At low stretch λ, the nanoclay network dominates over the organically crosslinked network;
while at high stretch λ, most of the nanoclay-bonded chains are detached and the organically crosslinked network prevails.
Overall, the nominal stress response of the composite hydrogel, predicted by Eq. (48), goes up, down and up again as shown
in Fig. 13c. According to Maxwell rule (Abeyaratne and Knowles, 2006; Ericksen, 1998; Gurtin, 2012), two states, thick region
with stretch λ1 and thin region with stretch λ2, coexist in the hydrogel when the area of the two shaded regions A1 and A2
have the same area in Fig. 3c. Experimentally (images in Fig. 3a and data in Fig. 3d) (Haraguchi et al., 2006), the nominal
stress first increases to the peak point and the necking of the bar sets in with the stress quickly relaxed to the stress level for
the coexistence state. Upon further stretching, the minimal stress maintains while the thin necking region propagates with
the consumption of the thick region of the bar. Once the hydrogel bar totally thins down, the nominal stress increases again.
As shown in Fig. 13d, our theory can consistently predict the stress–stretch behaviors of the stretching bar through the
necking instability.

6. Conclusive remarks
In Summary, we present a constitutive model for nanocomposite hydrogels with only nanoparticle crosslinkers. We
consider the nanoparticles form physical bonds with the polymer chains and crosslink the polymer chains into bodycentered microarchitectures. Between two particles, a number of polymer chains with inhomogeneous lengths are attached
on the particles. Once deformed, the polymer chains with inhomogeneous chain lengths are sequentially detached from the

146

Q. Wang, Z. Gao / J. Mech. Phys. Solids 94 (2016) 127–147

particles. We further consider the polymer chains can evolve with chain alteration and re-attachment. We show that our
constitutive model can well predict the experimentally observed Mullins effects of the nanocomposite hydrogels under
multiple loading–unloadings. By using the model, we can also capture the effects of the particle concentrations and size on
the cyclic stress–stretch behaviors of nanocomposite hydrogels, in good agreement with experimental results of model
nanosilica hydrogels. In addition to nanosilica hydrogels, we further show that the constitutive theory is also applicable to
revealing the mechanical behaviors of the hydrogels with only nanoclay crosslinkers, and the necking instability of composite hydrogels with both nanoclay and organic crosslinkers.
We note that in this model we assume that any polymer chains with the same length, including initially-attached and
reattached chains, have the same stretching free energy at a certain macroscopic strain invariant I1 (illustrated by Eq. (28)).
This assumption is only valid when the chain relaxation time scale is much larger than the loading–unloading time scale.
When the chain relaxation time scale is comparable or smaller than the loading–unloading time scale, the reattached
polymer chains should not be treated with the same stretching free energy as the initially attached chains. Under these
conditions, more careful assessment on the kinetics of the chain detaching-reattaching is indispensably needed (Green and
Tobolsky, 1946; Hui and Long, 2012; Long et al., 2014).
The constitutive model may provide insight to designing tough hydrogels with high stretchability. For example,
Figs. 7 and 8 reveal that adequate modulating the chain-polymer interactions (e.g., particle-chain bonding strength, chain
alteration, chain grafting and rehealing) may offer a route to design hydrogels with high energy dissipation during the
mechanical-loading unloading while maintaining high stretchability, thus achieving high toughness. As another example,
the theory presented in Section 5.2 implies that it is may be a good strategy to synthesize tough nanocomposite hydrogels
by designing interpenetrating networks with nanoclay networks with short chains and covalently crosslinked networks
with long chains. This strategy echoes the idea of double-network hydrogels with ionic networks and covalent networks
(Gong et al., 2003; Long et al., 2014; Sun et al., 2012). Moreover, the constitutive model may further facilitate the design of
novel polymer-particle interactions and polymer chain dynamics for diverse applications in material science, chemical
synthesis and biology (Appel et al., 2015; Hui and Long, 2012; Long et al., 2013; Rose et al., 2014; Wang et al., 2010; Williams
et al., 2015).
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