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a b s t r a c t 

Polymers with dynamic bonds are able to self-heal their fractured interfaces and restore 

the mechanical strengths. It is largely elusive how to analytically model this self-healing 

behavior to construct the mechanistic relationship between the self-healing properties 

(e.g., healed interfacial strength and equilibrium healing time) and the material composi- 

tions and healing conditions. Here, we take a self-healable nanocomposite hydrogel as an 

example to illustrate an interfacial self-healing theory for hydrogels with dynamic bonds. 

In the theory, we consider the free polymer chains diffuse across the interface and re- 

form crosslinks to bridge the interface. We analytically reveal that the healed strengths 

of nanocomposite hydrogels increase with the healing time in an error-function-like form. 

The equilibrium self-healing time of the full-strength recovery decreases with the temper- 

ature and increases with the nanoparticle concentration. We further analytically reveal that 

the healed interfacial strength decreases with increasing delaying time before the healing 

process. The theoretical results quantitatively match with our experiments on nanosilica 

hydrogels, and also agree well with other researchers’ experiments on nanoclay hydrogels. 

We expect that this theory would open promising avenues for quantitative understanding 

of the self-healing mechanics of various polymers with dynamic bonds, and offer insights 

for designing high-performance self-healing polymers. 

© 2017 Elsevier Ltd. All rights reserved. 

 

 

 

 

 

 

 

 

 

 

 

1. Introduction 

To mimic human muscles and skins that can autonomously repair themselves, a number of synthetic self-healing poly-

mers have been developed. These self-healing polymers generally fall into two categories. The first category is so called

“extrinsic self-healing” which harnesses encapsulates of curing agents that can be released upon fracture or damage to re-

bridge the fractured interfaces or damaged areas ( Blaiszik et al., 2010; Toohey et al., 2007; White et al., 2001 ). The second

category is so called “intrinsic self-healing” which harnesses dynamic bonds that can autonomously reform after fracture

or dissociation ( Wojtecki et al., 2011 ). The dynamic bonds include dynamic covalent bonds ( Chen et al., 2002; Ghosh and

Urban, 2009; Skene and Lehn, 2004 ), hydrogen bonds ( Chen et al., 2012; Cordier et al., 2008; Phadke et al., 2012; Sijbesma

et al., 1997; Wang et al., 2013 ), metal-ligand coordination ( Burnworth et al., 2011; Holten-Andersen et al., 2011; Nakahata

et al., 2011 ), hydrophobic interactions ( Gulyuz and Okay, 2014; Okay, 2015 ), and ionic interactions ( Haraguchi et al., 2011;

Mayumi et al., 2016; Sun et al., 2012; Sun et al., 2013; Wang et al., 2010 ). These self-healing polymers pose great potential

for smart and adaptive materials that can repair fracture or damage at the molecular or micron scale, and restore their me-
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chanical strengths at the macroscopic scale, and thus can be potentially useful in a wide range of applications in automobile,

aerospace and biomedical engineering. 

Despite the prosperous studies on synthesizing self-healing polymers, mechanistic modeling of interfacial self-healing

behaviors is still at the very beginning ( Blaiszik et al., 2010; Burattini et al., 2010; Hui and Long, 2012; Long et al., 2014;

Wojtecki et al., 2011; Wool, 20 08; Wu et al., 20 08; Yang and Urban, 2013 ). Although scaling analysis and computational

models of self-healing behaviors of polymers have been proposed ( Balazs, 2007; Ge et al., 2014; Stukalin et al., 2013; Wool

and O’connor, 1981; Wool, 1995, 2008; Zhang and Rong, 2012 ), an analytical model to elucidate the relationship between the

interfacial self-healing strength is still unavailable. Yu et al. reported an analytical theory to model the interfacial welding of

a polymer under relatively high temperatures ( Yu et al., 2016 ); the welding is different from interfacial self-healing in that

self-healing behaviors usually occur at low temperatures. In addition, the self-healed polymers, supposed to be mechanically

weaker than the virgin polymers, however, usually feature stress-strain curves that superpose the virgin ones and only break

with lower strengths ( Blaiszik et al., 2010; Burattini et al., 2010; Wojtecki et al., 2011; Wool, 2008; Wu et al., 2008; Yang

and Urban, 2013 ). This confusion has not been explained by existing models. 

Towards elucidating the self-healing mechanisms of polymers with dynamic bonds (the second type self-healing poly-

mer), we here focus on a hydrogel that is composed of polymer networks crosslinked by inorganic nanoparticles through

ionic bonds. The nanoparticles can be of wide varieties, ranging from nanoclay, silica, silsesquioxane, titania, graphene ox-

ide to carbon nanotubes ( Carlsson et al., 2010; Haraguchi, 2007, 2011a, b; Haraguchi et al., 2003; Haraguchi and Li, 2006;

Haraguchi et al., 2007; Haraguchi and Li, 2005; Haraguchi and Song, 2007; Haraguchi and Takehisa, 2002; Haraguchi et al.,

2002; Haraguchi et al., 2011; Huang et al., 2007; Ren et al., 2011; Wang et al., 2010 ). Unlike the usual organic crosslinkers

that usually can only covalently attach less than 10 polymer chains around one crosslinker, the nanoparticle crosslinker with

a large number of attaching sites on its surface is capable of attaching a large number of polymer chains (e.g., more than

100). In addition, different from the permanent covalent bonds, the bonding between the nanoparticles and the chains are

through dynamic ionic-bonds ( Carlsson et al., 2010; Haraguchi and Takehisa, 2002 ). Because of the dynamic bonding, the

nanocomposite hydrogels are able to self-heal their strengths after fracture. However, how to analytically understand the

interfacial self-healing behaviors under various healing conditions is still unclear ( Haraguchi, 2011b; Haraguchi et al., 2011 ).

Here, we develop a polymer-network based theory to reveal the tensile strength of the self-healable nanocomposite hy-

drogels with various material compositions (particle concentration and chain length distribution) and under various healing

conditions (healing time, healing temperatures and delaying time). The theory can explain the stress-strain behaviors of the

nanocomposite hydrogels with self-healed interfaces. The theory enables us to understand the aforementioned stress-strain

superposition puzzle ( Blaiszik et al., 2010; Burattini et al., 2010; Wojtecki et al., 2011; Wool, 2008; Wu et al., 2008; Yang

and Urban, 2013 ). The theory can also reveal that the strengths of the self-healed nanocomposite hydrogels increase with

the healing time following an error-function-like shape. The healing time of full-strength recovery increases with decreasing

healing temperature, increasing particle concentration and decreasing delaying time. The theoretical results are consistent

with experiments on nanocomposite hydrogels with nanosilica or nanoclay crosslinkers. 

The plan of the paper is as follows. Section 2 introduces the experimental procedures of the fabrication and self-healing

testing of the nanocomposite hydrogels. Section 3 first presents an analytical theory to model the polymer networks of the

original nanocomposite hydrogels and then presents a theory to explain the interfacial penetration of polymer chains and

healing of polymer networks around the healing interface. Integrating two theories, we will construct a theoretical frame-

work to explain the healing strengths of the nanocomposite hydrogels. Based on the theoretical framework, in Section 4 we

analytically elucidate the stress-strain behaviors of self-healed nanocomposite hydrogels and their healing strengths in a

function of the healing time. We then systematically examine the effects of chain length distribution, particle distance,

Rouse friction coefficient, healing temperature, particle concentration and delaying time on the healing performance of

the nanocomposite hydrogels. The theoretical results are quantitatively compared with experimentally measured results of

nanocomposite hydrogels with nanosilica or nanoclay crosslinkers. The conclusive remarks will be given in Section 5 . 

2. Experimental 

We choose a nanocomposite hydrogel with nanosilica crosslinkers as a representative self-healing polymer because the

fabrication of this hydrogel is relatively easy. To synthesize the nanosilica hydrogel, we use potassium persulfate (KPS, Sigma-

Aldrich) as the redox initiator and N,N,N’,N’ -tetramethylethylenediamine (TEMED, Sigma-Aldrich) as the accelerator to induce

the free-radical polymerization between the N,N-Dimethylacrylamide chains (DMA, Sigma-Aldrich) and the nanosilicas (TM-

50, diameter ∼9 nm, Sigma-Aldrich) at the room temperature ( Rose et al., 2014 ). In a typical fabrication process, 7.699 g

DI water and 5.712 g Ludox TM-50 (Sigma-Aldrich) in a plastic tube are mixed with Vortex for 30 min. Then, 1.485 g DMA,

0.0405 KPS and 22.5 μL TEMED are added into the plastic tube with additional mixing for 45 min ( Carlsson et al., 2010 ).

Finally, we transfer the hydrogel solution into a glass vial (length 36 mm, diameter 11 mm) for polymerization overnight.

Once polymerized, the hydrogels are equilibrated at various temperatures (e.g., 316 K, 333 K, and 353 K) in a humid chamber.

Experimental hydrogels are cut into two parts with a blade, after a period of delaying time ( t d ≥ 0) brought into contact, and

left in the humid chamber with a controlled temperature for varied healing time ( Fig. 1 a). Both original hydrogel samples

and self-healed samples are mounted on a stress-strain tester (Model 5942, Instron), and uniaxially stretched with a low

strain rate 0.06 s −1 . The experiment takes ∼5 min, much smaller than the equilibrium healing time scale (hours). As shown

in Fig. 1 b, an original nanosilica hydrogel can be stretched to stretch ∼28; once the interface is healed for 1.5 h at 333 K,
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Fig. 1. (a) Experimental sequence and corresponding schematics of the self-healing process of a nanocomposite hydrogel: original nanocomposite hydrogel, 

cutting into two parts, bringing into contact and heal, and stretching the self-healed sample. (b) Representative experimentally measured stress-stretch 

behaviors of the original and the self-healed nanocomposite hydrogels. (c) Representative experimentally measured healing strength ratios in a function of 

healing time of the nanocomposite hydrogel. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

the nanosilica hydrogel can be stretched to stretch ∼22.5 with stress-stretch behavior almost superposing the original one.

To quantify the healing performance, we denote a term called healing strength ratio as the ratio between the maximum

nominal stress of the healed hydrogel and that of the original hydrogel. We further perform the healing tests for varied

healing time from 5 min to 4.5 h, and plot the healing strength ratio in a function of healing time shown in Fig. 1 c. The

healing strength ratio first increases with increasing healing time until ∼3–3.5 h, after which the healing strength ratio

reaches a plateau of full recovery (within 90% −100%). 

3. The theoretical model 

The goal of this paper is to understand the interfacial self-healing strength and equilibrium healing time in relationships

with the healing conditions and material compositions of the nanocomposite hydrogels. We start from the constitutive be-

haviors of the original nanocomposite hydrogels and depict the mechanism of their tensile strength. Then, we consider the

healing process of two fractured hydrogel parts. 

3.1. Tensile strength of original nanocomposite hydrogel 

The nanocomposite hydrogels are synthesized through a free-radical polymerization between the polymer chains and 

nanoparticles, initiated by redox initiators. The anionic groups of the polymer chains can be ionically bonded to SO 3 
− and K 

+ 

groups which come from the redox initiators and are attached to the nanoparticle surface ( Haraguchi and Takehisa, 2002 ).

The nanoparticles, hooked by the polymer chains, in turn, are self-assembled into a three-dimensional architecture with a

particle spacing ( Williams et al., 2015 ). 

To model the polymer network of the nanocomposite hydrogel, we consider the nanoparticles as crosslinkers to bridge

a number of polymer chains that follow an inhomogeneous chain length distribution ( Wang and Gao, 2016 ). The model is

modified based on our recently reported constitutive model in the reference ( Wang and Gao, 2016 ) with a simplified chain

length distribution function ( Wang et al., 2015 ). 

Following the essential idea of polymer-network theories ( Erman and Mark, 1997; Rubinstein and Colby, 2003; Treloar,

1975 ), we assume the polymer network of the nanoparticle hydrogel is constructed by layering unit cubes to span over the
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Fig. 2. (a) A body-centered network model. (b) The chain length is imhomogeneous between a particle pair. (c) Under stretch, short chains may be first 

detached from particles. (d) A representative chain length distribution. (e) Under macroscopic deformation ( λ1 , λ2, λ3 ), the polymer network deforms 

following an affined deformation. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

whole volume (unit cube shown in Fig. 2 a). In each unit cube, nanoparticles are located at the corners and centers in a body-

centered fashion ( Fig. 2 a). The corner and center particles form a particle pair, and polymer chains with inhomogeneous

lengths attach between the particle pair ( Fig. 2 b). Under deformation, short polymer chains may be first detached from the

particles ( Fig. 2 c). We consider that the ionic bonding strength is much smaller than the fracture strength of the covalent

bonds within the chain ( Wang and Gao, 2016 ); therefore, chain detachment rather than the chain fracture is considered in

this model ( Haraguchi, 2011b; Haraguchi and Takehisa, 2002 ). 

Between two particles in a particle pair, we assume that N polymer chains are attached ( Fig. 2 b), each polymer chain

made of freely-jointed Kuhn segments with each segment length b ( Erman and Mark, 1997; Rubinstein and Colby, 2003;

Treloar, 1975 ). We assume that the polymer chains can be classified into m types, each with the same Kuhn number. We

denote the Kuhn number (chain length) of the i th type polymer chain as n i , and the number of i th type chains as N i , where

1 ≤ i ≤ m and n 1 ≤ n 2 ≤ ... n i ... ≤ n m 

. The i th chain number follows a statistical distribution written as ( Fig. 2 d) 

P i ( n i ) = 

N i 

m ∑ 

i =1 

N i 

= 

N i 

N 

(1)

where N = 

m ∑ 

i =1 

N i is the total chain number. Although the distribution can be formulated following Gaussian statistics

( Bueche, 1960; Govindjee and Simo, 1991; Wang and Gao, 2016 ), for simplicity, we here consider a similar but simpler

log-normal distribution function as ( Wang et al., 2015 ) 

P i ( n i ) = 

1 

n i δ
√ 

2 π
exp 

[
− ( ln n i − ψ ) 

2 

2 δ2 

]
(2)

where ψ and δ are the mean and standard deviation of ln n i , respectively. ψ denotes logarithm of the average chain length,

and δ indicates the chain distribution width. 

In the freely-joint state, the average end-to-end distance of the i th chain is 

r 0 i = 

√ 

n i b (3)

Under deformation, the end-to-end distance of the i th chain becomes r i , and the stretch of the i th chain can be expressed

as 

�i = 

r i 

r 0 
i 

(4)

Considering the small particle size, we approximate the end-to-end distance of i th chain at the fabricated state as the

particle distance L . At the deformed state, the hydrogel is under three principal stretch λ1 , λ2 , and λ3 . We assume that the

deformation of the body-centered cube follows the affined deformation assumption ( Arruda and Boyce, 1993; Rubinstein

and Colby, 2003; Treloar, 1975 ), and is thus also deformed by λ , λ , and λ ( Fig. 2 e). Therefore, the distance of the particle
1 2 3 
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pair at the deformed state becomes 

r i = L 

√ 

I 1 
3 

(5) 

where I 1 = λ2 
1 

+ λ2 
2 

+ λ2 
3 

is the strain invariant. The stretch of the i th chain can be written as 

�i = 

r i √ 

n i b 
= 

√ 

I 1 
3 

L √ 

n i b 
(6) 

The chain force on the i th chain at the current state is 

f i = 

k B T 

b 
�−1 

(
r i 

n i b 

)
= 

k B T 

b 
�−1 

( √ 

I 1 
3 

L 

n i b 

) 

(7) 

where �−1 () is the inverse Langevin function, and the Langevin function can be written as �(x ) = coth x − 1 /x . k B is Boltz-

mann constant and T is the absolute temperature in Kelvin. If the chain force is larger than the maximum chain-particle

bonding strength f str , the chain is detached from the particle. As shown in Eq. (7 ), short chains have a higher chain force.

Therefore, at a certain deformation state, the short chains will be detached, leaving only long chains ( n > n c ) attaching be-

tween the particle pair. The critical chain length can be calculated as 

n c = 

1 

�
(

f str b 
k B T 

) L 

b 

√ 

I 1 
3 

(8) 

where n c > n 1 and n c is the chain length of the c th type of chain (c ≥ 1). As the strain in the hydrogel increases, the critical

chain length n c becomes larger (c larger), leaving less long chains attaching between particles ( Fig. 2 d). 

The free energy of deforming the hydrogel network comes from deforming all polymer chains between the particle pairs,

and mixing between polymer network and water ( Flory, 1953; Flory and Rehner Jr, 1943; Hong et al., 2008 ). The free energy

can be written as 

W = W s + W m 

(9) 

where W s is the strain energy of the polymer network and W m 

is the mixing free energy. Here we assume W m 

remains

constant, because the water diffusion time scale ( ∼30 min) is much larger than the experimental testing time scale ( ∼3 min)

( Wang and Gao, 2016 ). Since the particle volume fraction is very small, we neglect the effect of nanoparticles on the overall

free energy. As shown in Fig. 2 a, the particles occupied by a cubic unit include the center particle plus 1/8 of 8 corner

particles; therefore, the particle number in a unit should be 2. At the same time, the cubic unit includes 8 particle pairs.

For a fabricated hydrogel, we assume the particle concentration (particle number per unit volume) as ηp , and the particle

pair number per unit volume is 4 ηp ( Fig. 2 a). Therefore, the free energy density of stretching the polymer network of the

deformed original-hydrogel can be expressed as 

W s = 4 ηp 

m ∑ 

i = c 
( ω i N i ) (10) 

where the free energy of the deformed i th chain can be expressed as a function of strain invariant I 1 as ( Kuhn and

Grün, 1942 ) 

ω i ( I 1 ) = n i k B T 

[
βi 

tanh βi 

+ ln 

(
βi 

sinh βi 

)]
(11) 

where βi = �−1 ( �i / 
√ 

n i ) = �−1 ( 
√ 

I 1 / 3 L/ ( n i b ) ) . Eq. (10 ) only includes the contribution from the attached polymer chains

( n c to n m 

). 

We assume that the hydrogel is incompressible; therefore, we can write the principal stresses as 

σ1 = λ1 
∂ W s 

∂ λ1 

−  (12a) 

σ2 = λ2 
∂ W s 

∂ λ2 

−  (12b) 

σ3 = λ3 
∂ W s 

∂ λ3 

−  (12c) 

where  is the hydrostatic pressure to enforce the incompressibility. When the hydrogel is under a uniaxial tension with

stretch λ1 = λ and λ2 = λ3 = λ−1 / 2 , the Cauchy stress along the stretching direction can be calculated as 

σ1 = 4 ηp k B T 
L 

b 

(
λ2 − λ−1 

) m ∑ 

i = c 

( 

N i βi √ 

3 I 1 

) 

(13) 
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where I 1 = λ2 + 2 λ−1 and βi = �−1 ( L/ ( n i b ) 
√ 

I 1 / 3 ) . The nominal stress along the stretching direction is thus written as 

s 1 = 4 ηp k B T 
L 

b 

(
λ − λ2 

) m ∑ 

i = c 

( 

N i βi √ 

3 I 1 

) 

(14)

When the applied strains are small, the nominal stresses in the hydrogel increase as the strains increase. However, as the

applied strains become large enough, the portion of the attached chains between the particle pairs become less and less (c

is larger, Fig. 2 d), and the stresses in the hydrogel may decrease with increasing strains when most of the polymer chains

are detached from particles. Therefore, it is expected that the nominal stresses in the hydrogel should first increase and

then decrease with increasing strains, with a peak point in the middle. In the strain-controlled tensile testing experiment,

the peak point is corresponding to a breaking of the nanocomposite hydrogels into two parts, and the corresponding stress

is the hydrogel tensile strength. 

3.2. Interfacial self-healing process of nanocomposite hydrogels 

Next, we consider the interfacial self-healing of the nanocomposite hydrogels. We here take a simple experimental ge-

ometry (i.e., a hydrogel rod/bar) to construct the analytical model, and the model can be easily extended to other specimen

geometries. As shown in Fig. 1 a, a cylindrical nanocomposite gel bar is first cut into two parts in the middle with a blade.

Immediately after the cutting, the two pieces are brought into contact for a period of healing time t at temperature T . Af-

ter the healing process, the sample is uniaxially stretched until fractured in the middle (at the self-healing interface). The

measured maximum stress is treated as the healed strength of the hydrogel. We here separate the self-healing process into

multiple steps and consider each step as follows. 

3.2.1. Cutting process 

In the cutting process ( Fig. 3 ab), we use a sharp blade to cut through the hydrogel bar. For simplicity of analysis, we

assume the cutting position is located in the middle of polymer chains between particle pairs as shown in Fig. 3 ab. At the

cutting tip, the blade highly deforms the polymer chains until the chains are detached from the particles. Since the chain

strength is much larger than the chain-particle bonding strength, we assume that the polymer chains can only be detached

from the particle surfaces without breaking in the middle of the chains ( Wang and Gao, 2016 ). At the detachment point, the

chain may be detached from either particle, with the other end being still attached on the other particle. We assume that

each particle of a particle-pair still attaches half portion of polymer chains after cutting ( Fig. 3 b). 

As shown in Fig. 3 b, we denote two parts of the initial unit cube as A and B, respectively. Right after the cutting ( Fig. 3 b),

the polymer chains detached from particles in hydrogel piece B are stretched out of the B hydrogel piece, and their end

groups are dropped onto the surface of hydrogel piece A. To keep the story simple, we here first consider that the two

hydrogel pieces are brought into contact immediately after cutting, and therefore the end groups of the hydrogel chains

are still located on the cutting surfaces, without enough time to reorganize within the hydrogel piece A. We will further

consider the effect of delaying time in Section 4.7 . 

3.2.2. Inter-diffusion process 

When cutting-separated two parts are brought into contact, the chains with one end attached to one nanoparticle and the

other end freely diffuse across the interface to find nanoparticles in the other piece of the hydrogel. From a thermodynamics

perspective, the molecular configuration at the fabricated state should be the most stable state under the given material

composition. When the cutting-separated two parts are brought into contact, the most likely trend is to return to the initial

stable configuration. Therefore, we here assume the polymer chains only diffuse to the opposite side of the interface but

do not loop back to their own side. Similar arguments can be found in modeling chain motions at polymer melt interfaces

( Kim et al., 1996; Kim and Wool, 1983 ). 

As shown in Fig. 3 b, the free chains on one particle (denoted as I) are expected to presumably diffuse in any angles

across the interface. However, due to the electrostatic attraction between the free end group and the redox initiators on the

particle surfaces, the polymer chains are assumed to target to only four particles (denoted as II-V) in a self-assembly fashion,

forming four particle-particle pairs ( Haraguchi and Takehisa, 2002; Williams et al., 2015 ). Since the behaviors between each

particle pair should be similar, we here only focus on one particle pair shown in Fig. 3 c-f and consider a 1D-like problem

between one particle-pair. 

During the contact-healing process, the polymer chains with free ends are expected to diffuse across the interface to

meet the other nanoparticle ( Fig. 3 d–f). Here, we follow de Gennes’ reptation concept to consider that the polymer chain

diffuses along a tube of its contour analogous to the motion of a snake ( Fig. 3 g) ( De Gennes, 1979; de Gennes, 1971; Doi

and Edwards, 1978; Rubinstein and Colby, 2003 ). The chain diffuses out of the tube with a segment called “minor chain”

( Kim and Wool, 1983; Whitlow and Wool, 1991; Zhang and Wool, 1989 ). The curvilinear motion of the polymer chain is

characterized by the Rouse friction model with the curvilinear diffusion coefficient D c written as ( De Gennes, 1979; Rouse

Jr, 1953; Rubinstein and Colby, 2003 ) 

D c = 

k B T 

n ξ
(15)
i 
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Fig. 3. (a, b) Schematics of the body-centered network model before and after the cutting process. The cutting is assumed to be located in the middle of 

two particles. (c–f) The schematics to show the self-healing process between a particle pair: (c) cutting in the middle, (d) two parts contact, (e) polymer 

chains inter-diffuse into respective hydrogel matrix, and (f) polymer chains with free end groups re-attach on the particle surfaces. The schematics for 

polymer chains in (c–f) only indicate the reorganization of chain conformations, but do not indicate polymer chain stretching during the healing process. 

(g) A schematic to show the diffusion behavior of a polymer chain between a particle pair. (h) An equivalent diffusion model between an instantaneous 

source on the contact interface and the absorbing boundary around the particle surface. 

 

 

 

 

 

 

 

 

where n i is the Kuhn segment number of the i th chain and ξ is the Rouse friction coefficient per Kuhn segment. As shown

in Fig. 3 g, we construct two coordinate systems s and x to indicate the curvilinear path of the minor chain and the direction

along two particles, respectively. If the contour length of the i th minor chain is s i , the corresponding end-to-end distance

is x i . We assume that the path selection of the minor chain follows Gaussian statistics ( Kim and Wool, 1983; Whitlow and

Wool, 1991; Zhang and Wool, 1989 ); therefore, the end-to-end distance and contour length can be related as ( Rubinstein and

Colby, 2003 ) 

x i ≈
√ 

s i 
b 

b = 

√ 

s i b (16) 

Therefore, the chain inter-diffusion between x = 0 and x = L/ 2 can be understood as the chain diffusion between s = 0

and x i ( Fig. 3 h). 

Along the curvilinear coordinate s , we can model the diffusion of the end group of the i th chain following a diffusion

equation as ( Fig. 3 h) ( Crank, 1979; Rubinstein and Colby, 2003 ) 

∂c U 
i ( t, s ) 

∂t 
= D c 

∂ 2 c U 
i ( t, s ) 

∂ s 2 
(17) 

where c U 
i 
( t, s ) is the number of the i th chain end groups per unit distance along s coordinate, and superscript letter “U”

denotes the unattached chains. It is noted that the current chain diffusion model is different from the reptation model
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which involves the chain entanglement effect ( De Gennes, 1979; de Gennes, 1971; Doi and Edwards, 1978; Rubinstein and

Colby, 2003 ). Here we use a curvilinear diffusion model to avoid the chain entanglement effect. 

The initial condition of the diffusion behavior ( Eq. (17 )) is an instantaneous source at s = 0, written as 

c U i ( t = 0 , s ) = N i δ( s ) (18)

where δ( s ) is a delta function with 

∫ ∞ 

−∞ 

δ(s ) ds = 1 . At s = L 2 / ( 4 b ) , the boundary condition of the diffusion behavior is gov-

erned by the interaction behaviors between the chain end groups and the nanoparticles. More about chain-particle interac-

tions at s = L 2 / ( 4 b ) will be discussed in Section 3.2.3 . 

3.2.3. Interaction kinetics between the polymer chain and the nanoparticle 

The interaction between the chain end groups and the nanoparticles are governed by ionic interactions ( Haraguchi and

Takehisa, 2002 ). The chain-particle attaching and detaching behaviors follow a chemical kinetics ( Bell, 1978; Wang et al.,

2015 ). We assume the attaching reaction rate is k f and the detaching reaction rate is k r . The kinetics can be written as

( Chapman et al., 1998; Morton, 2012 ) 

dc A 
i 

dt 
= k f c 

U 
i − k r c 

A 
i (19)

where c A 
i 

is the number density of the attached i th chains and c U 
i 

is the number density of the unattached i th chains around

the particle (at s = L 2 / ( 4 b ) ). To model the ionic reaction induced attaching or bonding here, we consider the ionic bonding

only takes one step, and thus only consider the first reaction order. Similar models of first-order ionic reactions have been

widely adopted to model ionic polymerization or binding ( Chapman et al., 1998; Morton, 2012 ). Since the attaching behavior

is governed by the attractive ionic interaction between the chain end groups and the nanoparticle, the attaching reaction

rate k f is assumed to be much larger than the detaching reaction rate k r ( Bell, 1978 ). Eq. (19 ) can thus be reduced as 

dc A 
i 

dt 
= k f c 

U 
i (20)

We further assume that the time scale of the ionic bonding that governed by 1/ k f is from seconds to minutes much

smaller than the time scale of diffusion hours ( Bell, 1978; Haraguchi et al., 2011; Ribas-Arino and Marx, 2012 ). Therefore,

the chain-nanoparticle behavior can be understood as follows: whenever a chain end group diffuses to position x = L/2 (i.e.,

s = L 2 / ( 4 b ) ), it is quickly absorbed on the nanoparticle. The unattached chain end group concentration thus always vanishes

at s = L 2 / ( 4 b ) , following an absorbing boundary condition written as ( Fig. 3 h) 

c U i 

(
t, s = L 2 / ( 4 b ) 

)
≈ 0 (21)

The absorbing boundary condition Eq. (21 ) promotes the diffusion of the polymer chain ends towards the particle surfaces. 

It is noted that to simplify the problem and focus on the essential physics, we made two assumptions here: the attaching

reaction rate is larger than the detaching reaction rate, and the ionic reaction time scale is much smaller than the diffusion

time scale. It is only valid for relatively strong ionic interaction between the chain end groups and redox ions on nanopar-

ticles. If the attaching reaction rate is in a similar order of magnitude as that of the detaching reaction rate, or the time

scale of the ionic reaction is comparable with that of the diffusion process, a reaction time scale should be introduced in

the problem ( Hui and Long, 2012; Long et al., 2014 ). 

3.2.4. Behaviors of self-healed sample 

We then understand the mechanical behaviors of the self-healed hydrogel samples. When two hydrogel parts are brought

into contact to heal the interface, the length of the healed sample is H and the length of the healed sample under stretching

is h ( Fig. 1 a). Around the self-healing interface, polymer chains interpenetrate into each other, forming a self-healed region

shown as the purple region in Fig. 1 a. We denote the length of the self-healed region as H h , and this region elongates to h h
under uniaxial stretching. The stretch of the self-healed region is 

λh = 

h h 

H h 

(22)

Here, the self-healed hydrogel can be treated as a composite with original hydrogel regions and self-healed regions

connected in a series. The stretch of the original hydrogel region is 

λ = 

h − h s 

H − H s 
(23)

Since the healing region is so small, i.e., h 	 h s and H 	 H s , the stretch of the self-healed hydrogel sample can be esti-

mated as 

h 

H 

≈ h − h s 

H − H s 
= λ (24)
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Fig. 4. (a) Unattached i th polymer chains distributed along the curvilinear coordinate between a particle pair. (b) Attached i th polymer chains in a function 

of normalized diffusion time. (c) Attached i th polymer chains in functions of diffusion time for various chain lengths. 

 

 

 

 

 

 

 

 

 

 

 

 

In the stretched self-healed region, the number of i th chain between a particle pair is N 

A 
i 

( c ≤ i ≤ m ), which can be calcu-

lated following Sections 3.2.2 –3.2.3 as 

N 

A 
i 

N i 

= 1 −
∫ L 2 / 4 b 

0 

c U 
i ( s, t ) 

N i 

ds (25) 

where c U 
i 
( s, t ) can be obtained by solving the diffusion equation shown in Eq. (17 ) with the initial and boundary conditions

shown in Eqs. (18 ) and (21) , written as 

c U i ( s, t ) = 

2 N i √ 

4 πD c t 

[ 

exp 

(
− s 2 

4 D c t 

)
− exp 

( 

−
(
s − L 2 / 2 b 

)2 

4 D c t 

) ] 

(26) 

where 0 ≤ s ≤ L 2 /(4 b ). 

The stretching free energy density of this self-healed region can be expressed as 

W sh = 4 ηp 

m ∑ 

i = c 

[
ω i ( I 1 h ) N 

A 
i 

]
(27) 

where ω i ( I 1 h ) can be expressed as ω i ( I 1 h ) = n i k B T [ 
βih 

tanh βih 
+ ln ( 

βih 
sinh βih 

) ] , βih = �−1 ( 
√ 

I 1 h / 3 L/ ( n i b ) ) and I 1 h = λ2 
1 h 

+ λ2 
2 h 

+ λ2 
3 h 

.

It is noted that N 

A 
i 

s a self-healing-time dependent function and W sh is thus a self-healing-time-dependent function. The

nominal stress along the stretching direction can be calculated as 

s 1 h = 4 ηp k B T 
L 

b 

(
λh − λ2 

h 

) m ∑ 

i = c 

( 

N 

A 
i 
βih √ 

3 I 1 h 

) 

(28) 

where I 1 h = λ2 
h 

+ 2 λ−1 
h 

. 

We assume that the initial cross-sections of original region and self-healed region are the same; therefore, the nominal

stresses of the original hydrogel region and the self-healed region should be equal, i.e. 

s 1 ( λ) = s 1 h ( λh ) (29) 

where s 1 ( λ) is the nominal stress in the original hydrogel region expressed as Eq. (14 ), and s 1 h ( λh ) is the nominal stress in

the self-healed region expressed as Eq. (28 ). 

4. Results 

In this section, we will first present results of the inter-penetration behaviors of the polymer chains, and then the self-

healing behaviors of the nanocomposite hydrogels. We will further discuss the effects of various model parameters, includ-

ing chain length distribution, Rouse friction coefficient, and particle distance. We will compare the theoretical results with

the experimentally measured results. Various experimental results will be presented to demonstrate the effects of healing

temperature, particle concentration and delaying time on the self-healing behaviors. 

4.1. Inter-diffusion behaviors 

Fig. 4 a presents the distribution of the normalized chain number density of the unattached i th chains ( c U 
i 

L 2 / 4 b ) / N i along

the normalized curvilinear coordinate s̄ = s/ ( L 2 / 4 b ) at various normalized diffusion time t̄ = D c t / ( L 4 / 16 b 2 ) (see Eq. (26 )). 

Due to the absorption boundary condition around the particle, with increasing diffusion time the free ends between s = 0
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Fig. 5. (a) Theoretical stress-stretch behaviors of the original nanocomposite hydrogel and the self-healed nanocomposite hydrogel region. (b) Theoretical 

stress-stretch behaviors of the original and the self-healed nanocomposite hydrogel samples. (c) Theoretical healing strength ratio in a function of healing 

time. The following parameters are used to plot these curves: L/b = 85 , ψ = ln [ L 2 / ( 4 b 2 ) ] , δ = 0 . 12 , ξ = 2 . 5 × 10 −8 N / m , and ηp = 8 . 2 × 10 19 m 

−3 . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

and s = L 2 / 4 b become less and less. In turn, the absorbed polymer chain (attached chain) number becomes larger and larger

until a plateau ( Fig. 4 b, Eq. (25) ). As shown in Fig. 4 b, when the normalized diffusion time is smaller than t̄ ∗ ≈ 0 . 068 , no

i th chain free ends arrive at the particle and the attached ith chain number is 0. After t̄ ∗, the attached ith chain increases

monotonically until reaching a plateau around N 

A 
i 

≈ N i . From Fig. 4 b, we can estimate normalized equilibrium diffusion

time t̄ e when N 

A 
i 
/ N i ≈ 0 . 9 as t̄ e ≈ 1 . 75 (corresponding equilibrium diffusion time t e = t̄ e ( L 4 / 16 b 2 ) / D c ). Since the curvilinear

diffusivity D c is larger for shorter chain length n i ( Eq. (15 )), the equilibrium diffusion time for the shorter chain is smaller

( Fig. 4 c). 

4.2. Healing strength and healing equilibrium time 

Once we understand the inter-penetration behaviors of the polymer chains, we now study the self-healing behaviors of

the nanocomposite hydrogels. For an original hydrogel sample, as the nominal stress gradually increases with the stretch

( Fig. 5 a), the polymer chains are gradually detached from the nanoparticles ( Fig. 2 c). Once most of the polymer chains are

detached, the nominal stress begins to decrease. At the critical point (denoted by the red cross on the blue line in Fig. 5 a),

the hydrogel sample breaks into two parts, and the red cross indicates the tensile strength of the hydrogel s m 

1 
. 

To explain the tensile strength of a hydrogel sample with a self-healed interface, we first plot the theoretical nominal

stress of the self-healed region (green dash line in Fig. 5 c using Eq. (28 )) and capture the critical point with stretch λm 

1 h
and tensile strength s m 

1 h 
. According to Eqs. (29 ) and (24) , we project the tensile strength s m 

1 h 
onto the original stress-stretch

curve (blue line) to obtain the critical stretch of the self-healed sample λc 
1 h 

. It means that the stress-stretch curve of the

self-healed sample superposes the one of the original sample (shown as green dash line in Fig. 5 b) until breaking at stretch

λc 
1 h 

with tensile strength s m 

1 h 
( s m 

1 h 
≤ s h 

1 
). This argument resolves the confusion in the self-healing polymer field: why the self-

healed polymer features a stress-strain curve that superposes the one of the original polymer ( Blaiszik et al., 2010; Burattini

et al., 2010; Wojtecki et al., 2011; Wool, 2008; Wu et al., 2008; Yang and Urban, 2013 ). The reason for the superposition

phenomena is that the self-healed region is so small that the stretch of the self-healed sample is approximately equal to

the one of the virgin sample (shown as Eq. (24 )), but the strength is determined by the self-healed region. 

With increasing healing time t , the strength of the healed hydrogel sample increases accordingly ( Fig. 5 c). Here we define

a term called healing strength ratio as 

ρ = 

s m 

1 h 

s m 

1 

(30)

We plot a characteristic healing strength ratio ρ in a function of healing time t in Fig. 5 c. We find that the relationship

between the healing strength ratio and the healing time follows an error-function-like form: the healing strength ratio ρ is
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Fig. 6. Chain length distributions (a, d), stress-stretch behaviors of the original nanocomposite hydrogels (b, e) and the healing strength ratio versus healing 

time behaviors (c, f) for various average chain lengths ψ (a–c) and chain distribution widths δ (d–f). The following parameters are used to plot these curves: 

ξ = 2 . 5 × 10 −8 N / m and ηp = 8 . 2 × 10 19 m 

−3 . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

initially nearly zero for small healing time and then increases monotonically within a transition region until approaching a

plateau when the healing time is long enough. We further define a term called equilibrium healing time t eq as the healing

time when healing strength ratio ρ is equal to 0.9. This term indicates that after t eq the strength of the healed sample

is almost fully recovered with only 10% error. It is noted that equilibrium healing time t eq is not equal to the equilibrium

diffusion time t e as discussed in Section 4.1 , because t e is chain-length dependent, but t eq represents an effective behavior

for all polymer chains. 

4.3. Effects of model parameters on the healing behaviors 

A number of model parameters affect the healing strength-time curve. Here we examine effects of chain length distribu-

tion, particle pair distance and Rouse friction coefficient. 

4.3.1. Effect of chain length distribution 

In this paper, we assume that the chain length distribution follows a log-normal form as shown in Eq. (2 ). The log-normal

distribution is determined by two parameters: ψ indicating the average logarithm of the chain length and δ indicating the

chain length distribution width. In Fig. 6 , we maintain other material parameters and vary ψ and δ to examine their effects.

First, with increasing ψ and constant δ, the average chain length increases accordingly ( Fig. 6 a); and the nanocomposite

hydrogel can thus be stretched to a larger critical stretch until breaking ( Fig. 6 b). According to Eq. (15 ), longer chain length

leads to smaller curvilinear diffusivity D c of the polymer chains; therefore, the polymer chains need longer time to reach

the nanoparticles and equilibrium healing time is longer ( Fig. 6 c). Second, with increasing δ and constant ψ , the chain

distribution width increases with unchanged average chain length, and the chain probability for the average chain length

is lower ( Fig. 6 d). The sharper (narrower) chain length distribution is corresponding to sharper stress behavior with higher

maximum strength. However, due to the unchanged average chain length, the maximum stretchability of the nanocomposite

hydrogel is almost unchanged ( Fig. 6 e). At the same time, the equilibrium healing time is almost unchanged ( Fig. 6 f). It does

not mean that the chain length distribution width is not important for the self-healing model because different chain length

distribution widths δ are corresponding to different stress-stretch behaviors and an appropriate δ is necessary for matching

the stress-stretch behaviors of the nanocomposite hydrogels. 

4.3.2. Effect of particle distance 

With unchanged chain length distribution, we examine the effect of the particle distance L on the stress-stretch and self-

healing behaviors shown in Fig. 7 . The particle distance L affects the stress-stretch behaviors from two aspects: First, the
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Fig. 7. (a) Stress-stretch behaviors of original nanocomposite hydrogels, (b) the healing strength ratio versus healing time behaviors and (c) equilibrium 

healing time for various particle distance. The following parameters are used to plot these curves: ψ = ln 1800 , δ = 0 . 12 , ξ = 2 . 5 × 10 −8 N / m , and ηp = 

8 . 2 × 10 19 m 

−3 . 

Fig. 8. (a) The healing strength ratio versus healing time behaviors and (b) equilibrium healing time for various Rouse friction coefficients. The following 

parameters are used to plot these curves: L/b = 85 , ψ = ln 
 L 2 / ( 4 b 2 ) � , δ = 0 . 12 , and ηp = 8 . 2 × 10 19 m 

−3 . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

particle distance L is directly involved in the expression of the nominal stress of the nanocomposite hydrogel shown in Eq.

(14 ); therefore, higher particle distance is corresponding to higher nominal stress with the same stretch ( Fig. 7 a). Second,

the particle distance is also involved in the expression of the chain stretch of the i th chain shown in Eq. (6 ), which can be

rewritten as 

I 1 = 

3 n i �
2 
i 
b 2 

L 2 
(31)

According to Eq. (31 ), corresponding to the same chain stretch �
i 
, the larger particle distance L leads to lower overall

hydrogel stretch; therefore, the overall stretchability of the nanocomposite hydrogel with larger particle distance is smaller

( Fig. 7 a). In addition, larger particle distance requires the polymer chains with free end groups to diffuse for a longer time

to reach the other particle (shown in Fig. 3 ); therefore, the equilibrium healing time of the nanocomposite hydrogel sample

increase with the increasing particle distance ( Fig. 7 bc). 

4.3.3. Effect of Rouse friction coefficient 

With unchanged chain length distribution and particle distance, we further vary the Rouse friction coefficient ξ in Fig. 8 .

As shown in Eq. (15 ), the curvilinear diffusion coefficient D c of the polymer chains is in a reciprocal relationship with the

Rouse friction coefficient. The higher friction coefficient leads to smaller chain diffusivity. Therefore, the polymer chains

require longer time to diffuse within the nanocomposite hydrogel matrix and the corresponding equilibrium self-healing

time should be longer ( Fig. 8 a, b). In addition, according to Eq. (15 ) and Fig. 3 , the effective diffusion time of the i th chain

across the nanocomposite hydrogel matrix to reach the other particle can be approximated as 

t i ∼
L 4 n i ξ

16 b 2 k B T 
(32)

Considering the correlationship between the diffusion time and the healing time, the equilibrium healing time t eq should

be approximately in a linear relationship with the friction coefficient. The theoretical result shown in Fig. 8 b can also validate

the linear relationship between the equilibrium healing time and the Rouse friction coefficient ( Fig. 8 b). 

4.4. Comparison with self-healing experiments 

After illustrating the effects of model parameters on the stress-stretch and healing behaviors of the nanocomposite hy-

drogels, we next validate these theoretical results with experimental data. We first use nanosilica particles (size ∼9 nm) to
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Fig. 9. Theoretically calculated and experimentally measured stress-stretch behaviors of the original and self-healing nanocomposite hydrogel samples (a, 

c), and healing strength ratio versus healing time behaviors (b, d) for nanosilica (a–b) and nanoclay crosslinkers (c–d). The parameters used to explain be- 

haviors of nanosilica hydrogels: L/b = 85 , ψ = ln ( 1806 ) , δ = 0 . 12 , ξ = 2 . 5 × 10 −8 N / m , and ηp = 8 . 2 × 10 19 m 

−3 . The parameters used to explain behaviors of 

nanoclay hydrogels: L/b = 50 , ψ = ln ( 625 ) , δ = 0 . 12 , ξ = 2 × 10 −6 N / m , and ηp = 3 . 24 × 10 22 m 

−3 . The experimental results in (c) and (d) are from reference 

( Haraguchi et al., 2011 ). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

crosslink N,N-Dimethylacrylamide chains to form nanocomposite hydrogels, and measure their stress-stretch behaviors (See 

Experimental section for details). As shown in Fig. 9 a, our theory can accurately explain the stress-stretch behavior and ten-

sile strength of the as-fabricated nanocomposite hydrogel with nanosilicas as the particle crosslinkers ( Carlsson et al., 2010 ).

Then, we cut the nanocomposite hydrogels into two parts, immediately bring them into contact with the breaking surfaces,

and measure their stress-stretch behaviors after various healing time. As an example shown in Fig. 9 a, our theoretical results

can consistently match the measured stress-strain curve and the tensile strength of the healed sample with healing-time

1.5 h at 333 K. We further plot the theoretical healing strength ratio in a function of healing time in Fig. 9 b. The theoretical

results can also quantitatively match with our experimental results of the nanosilica hydrogels ( Fig. 9 b). 

Not only by our experimental results of nanosilica hydrogels, can the theory also be validated by reported data on a

nanocomposite hydrogel with nanoclay crosslinkers ( Fig. 9 c, d) ( Haraguchi et al., 2011 ). In our recent paper ( Wang and

Gao, 2016 ), we showed that our theory with inhomogeneous chain length distribution can accurately capture the stress-

stretch behaviors of the nanoclay hydrogels reported by Haraguchi et al. ( Haraguchi, 2011b; Haraguchi et al., 2006; Haraguchi

et al., 2003; Haraguchi and Li, 2006; Haraguchi and Takehisa, 2002; Haraguchi et al., 2011 ); here we further show that our

self-healing theory can also capture the stress-stretch behaviors of the self-healed nanoclay hydrogels and corresponding

healing strengths ( Fig. 9 cd). 

It is noted that the material parameters in this paper include the following six: the nanoparticle volume concentration

ηp , normalized particle-pair distance L / b , chain length distribution parameters ψ and δ, maximum chain-particle bonding

strength f str , and Rouse friction coefficient per Kuhn segment ξ . ηp is calculated using the material composition in the

experiment. L / b, ψ , δ and f str are obtained by fitting the stress-strain curves of the original nanocomposite hydrogels with

the constitutive model in section 3.1 ( Fig. 9 ac). Rouse friction coefficient per Kuhn segment ξ is the only fitting parameter

used to capture the self-healing behaviors. The used friction coefficients ξ in Fig. 9 are within the reasonable order compared

with the experimental results in the references ( Chapman et al., 1998; Whitlow and Wool, 1991 ). 

4.5. Effect of healing temperature 

To further demonstrate the capability of the theory, we examine effects of temperatures on the healing behaviors of

the nanocomposite hydrogels. Due to the existence of water molecules within the hydrogel matrix, we only constrain the

temperature range within 25 °C-100 °C (298K-373 K). The experimental results in Fig. 10 a show that the healing process of

the nanosilica can be significantly accelerated by the higher temperature. The equilibrium healing time for the nanosilica

hydrogels at 316 K is around 5 h, while only around 1 h at 353 K. 
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Fig. 10. Effects of temperatures on the self-healing behaviors of nanosilica hydrogels. (a) Theoretically calculated and experimentally measured healing 

strength ratios of the self-healed nanosilica hydrogels in functions of healing time at various healing temperatures. (b) Rouse friction coefficients in a 

function of healing temperature. (c) Theoretically calculated and experimentally measured equilibrium healing time in functions of healing temperatures. 

The parameters used to explain behaviors of nanosilica hydrogels: L/b = 85 , ψ = ln ( 1806 ) , δ = 0 . 12 , and ηp = 8 . 2 × 10 19 m 

−3 . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The temperature term is directly involved in the expression of the nominal stress of the original hydrogel and self-healed

hydrogel shown in Eqs. (14 ) and (28) . However, the existence in both expressions results in the vanishing of temperature

term in the healing strength ratio ρ . Here, we more focus on the effects of temperatures on the diffusion coefficient D c ( Eq.

(15 )). The curvilinear diffusivity can be affected by the temperature from two aspects: First, the temperature term explicitly

appears in Eq. (15 ) through k B T. In addition, the Rouse friction coefficient ξ monotonically decreases with increasing tem-

perature( Rubinstein and Colby, 2003 ). This behavior can usually be modeled by Vogel relationship as ( Rubinstein and Colby,

2003; Whitlow and Wool, 1991; Wool, 2008 ), 

ξ ∝ exp 

(
B 

T − T ∞ 

− A 

)
(33)

where T ∞ 

is the Vogel temperature, B and A are constant parameters. Using parameters A = 15.71, B = 92 K and T ∞ 

= 384.41 K,

we show that the Rouse friction coefficient monotonically decreases with increasing temperature shown in Fig. 10 b. In turn,

the friction coefficients can be used to explain the relationship between the healing strength ratio and healing time shown in

Fig. 10 a. The theoretical healing strength ratios consistently match the experimentally measured results. Further experiments

show that the theoretical equilibrium healing time is in a good agreement with the measured results from 300 K to ∼360 K

( Fig. 10 c). 

Moreover, the Vogel relationship shown in Eq. (33 ) can also be used to explain the healing behaviors of the nanoclay

hydrogels at various temperatures ( Fig. 11 ). With parameters A = 31.81, B = 2149.9 K and T ∞ 

= 206.14 K, the theoretical healing

strength ratio and equilibrium healing time can consistently match with the reported results of the nanoclay hydrogels

from 310 K to 353 K ( Haraguchi et al., 2011 ). We also notice that the Rouse friction coefficients of the nanoclay hydrogel are

larger than those of the nanosilica hydrogels, which is highly probably due to the shape difference between the nanoclays

and nanosilicas. Although it may be an interesting problem to elucidate the detailed mechanism how the hydrogel matrix

configuration and particle geometry affect the Rouse friction coefficients, it may be out of the scope of the current paper. 

4.6. Effect of particle concentration 

Besides the temperature, we also experimentally observed that the equilibrium healing time of nanocomposite hydrogels

increases with the nanoparticle concentrations ( Fig. 12 a) ( Haraguchi et al., 2011 ). With increasing particle concentrations,

the motions of the polymer chains are significantly constrained due to the decreasing free volumes within the hydrogels.

We denote f as the free volume fraction of the hydrogel and the Rouse friction coefficient follows Doolittle scaling law as

( Ferry, 1980; Rubinstein and Colby, 2003 ), 

ξ ∼ exp ( 1 / f ) (34)
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Fig. 11. Effects of temperatures on the self-healing behaviors of nanoclay hydrogels. (a) Theoretically calculated and experimentally measured healing 

strength ratios of the self-healed nanosilica hydrogels in functions of healing time at various healing temperatures. (b) Rouse friction coefficients in a 

function of healing temperatures. (c) Theoretically calculated and experimentally measured equilibrium healing time in functions of healing temperatures. 

The experimental results are from reference ( Haraguchi et al., 2011 ). The parameters used to explain behaviors of nanoclay hydrogels: L/b = 50 , ψ = 

ln ( 625 ) , δ = 0 . 12 , and ηp = 3 . 24 × 10 22 m 

−3 . 

Fig. 12. Effects of nanosilica concentrations on the self-healing behaviors of nanosilica hydrogels. (a) Theoretically calculated and experimentally measured 

healing strength ratios of the self-healed nanosilica hydrogels with various nanosilica concentrations in functions of healing time. (b) Rouse friction coef- 

ficients in a function of healing temperature. (c) Theoretically calculated and experimentally measured equilibrium healing time in functions of nanosilica 

concentrations. The parameters used to explain behaviors of nanosilica hydrogels: L/b = 85 , ψ = ln ( 1806 ) , and δ = 0 . 12 . 

 
With increasing nanoparticle concentration, the distance of the particles decreases and the free volume in the hydrogel

thus decreases. We approximate the free volume fraction as 

f ∼ 1 − ηp ν0 ∼ ( 1 + ηp ν0 ) 
−1 (35) 
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Fig. 13. Effects of delaying time on the self-healing behaviors of nanosilica hydrogels. (a) Theoretically calculated and experimentally measured healing 

strength ratios of the nanosilica hydrogels in functions of healing time for various delaying time. (b) The chain length distribution of the active chains 

for various delaying time. (c–d) Theoretically calculated and experimentally measured equilibrium strength ratios (c) and equilibrium healing time (d) in 

functions of the delaying time. The parameters used to explain behaviors of nanosilica hydrogels: L/b = 85 , ψ = ln ( 1806 ) , δ = 0 . 12 , ξ = 2 . 5 × 10 −8 N / m , and 

ηp = 8 . 2 × 10 19 m 

−3 . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

where ν0 is the nanoparticle volume and ηp ν0 < < 1 ( ν0 ∼2.15 × 10 −25 m 

3 for a 9 nm particle and ηp ∼10 19 -10 23 m 

−3 ). There-

fore, we relate the Rouse friction coefficient to the particle concentration as 

ξ ∼ exp ( ηp v 0 ) (36)

We first take the calculated ξ of a nanoclay hydrogel sample with ηp = 8 . 2 × 10 19 m 

−3 at 333 K to calculate the Rouse

friction coefficient for various particle concentrations as shown in Fig. 12 b. We then use the friction coefficients to calculate

the healing strength ratios and the equilibrium healing time for various nanosilica concentrations ( Fig. 12 ac). As shown

in Fig. 12 ac, the theoretical healing strength and equilibrium healing time can consistently match with the experimentally

measured results for nanosilica hydrogels with particle concentrations from 8 . 2 × 10 19 m 

−3 to 2 . 1 × 10 20 m 

−3 . 

4.7. Effect of delaying time 

In the above theoretical modeling, we consider the healing process as immediately bringing two separated hydrogel parts

into contact and heal. However, in the real applications and experiments, fractured self-healing materials usually undergo

a delaying time t d and then contact to heal. As revealed in the experiments ( Fig. 13 a), the maximum healing strength

decreases with increasing delaying time t d . It means the healing performance is degraded after a certain period of delaying.

We can understand this behavior as follows. 

During this delaying time, the polymer chains with free end groups initially on the hydrogel surfaces may degrade by

diffusing into the matrix, or becoming inactive when encountering other molecular species. The degradation/dissipation

behavior is complicated, mainly governed by the Rouse motion of the polymer chains ( Rubinstein and Colby, 2003 ). To

model the overall degradation of the chain free end groups, we consider an effective dissipation behavior following an

exponential function with the delaying time t d as ( Rubinstein and Colby, 2003 ) 

P ia = 

N ia 

N i 

∼ exp 

(
−ϕ 

t d 
τi 

)
(37)

where N ia is the available ith chain number after delaying time t d , P ia is the available ith chain probability on the hydrogel

surface after delaying time t d , ϕ is a constant and τ i is the dissipation time scale for the i th chain. The dissipation time

scale is mainly governed by the Rouse diffusion of the chain; therefore, τ i can be written as 

τi = 

ξ

k T 
R 

2 = 

ξ

k T 
n i b 

2 (38)

B B 
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where R is the characteristic length scale which can be approximated as the length of freely joint ith chain 

√ 

n i b. 

Using Eqs. (37) –(38) with ϕ = 7 × 10 4 , we can plot the active chain probability P ia as shown in Fig. 13 b and calculate the

healing strength ratio for various delaying time in Fig. 13 a. The theoretical healing strength ratios match consistently with

the experimentally measured results for delaying time from 0 to 2.5 h ( Fig. 13 a). Due to the chain degradation/dissipation,

the equilibrium healing strength monotonically decreases with the increasing delaying time, also in a good agreement with

the experiments ( Fig. 13 c). It is further noted that due to unchanged average chain length (shown in Fig. 13 b), the equilib-

rium healing time of the nanocomposite hydrogels with varied delaying time remains unchanged ( Fig. 13 d). Therefore, the

delayed self-healing only induces lower healing interfacial strength, but still requires a similar level of healing time to heal

to the equilibrium strength. 

5. Conclusive remarks 

In summary, we report a mechanistic theory to explain the tensile strength of self-healing nanocomposite hydrogels with

varied healing time. Our theory can reveal the effects of temperature, nanoparticle concentrations and delaying time on the

healing behaviors, consistent with the experimental results on both nanosilica hydrogels and nanoclay hydrogels. To the best

of our knowledge, this is the first analytical model to explain the tensile strength of self-healing hydrogels with dynamic

bonds ( Balazs, 2007; Wool, 2008 ). This model can potentially be extended to explain various self-healing polymers with a

variety of dynamic bonds ( Blaiszik et al., 2010; Burattini et al., 2010; Wojtecki et al., 2011; Wool, 2008; Wu et al., 2008; Yang

and Urban, 2013 ), including dynamic covalent bonds ( Chen et al., 2002; Ghosh and Urban, 2009; Skene and Lehn, 2004 ) and

physical bonds ( Burnworth et al., 2011; Chen et al., 2012; Cordier et al., 2008; Gulyuz and Okay, 2014; Haraguchi et al., 2011;

Holten-Andersen et al., 2011; Nakahata et al., 2011; Okay, 2015; Phadke et al., 2012; Sijbesma et al., 1997; Sun et al., 2012;

Sun et al., 2013; Wang et al., 2013; Wang et al., 2010 ). 

Despite the great potential, we have to admit that the current theory is highly simplified in multiple aspects that require

more careful consideration in the future studies. First, the chain-particle interaction is highly simplified by assuming that

once the polymer chain free-end groups arrive at the nanoparticles they are immediately absorbed by the nanoparticles. This

assumption is only valid for relatively strong chain-particle interactions with interaction time scale much shorter than the

chain diffusion time scale; however, the problem may involve another time scale if the interaction time scale is comparable

to the diffusion time scale ( Hui and Long, 2012; Long et al., 2014 ). 

Second, we here have not considered the instantaneous surface adhesion between two separated hydrogel parts. This

limitation can be used to explain why the experimentally measured instantaneous healing strength of the nanocomposite

hydrogel is not close to zero, but always a positive number ( Fig. 9 b, d). We expect future models to consider this instanta-

neous adhesion effect to fully capture the healing strength behaviors from very small healing time to long healing time. 

Third, we here only consider the interfacial healing strength as the indicator of the healing performance, because the

measurement of the interfacial strength in experiments is relatively easy and most of the researchers in self-healing com-

munity use the interfacial strength in their experiments ( Blaiszik et al., 2010; Burattini et al., 2010; Wojtecki et al., 2011;

Wool, 2008; Wu et al., 2008; Yang and Urban, 2013 ). The interfacial healing strength is an effective indicator only when the

fracture point is corresponding to the maximum stress. The nanocomposite hydrogels (e.g., nanosilica and nanoclay hydro-

gels) fall into this category ( Haraguchi, 2007, 2011b; Wang and Gao, 2016 ). In addition, the results of interfacial strength are

reliable when the sample number is large enough to eliminate the effects of small defects. In the experiments, we always

use multiple samples (up to 10 samples for each case) to validate the accuracy of the measurement. On the other hand,

interfacial fracture energy has been used to characterize the healing performance ( Sun et al., 2012; Zhao, 2014 ). The mea-

surement of the interfacial fracture energy is more difficult and has been less adopted by the researchers in the self-healing

community. To understand the interfacial fracture energy, we have to consider two parts of energies during the fracture pro-

cess � ≈ �0 + �D , where the intrinsic fracture energy �0 due to the detaching or fracture of the crossover chains, and the

dissipated elastic energy �D due to the loading-unloading in the processing zone ( Zhao, 2014 ). To capture the contribution

of �D , we should take into account the loading-unloading behaviors of the self-healing nanocomposite hydrogels, which

recently have been modeled by our theory and validated with experiments ( Wang and Gao, 2016 ). The current paper only

focuses on the interfacial strength, leaving the detailed understanding of the interfacial fracture energy in the future studies.
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