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Within plate-type dispersion nuclear fuel elements, the metal matrix and cladding attacked continuously
by fast neutrons undergo irradiation hardening, which might have remarkable effects upon the mechan-
ical behaviors within fuel elements. In this paper, with the irradiation hardening effect of metal materials
mainly considered together with irradiation growth effect of the cladding, the three-dimensional large-
deformation constitutive relations for the metal matrix and cladding are developed. The method of vir-
tual temperature increase in the previous studies is further developed to model the irradiation swelling
of fuel particles; the method of anisotropic thermal expansion is introduced to model irradiation growth
of the cladding; and a method of multi-step-temperature loading is proposed to simulate the coupling
features of irradiation-induced swelling of the fuel particles together with irradiation growth of the clad-
ding. Above all, based on the developed relationship between irradiation growth at certain burnup and
the loaded virtual temperatures, with considering that certain burnup corresponds to certain fast neutron
fluence, the time-dependent constitutive relation due to irradiation hardening effect is replaced by the
virtual-temperature-dependent one which is introduced into the commercial software to simulate the
irradiation hardening effects of the matrix and cladding. Numerical simulations of the irradiation-
induced mechanical behaviors are implemented with the finite element method in consideration of
the micro-structure of the fuel meat. The obtained results indicate that when the irradiation hardening
effects are introduced into the constitutive relations of the metal matrix and cladding: (1) higher maxi-
mum Mises stresses for certain burnup at the matrix exist with the equivalent plastic strains remaining
almost the same at lower burnups; (2) the maximum Mises stresses for certain burnup at the cladding are
enhanced while the maximum equivalent plastic strains are reduced; and (3) the maximum first princi-
pal stresses for certain burnup at the matrix or the cladding are lower than the ones without the hard-
ening effect, and the differences are found to increase with burnup; and the variation rules of the
interfacial stresses are similar.

� 2011 Elsevier B.V. All rights reserved.
1. Introduction

Dispersion nuclear fuel elements are composed of metal
cladding and fuel meat, which is similar to a sandwich plate in
the configuration; and the fuel meat is the same to the particle
composite with the fuel particles dispersed within the metal ma-
trix. Owing to their high conductivity [1], the in-pile temperatures
are much lower than those at the traditional rod-like fuel elements
and they can reach high burnup. As a result, the dispersion nuclear
fuel elements are more and more appealing in the research and test
reactors, especially since the Reduced Enrichment for Research and
Test Reactors (RERTR) program, which has been tasked with the
conversion of research reactors from high-enriched uranium
(HEU) to low-enriched uranium (LEU).
ll rights reserved.
The dispersion fuel elements have very complex in-pile thermal
and mechanical behaviors. The fuel particles attacked by the neu-
trons produce fission heat along with the solid and inert gas fission
products. For one thing, the fission reactions can lead to volume
swelling of the fuel particles, and anisotropic irradiation growth
of the cladding with increasing burnup, and thus the configuration
of the fuel element will be changed correspondingly. For another,
the fission gas would migrate to the free volumes with rise of bur-
nup, and will form the bubble nucleus, dislocation, and cavity in
the grain boundary, then the bubble nucleus will grow with
absorption of the liberated fission gas atoms [2]. It is revealed that
high quantities of radiation-induced defect clusters are retained,
and they impede the generation and glide of dislocations during
deformation [3]. On the structural macroscopic level, these defect
clusters will lead to irradiation hardening and the irradiation-
induced segregation of the metallic in-pile materials, thus increas-
ing the damage level [3–5].

http://dx.doi.org/10.1016/j.jnucmat.2011.03.021
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Irradiation hardening that occurs in metals at low temperatures
(below 0.5 Tm, where Tm is the melting temperature) is an impor-
tant technical challenge for advanced nuclear energy systems
[6,7]. Actually, the in-pile temperature of the typical dispersion
fuel element in this study is around 600 K [8–12]. The temperature
within the matrix is much lower than 0.5 Tm (the melting temper-
ature Tm of Zircaloy is about 2123 K [13]). As a HCP structural alloy,
Zircaloy manifests its irradiation effects as yield stress increase and
ductility decrease with increasing the irradiation dose [14]. These
effects will substantially undermine the safety of the in-pile mate-
rials within the dispersion nuclear fuel element. As a result, in or-
der to predict the life time of the dispersion fuel element and
implement the optimal design, it is necessary to evaluate and sim-
ulate the synergistic effects of irradiation hardening with other
irradiation behaviors [15].

As for the study of the dispersion nuclear fuel element, since the
irradiation experimental research is very expensive and time-
consuming, the numerical simulation is becoming an important
approach to interpret the experiment results and carry out the
optimal design. Recently, some finite element codes are developed
to analyze the thermal and thermal–mechanical behaviors of the
dispersion fuel plate, such as FASTDART [16,17], PLATE [18,19],
MAIA [20,21] and DART-TM [22] and so on. In these studies, the
dispersion fuel meat was generally treated as homogeneous and
the modeling was two-dimensional, taking no account of the
mutual actions between the fuel particles and the matrix, and
the mutual actions among fuel particles. Böning [23] simulated
the irradiation swelling of the full-sized U3Si2–Al fuel plate, whose
meat was regarded as a homogeneous one. Van Duyn [1] studied
the PuO2–Zr dispersion rod-like fuel element with FEM, consider-
ing the distribution of the fuel particles more actually, while the
simulation of the mechanical behaviors was relatively simple.
Shurong Ding et al. [9,10] studied the thermal and mechanical
behaviors in the plate-type dispersion nuclear fuel element, but
they did not consider the actual cladding structure. Qiming Wang
and Shurong Ding [11,12] further studied the in-pile mechanical
performances under different microstructures with allowing for
the mechanical interactions between the fuel meat and the clad-
ding; whereas, the synergistic effects of irradiation hardening of
the Zircaloy with other irradiation behaviors were not yet
considered.

In this study, with the aid of the research thoughts of particle-
reinforced composites, the three-dimensional Representative
Volume Element (RVE) is chosen to act as the research object,
which could calculate the microscopic stress–strain field and
macro deformation along the thickness. Based on the previous
works [11,12], the effects of the irradiation swelling of the fuel par-
ticle, the irradiation growth of the cladding together with the irra-
diation hardening effects of the matrix and the cladding are
considered in a systematic way. Special methods are carried out
to simulate the coupling features using finite element method.
The effects of irradiation hardening of the matrix and the cladding
with burnup are analyzed.
2. The material models

The research object is a typical dispersion fuel element, with an
alloy cladding and a meat with the fuel particles being dispersedly
embedded in a metal matrix.

As for the steady-state thermal analysis problems, the thermal
conductivities of the fuel particles, matrix and cladding, the fission
rates of the fuel particles, the temperature of the periphery fluid
and so on will all affect the temperature distributions of the fuel
elements. In this study, these parameters of in-pile materials are
adopted from [24,25].
The mechanical and irradiation parameters of fuel particles are
the same as [11]. In the following, the irradiation growth model
and irradiation hardening model of Zircaloy are mainly given.

Zircaloy is set as the materials of the matrix and cladding. The
thermal expansion coefficient [22] is 5.58 � 10�6/K. The Young’s
modulus and Poisson’s ratio are introduced as Fisher Model [26]:

E ¼ 9:9� 105 � 566:9� ðT � 273:15Þ � 9:8067� 104 ð2:1Þ

m ¼ 0:3303þ 8:376� 10�5ðT � 273:15Þ ð2:2Þ

where E is Young’s modulus in Pa, T is temperature in Kelvin and m is
Poisson’s ratio.

Eq. (2.1) is the Young’s modulus without considering the effects
of the irradiation hardening in the previous studies [8–12]. While
in this work this expression should be adjusted by a factor to pre-
dict the effect of the fast neutron fluence. The Young’s modulus un-
der irradiation becomes

E ¼ ð9:9� 105 � 566:9� ðT � 273:15Þ � 9:8067� 104Þ=k1 ð2:3Þ

k1 ¼ 0:88þ 0:12 exp � / � t
1025

� �
ð2:4Þ

where k1 is a dimensionless modification factor to allow for the ef-
fect of fast neutron fluence [27]; / � t denotes fast neutron fluence
(n/m2).

The strain-hardening curve of unirradiated Zircaloy is described
as [27]:

r ¼ Ken �
_e

10�3

� �m

ð2:5Þ

where r is the true stress, e is the true strain, n is the strain-hard-
ening exponent, K is strength coefficient and m is strain rate sensi-
tivity exponent. _e is the true strain rate. If _e < 10�5=s; set _e ¼ 10�5=s.

K ¼ 1:0884� 109 � 1:0571� 106T ð2:6Þ

n ¼ �1:86� 10�2 þ Tð7:11� 10�4 � 7:721� 10�7TÞ ð2:7Þ

m ¼ 0:02 ð2:8Þ

where T is the temperature in Kelvin with the application range
from 300 K to 730 K.

In order to take account of the effects of irradiation hardening,
the change in the strain hardening exponent due to irradiation is
described by multiplying the coefficient given in Eq. (2.9) [27]

k2 ¼ exp
�ð/ � tÞ1=3

3:73� 107

" #
ð2:9Þ

The strength coefficient under irradiation is given by multiply-
ing the coefficient given in the Eq. (2.10) [27]

k3 ¼ 1þ 9:76� 10�27/ � t ð2:10Þ

The factors in Eqs. (2.9), (2.10) are both dimensionless. And / � t de-
notes fast neutron fluence (n/m2).

The irradiation growth of the cladding is anisotropic, namely
the cladding stretches in one dimension while shrinks in other
two dimensions. In this study, the model of the irradiation growth
strain has been adopted from [28]

degr
i ¼ _egr

i dt ð2:11Þ

_egr
x ¼ 4:942� 10�20/ ð2:12Þ

_egr
z ¼ �0:059 _egr

x ð2:13Þ

_egr
y ¼ �0:941 _egr

x ð2:14Þ
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where the growth strain rate _egr
x ; _egr

y ; _egr
z are the components in the

direction of length, width and thickness respectively; / depicts
the fast neutron flux (n/m2 s).

3. The three-dimensional constitutive relations and the
simulation methods

In this study, the method of sequential coupling is used. At first,
the steady-state temperature field is calculated; secondly, the
structural analysis is divided into two analysis steps. The first anal-
ysis step is corresponding to the initial stage of burnup, where only
thermal–mechanical behaviors are considered with the load of the
steady-state temperature; while, in the second analysis step, the
irradiation effects such as particle-swelling, cladding growth and
material hardening effects induced by fast neutron fluence are
included.

At the initial stage of burnup, the thermal–mechanical behav-
iors are mainly induced by the high temperature differences. This
will result in existence of plastic deformations at the metal matrix
and cladding, however, the total deformations remain small. So, at
this stage the thermal-elastoplastic constitutive behaviors for
small deformation can be adopted for the metal matrix and the
cladding; while, the thermal-elastic constitutive relation is suitable
for the fuel particles.

With increasing burnup, the fuel particles undergo irradiation
swelling due to fission gas and solid products. At higher burnups
the relative volumetric variations of the particles can reach 20%.
At the same time, irradiation growth of the metal cladding together
with irradiation hardening effects will be enhanced with increasing
burnup. Within the fuel element, the large deformation can appear
because of the enhanced interaction between the fuel particles and
the matrix. As a result, the structural analysis of the fuel element
with increasing burnup should be implemented on the base of
the large-deformation constitutive relations.

The large-deformation constitutive relations for the materials at
the increasing stage of burnup are developed in this study. Besides
the thermal effects, the coupling behaviors of irradiation swelling
of the fuel particles, together with irradiation growth of the clad-
ding and the irradiation hardening effects of the metal materials
are considered. In this section, the constitutive relations for the
metal matrix and cladding are mainly developed. Based on the con-
structed constitutive relations, the simulation methods of the com-
plex irradiation behaviors of nuclear fuel elements in ANSYS are
proposed.

3.1. The three-dimensional constitutive models

The three-dimensional constitutive relation of the fuel particles
can be found in [11]. In this section, the three-dimensional consti-
tutive relations for the matrix and cladding are mainly given.

3.1.1. The three-dimensional constitutive relation of the metal matrix
with considering the irradiation hardening effects

The deformation rate within the metal matrix is supposed to
consist of the elastic one, the plastic one and the thermal one, that
is

dkl ¼ de
kl þ dp

kl þ dth
kl ð3:1Þ

where, dp
kl denotes the plastic deformation rate. The thermal expan-

sion deformation rate is the instantaneous variation rate of the
thermal true strain at time t. According to the relation between
the true strain and the engineering strain, the thermal true-strain
is given as

e ¼ lnð1þ eÞ ¼ ln½1þ aTðT � T0Þ� ð3:2Þ
Then the thermal deformation rate at time t can be obtained as

dth
kl ¼ dkl _e ¼ dkl

_aTðT� T0Þ þ aT
_T

1þ aTðT � T0Þ
ð3:3Þ

In Eqs. (3.2) and (3.3), aT is the secant thermal expansion coef-
ficient for time t (with temperature T), which is defined according
the deformation with respect to the original configuration; T0 is the
reference temperature.

The elastic deformation rate and the Jaumann rate of the Cau-
chy stress obey the hypo-elastic relation [29]:

rrij ¼ Dijkld
e
kl ð3:4Þ

The plastic flow rule is as follows

dp
kl ¼ _k

@w
@rkl

ð3:5Þ

where _k is the scalar plastic flow rate, w is the plastic flow potential.
If the plastic flow potential is associated, the plastic flow potential w
is the same to the equation of the yield surface. For the strain-
hardening material, Eq. (3.5) demonstrates that the vector of the
plastic deformation rate is along the outer normal direction of the
yield surface.

In the initial stage of burnup, only thermo-mechanical behav-
iors are considered. The Mises isotropic yield rule can be expressed
as

�r ¼ Hð�ep; TÞ ð3:6Þ

However, in the increasing stage of burnup, irradiation harden-
ing effects induced by the fast neutron fluence should be included,
and irradiation effects will enhance with increasing the neutron
fluence. So, the Mises isotropic yield rule with increasing burnup
is expressed as follows with the part of neutron fluence which
embodies the effects of irradiation hardening.

�r ¼ Hð�ep; T;/tÞ ð3:7Þ

The corresponding yield surface equation becomes

F ¼ f ð�r; �ep; T;/tÞ ¼ �r� Hð�ep; T;/tÞ ¼ 0 ð3:8Þ

where, �r is the Mises equivalent true stress, �ep is the equivalent
plastic true strain. For the large-deformation analysis, the yield sur-
face equation must be expressed with the true stress and the true
strain. And �r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3=2sijsij

p
, where sij are the components of the devi-

atoric tensor of the Cauchy stress.
According to the associated flow rule, the plastic deformation

rate is given as

dp
ij ¼ _k

@F
@rij
¼ _k

@�r
@rij

ð3:9Þ

According to the plastic work rate as

_Wp ¼ rijd
p
ij ¼ �r _�ep ð3:10Þ

Together with �r ¼
ffiffiffiffiffiffiffiffiffiffiffi
3
2 sijsij

q
, sij = rij � dijrm, and rm ¼ 1

3 rij, it can
be obtained that _k ¼ _�ep:

Thus, the plastic deformation rate in Eq. (3.9) can also be ex-
pressed as

dp
ij ¼ _�ep

@�r
@rij

ð3:11Þ

According to the yield surface equation as Eq. (3.8) and the con-
sistent condition (that is, the point located at the yield surface will
remain at the yield surface through the plastic loading.), we have

_F ¼ @�r
@rij

_rij �
@H
@�ep

_�ep �
@H
@T

_T � @H
@ð/tÞ ð

_/t þ /Þ ¼ 0 ð3:12Þ

Using Eqs. (3.1), (3.3), and (3.11) yields
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rrij ¼ Dijkl dkl � _�ep
@�r
@rkl

� dkl
_aTðT � T0Þ þ aT

_T
1þ aTðT � T0Þ

 !
ð3:13Þ

The Mises yield function is the isotropic function of the stresses,
and thereby it is the function of the invariant of the stresses. So, the
following relation is obeyed [29]

@�r
@rij

_rij ¼
@�r
@rij

rrij ð3:14Þ

Substituting Eq. (3.14) into (3.12) gets

@�r
@rij

rrij �
@H
@�ep

_�ep �
@H
@T

_T � @H
@ð/tÞ ð

_/t þ /Þ ¼ 0 ð3:15Þ

Substitution of Eq. (3.13) into (3.15) yields

_k ¼ _�ep ¼
@�r
@rij

Dijkldkl � @�r
@rij

Dijkk
_aT ðT�T0ÞþaT

_T
1þaT ðT�T0Þ

� �
� @H

@T
_T � @H

@ð/tÞ ð _/t þ /Þ
@�r
@rij

Dijkl
@r
@rkl
þ @H

@�ep

ð3:16Þ

The three-dimensional constitutive relation for the metal
matrix can be deduced through substituting Eq. (3.16) into (3.13),

rrij ¼ Dep
ijkldkl þ rr0

ij ð3:17Þ

where Dep
ijkl is the tangent elastoplastic stiffness tensor which can be

denoted as

Dep
ijkl ¼ Dijkl � Dp

ijkl ¼ Dijkl �
Dijmn

@�r
@rmn

@�r
@rpq

Dpqkl

@�r
@rpq

Dpqmn
@r
@rmn
þ @H

@�ep

ð3:18Þ

rr0
ij ¼

Dijkl
@�r
@rkl

@�r
@rpq

Dpqmm
_aT ðT�T0ÞþaT

_T
1þaT ðT�T0Þ

� �
þ Dijkl

@�r
@rkl

@H
@T

_T þ @H
@ð/tÞ ð _/t þ /Þ

� �
@�r
@rpq

Dpqmn
@r
@rmn
þ @H

@�ep

� Dijkk
_aTðT � T0Þ þ aT

_T
1þ aTðT � T0Þ

 !

ð3:19Þ

when the elastic loading or the unloading is carried out,
Dep

ijkl ¼ Dijkl.
3.1.2. The three-dimensional constitutive relation for the cladding
The total deformation rate of the cladding is supposed to consist

of the elastic one, the plastic one, the thermal one and the irradia-
tion growth one, that is

dkl ¼ de
kl þ dp

kl þ dth
kl þ dgr

kl ð3:20Þ

According to the definition of the irradiation growth rate of the
cladding as Eqs. (2.11)–(2.14),

½dgr
kl � ¼

_egr
x 0 0
0 _egr

y 0
0 0 _egr

z

2
64

3
75 ð3:21Þ

In the same way as the matrix in Section 3.1.2, the three-dimen-
sional constitutive relation for the cladding can be deduced as

rrij ¼ Dep
ijkldkl þ rr0

ij ð3:22Þ

where Dep
ijkl is the tangent elastoplastic stiffness tensor which can be

expressed as
Dep
ijkl ¼ Dijkl � Dp

ijkl ¼ Dijkl �
Dijmn

@�r
@rmn

@�r
@rpq

Dpqkl

@�r
@rpq

Dpqmn
@r
@rmn
þ @H

@�ep

ð3:23Þ

rr0
ij ¼

Dijkl
@�r
@rkl

@�r
@rpq
ðDpqmm

_aT ðT�T0ÞþaT
_T

1þaT ðT�T0Þ
þDpqmndgr

mnÞþDijkl
@�r
@rkl
ð@H
@T

_Tþ @H
@ð/tÞð _/tþ/ÞÞ

@�r
@rpq

Dpqmn
@r
@rmn
þ @H

@�ep

� Dijkk
_aTðT�T0ÞþaT

_T
1þaTðT�T0Þ

þDijkld
gr
kl

 !

ð3:24Þ

when the elastic loading or the unloading is carried out, Dep
ijkl ¼ Dijkl.

The finite element procedure can be developed through the vir-
tual work principle using the Updated Lagrange Method.

3.2. The simulation methods

Based on the developed constitutive relations in Section 3.1, the
simulation methods of coupling the synergistic irradiation effects
within the dispersion fuel element are developed.

It can be found from the constitutive relations that the irradia-
tion-swelling of the fuel particles and irradiation growth of the me-
tal cladding are the initial strains for every time step; and their
effects are similar to the ones of thermal expansions. According
to the previous study [9], it can be obtained that the thermal ef-
fects at the increasing stage of burnup are relatively weak in nor-
mal operation, so in this study the real thermal effects at the
increasing stage of burnup are ignored. In the previous studies
[10–12], in considering the similarity between the irradiation
swelling and the thermal expansion, the irradiation swelling of
the fuel particles was simulated with the method of virtual tem-
perature increase. While the irradiation growth of the cladding,
which shows elongation in one direction and shrinking in other
two directions, can be modeled with the method of virtual aniso-
tropic thermal expansion. In this section, these simulation meth-
ods will be introduced and further developed to incorporate the
effects of irradiation hardening.

3.2.1. The simulation method of the irradiation swelling of fuel
particles

According to previous studies [8,9], considering the similarity
between the thermal expansion and the irradiation swelling, the
method of virtual temperature increase is further developed to
simulate the irradiation swelling behaviors.

The total calculation process is divided into n virtual time steps,
ensuring that the strain increment and deformation at every step
are small enough. At an arbitrary time step from time t�1 to time
t, the ratio of the volume is corresponding to the small swelling
strain. That is,

Vt

Vt�1
¼ Vt�1 þ DVt

Vt�1
¼ ð1þ DeÞ3 ð3:25Þ

whereDe denotes the initial strain induced by the irradiation swell-
ing, which actually is assumed as the same at every virtual time
step. Then

Vn

V0
¼ V1

V0
� V2

V1
� � � Vn

Vn�1
¼ ð1þ DeÞ3n ð3:26Þ

SWðBUÞ ¼ Vn � V0

V0
¼ ð1þ DeÞ3n � 1 ð3:27Þ

The irradiation swelling of the fuel particles at a certain burnup
SW(BU) can be calculated out. Eq. (3.27) illustrates the swelling
strain of every time step at a certain burnup BU for the updated
configuration. In order to keep the small strain increment, the total
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number of the virtual time steps n should be set large enough. In
the practical calculation using the Updated Lagrange Method, n is
set to a limit value in order that De tends to be a stable value.

For the determined virtual time steps n at certain burnup BU,
the virtual temperature increase DTvirtual can be obtained to fit
the swelling strain, that is

nDe ¼ aDTvirtual ð3:28Þ

DTvirtual ¼ n
a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SWðBUÞ þ 13n

p
� 1

h i
ð3:29Þ

where a denotes the thermal expansion coefficient, which is, for the
sake of implementation of the simulation, assumed as an constant
at the increasing stage of burnup; and DTvirtual is the total virtual
temperature increase at the considered burnup. So, the total tem-
perature loads at a certain burnup are denoted as

T ¼ Tinitial þ DTvirtual ð3:30Þ

where Tinitial is the actual temperature at the initial stage of burnup.
It can be found from the above equations that the virtual tem-

peratures vary with burnup and the temperature loads should be
applied according to the actual load history, for example, at the ini-
tial stage of burnup Tinitial should be applied and with increasing
burnup the virtual temperatures can be applied step by step. So,
in the practical calculation the temperature loads are applied by
multiple steps, the total temperature loads at the end of certain
time step agree with the actual ones at the corresponding burnup;
and the load history can be reflected.

3.2.2. The simulation method of the irradiation growth of the cladding
Since the irradiation growth takes on an anisotropic feature,

this phenomenon could be mimicked as anisotropic thermal
expansion which holds different thermal expansion coefficients
in different directions. In this method, the thermal expansion coef-
ficient in the length direction is set positive to model its growth
phenomenon and the other ones are set negative to show the
shrinking properties.

On the condition of constant fission rate, the relationship be-
tween the real time and the certain burnup of the fuel particle
can be simply denoted as

t ¼ BU
_f

ð3:31Þ

where t is the real time and _f is the fission rate of the fuel particles,
and in this study the fission rate is set as 1020 fissions/(m3 s). In the
above equation, the scale of BU (% FIMA) and that of _f should be
matched, and the value of _f is deduced according to the reference
[30] to be 4.04 � 10�7% FIMA/s.

The irradiation growth strain at a constant fission rate is ac-
quired from Eq. (2.11),

egr
i ¼ _egr

i t ð3:32Þ

Especially, the component of the length direction can be de-
noted as (developed from Eq. (2.12))

DL
L0

� �
x
¼ egr

x ¼ 4:942� 10�24/t ð3:33Þ

where / is set as 2 � 1012 n/cm2 s. According to Eq. (3.31), the rela-
tionship between the real time and the certain burnup of the fuel
particle can be simply depicted. Thus, the relationship between
the respective components of the cladding growth strain and the
burnup of the fuel element is constructed. Thus, the virtual
temperature increase is deduced as

DTvirtual ¼ n
ax

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
egr

x þ 1n
p

� 1
h i

ð3:34Þ
where the thermal expansion coefficient in the length direction is
set as 5.58 � 10�6/K. And n is the number of the virtual time steps
which should be large enough.

In the other two directions, the relationship between the virtual
temperature increase and the virtual thermal expansion coefficient
can be expressed as

DTvirtual ¼ n
ay

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�0:059egr

x þ 1n
p

� 1
h i

ð3:35Þ

DTvirtual ¼ n
az

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�0:941egr

x þ 1n
p

� 1
h i

ð3:36Þ

Therefore, the thermal expansion coefficients in the width and
thickness directions can be obtained and input into the finite ele-
ment calculation program.

3.2.3. The simulation method of the irradiation hardening of Zircaloy
In this section, the effects of irradiation hardening of the matrix

and cladding will be considered and simulated.
At the matrix, according to Eqs. (2.1), (2.5)–(2.8), the unirradi-

ated elasto-plastic stress–strain curves under different work tem-
peratures can be constructed as shown in Fig. 1. In the curves, it
is defined that the initial yielding begins when the permanent
deformation reaches 0.2% [7]. So, the yielding point can be defined
by

ry ¼ Eey ¼ Kðey þ 0:2%Þn �
_e

10�3

� �m

ð3:37Þ

In Fig. 1, these curves reflect the temperature-dependent consti-
tutive behaviors of Zircaloy, yet with no irradiation hardening
effects.

Combined with Eqs. (2.4), (2.9), (2.10), the irradiated elasto-
plastic stress–strain curves at different irradiation time can be con-
structed. Furthermore, the stress–strain curves could be plotted at
different burnups with consideration of Eq. (3.31), as depicted in
Fig. 2.

According to Eqs. (3.31), (3.33), and (3.34), the hardening effects
expressed in Eqs. (2.4), (2.9), and (2.10) can be obtained with the
applied temperatures (the real steady temperature plus the virtur-
al temperature) at different burnups. Thus, the elasto-plastic true
strain–stress curves for different burnups at the cladding can be gi-
ven with different simulation temperatures, as shown in Fig. 3.

As for the simulation of the hardening effects at the matrix,
the same methods can be adopted. After the initial stage of burnup,
the same temperatures as those at the cladding can be applied
at the matrix to develop the relationship between the burnup
work temperatures at the matrix.
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and the temperature, thus the hardening effects can be reflected
with temperatures. In order to eliminate the thermal expansion in-
duced by the virtual temperature after the steady temperature, the
tangent thermal expansion coefficient at the increasing stage of
burnup is set to be zero.
3.2.4. The simulation method in ANSYS
In this section, the method to couple the above mentioned irra-

diation features in commercial software ANSYS will be introduced.
And the total analysis is divided into two parts.
The first analysis part is to model the mechanical behaviors at

the initial stage of burnup. Firstly, the steady temperature field is
solved, and then the displacement field, the strain field and the
thermal-stress field resulting from the temperature differences
are calculated with the thermo-elasto-plasticity method. In ANSYS,
the thermal element Solid90 and the corresponding mechanical
element Solid186 are used, whose finite element meshes are the
same and can be switched to each other in the respective thermal
or mechanical analysis. In this analysis, the method of sequential
coupling is adopted, in which the results of the temperature fields
will be applied as the loads in the analysis of the mechanical
behaviors.

In the second analysis part, simulations of the irradiation effects
with increasing burnup become a key problem. The method of vir-
tual temperature increase is introduced as stated above. As de-
picted in Section 3.2.1, the total burnups should be divided into
plenty of steps to ensure the small deformation at the interval of
every time step. The large deformation finite element method is
adopted and the Updated Lagrange Method is used.

As shown in Fig. 4, the method of multi-step-temperature load-
ing is implemented by the method of load files. For the sake of cal-
culation time and cost, this part is divided into seven load steps,
matching the burnups of 0% FIMA (namely initial stage of burnup),
5% FIMA, 10% FIMA, 15% FIMA, 20% FIMA, 25% FIMA and 30% FIMA.
Utilizing the APDL language in ANSYS, the commands of tempera-
ture loads for total elements (including fuel, matrix and cladding
respectively) for each step could be written into a load file, which
can be incorporated in the finite element analysis program. And
thus, seven load files can be obtained, waiting to be used in the cal-
culation. It should be noted that the first load step, whose temper-
ature loads are purely the solved temperature field results. In the
further calculation process, the virtual temperature loads are
implemented step by step. In every load step, enough time steps
should be set to be enough for the implementation of the large
deformation calculation.

It should be noted that in the first load step, the thermal expan-
sion coefficient of the cladding is isotropic, the same as the matrix.
While after the first load step, the thermal expansion coefficient of
the cladding should be changed to be anisotropic, namely positive
at X direction and negative at Y and Z directions as calculated from
Eqs. (3.35), (3.36); and the tangent thermal expansion coefficient
at the matrix is set to be zero.
4. The finite element methods

4.1. The Representative Volume Element and the finite element model

According to the previous studies [10–12], in considering that
the dispersion nuclear fuel meat is similar to the particle-rein-
forced composite in the framework, the meso-mechanics research
thought of the particle reinforced composites can be introduced.
Assuming that the fuel particles are periodically distributed along
the length and width directions, a specific Representative Volume
Element (RVE) is proposed, as illustrated in Fig. 5, where the peri-
odical sizes (meso-scale) at the length and width direction and the
actual size (macro-scale) along the thickness direction are adopted.

A simple case is first considered here. The meat thickness is set
as 1.26 mm and the cladding thickness maintains 0.4 mm. Assum-
ing that the spherical particles are cubically arranged in the matrix
illustrated as Fig. 6a, based on the periodicity and the actual geom-
etry shape that the sizes along the length direction and the width
direction are much larger than the one along the thickness, the rep-
resentative volume element (RVE) is selected as Fig. 6b. For the



Fig. 5. Dispersion fuel plate and the representative volume element.

Fig. 6. (a) The sketch map, (b) RVE, (c) finite element model of the dispersion fuel
plate.

Table 1
Element and node information for the developed finite element model.

Element in the thermal
field

Element in the structure
field

Node

Solid90 Solid186

Number 25 616 116 513

Fig. 7. The output paths for the results.
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sake of symmetry of RVE, the finite element model is selected to be
1/8 fraction of the RVE, shown as Fig. 6c. The plane Z = 0 expresses
the mid-plane of the fuel plate and the plane with Z = H/2 denotes
the upside surface which is the contact boundary with the coolant
water.

In order to get the effective finite results, the mesh should be
validated through the validation of mesh convergence. In this
study, the model is discretized by the quadratic 20-node element,
and the meshes are determined to satisfy the demand of the preci-
sion. The mesh grids, nodes and elements information of the devel-
oped finite element model are presented as Table 1.
4.2. Boundary conditions

The boundary conditions to determine the temperature field are
given as

1. Except the upside surface Z = H/2, the other surfaces of the finite
element models all obey: �k@nT/@ = 0.

2. The upside surface Z = H/2 satisfy the convection boundary con-
dition: �koT/on = h(T � Tf), where the temperature of the
periphery fluid Tf is 573 K. And the heat transfer coefficient used
is 2 � 10�2 W/mm2 K.

The used boundary conditions to determine the mechanical
fields are as follows:

1. The symmetric boundary condition is applied at all the surfaces
of the finite element models, except the upside surface Z = H/2,
where the pressure of coolant water 15 MPa is applied.

2. The continuous displacement conditions are met at the inter-
faces between the fuel particles and the matrix and the ones
between the meat and the cladding.

5. Results and discussions

In this section, the simulation methods stated in Section 3.2 will
firstly be validated based on the output results. After that, the val-
idated results will be presented to illustrate the effects of irradia-
tion properties. Finally, the results of the case considering the
irradiation hardening effects will be compared with the ones with-
out hardening effects of Zircaloy in order to analyze the influence
of irradiation hardening on the mechanical behaviors of dispersion
nuclear fuel elements.
5.1. Validation of the simulation methods

In the previous studies, the simulation method of particle irra-
diation swelling was validated utilizing the results of swelling ra-
tio. In this section, the results of two nodes at the matrix and the
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cladding will be output respectively to validate the simulation
method of the irradiation hardening.

As show in Fig. 7, node A at the matrix and node I at the clad-
ding are selected. The equivalent elasto-plastic strain and the
Mises stresses of them with increasing burnup are plotted in
Fig. 8. As shown in Fig. 8a, the results of node A increase with bur-
nup, which implies the effects of the irradiation hardening of Zirca-
loy; and the value at each burnup discussed obeys the constitutive
model curves given in Section 3.2.3. It indicates that the simulation
method of the irradiation hardening of the matrix with increasing
burnup is validated. In the same way, the results presented in
Fig. 8b also show the validation of the simulation method of the
irradiation hardening of the cladding. As a result, the method to
simulate the irradiation hardening of Zircaloy in the study is
effective.

5.2. Results of the case with the irradiation effects

The contour plots of the Mises stresses, the equivalent plastic
strains and the first principal stresses of the matrix at 20% FIMA
are shown in Fig. 9. From Fig. 9, it can be found that at 20% FIMA
there are two regions at the metal matrix with large Mises stresses
and the equivalent plastic strains: (1) the interfaces between the
metal matrix and the fuel particles; (2) the locations between the
two particles along the length or width direction. Thus, Path 1
(Path ABC) in Fig. 7 is chosen as the export path of the Mises stres-
ses and the equivalent plastic strains. In addition, it also can be
found that the first principal stresses take on relative large values
at the matrix between two particles along the thickness direction
and even reach the field of the interfaces between the metal matrix
and the fuel particles. Therefore, Path 2 (Path DCE) in Fig. 7 is trea-
ted as the export path for the first principal stresses at the matrix.

As shown in Fig. 10, the distributions of the Mises stress and the
equivalent plastic strain along Path 1 are depicted. The transverse
coordinate is denoted by the distance from node A along Path 1. It
can be found from Fig. 10a that two bigger values appear at two
locations along path 1, one locates at the midst of the matrix be-
tween two particles along X or Y direction, and the other one exists
at the midst of the route at the interface between the particle and
the matrix; while the smaller values present at node C. It is also ob-
served that the Mises stress along Path 1 increase with burnup. As
illustrated in Fig. 10b, the similar distribution is obtained for the
equivalent plastic strain along Path 1, yet with distinct difference
values between the maximums and the smaller values. It is noted
that the node with the maximum values in Fig. 10a and b are the
same at the increasing stage of burnup.

In Fig. 11, the distributions of the first principle stresses along
Path 2 with increasing burnup are shown. The transverse coordi-
nate is obtained from the distance from node D along Path 2 in
Fig. 7. After 5% FIMA, the maximum first principal stresses occur
near the two turning points, namely near node C and node E. It is
interesting that the maximum values at node C do not increase
with burnup monotonously and yet increase with burnup before
15% FIMA and decrease thereafter. The phenomenon will be dis-
cussed in the following section. However, the maximum values
at different burnups between 10% FIMA and 30% FIMA differ
slightly.

In Fig. 12, the contour plots of the Mises stresses, the equivalent
plastic strains and the first principal stresses at the cladding at 20%
FIMA are shown. It can be found that the maximums of the Mises



0.00 0.02 0.04 0.06 0.08 0.10
175
200
225
250
275
300
325
350
375
400
425
450

 0% FIMA
 5% FIMA
 10% FIMA
 15% FIMA
 20% FIMA
 25% FIMA
 30% FIMA

CBA

Th
e 

M
is

es
 s

tre
ss

 (M
Pa

)

Distance along Path 1 (mm)
0.00 0.02 0.04 0.06 0.08 0.1

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

0.40

0.45

CBA

Th
e 

eq
ui

va
le

nt
 p

la
st

ic
 s

tra
in

Distance along Path 1 (mm)

 0% FIMA
 5% FIMA
 10% FIMA
 15% FIMA
 20% FIMA
 25% FIMA
 30% FIMA

(a) (b)
Fig. 10. The distributions of (a) the Mises stress and (b) the equivalent plastic strain along Path 1 with increasing burnup.

0.00 0.01 0.02 0.03 0.04 0.05 0.06
0

50

100

150

200

250

300

350

400

450

ED

Distance along Path 2 (mm)

Th
e 

fir
st

 p
rin

ci
pa

l s
tre

ss
 (M

Pa
)

C

 0% FIMA
 5% FIMA
 10% FIMA
 15% FIMA
 20% FIMA
 25% FIMA
 30% FIMA

Fig. 11. The distributions of the first principal stress along Path 2 with increasing
burnup.

Fig. 12. The distributions of (a) the Mises stress (MPa), (b) the equivalent plastic
strain and (c) the first principal stress (MPa) of the cladding at 20% FIMA.

84 Y. Jiang et al. / Journal of Nuclear Materials 413 (2011) 76–89
stress, the equivalent plastic strain and the first principal stresses
occur near node F in Fig. 7. Path 4 in Fig. 7 can be treated as the out-
put path to depict the stress–strain distribution at the cladding.

As for the cladding, the distributions of the Mises stresses, the
equivalent plastic strains and the first principal stresses are de-
noted in Fig. 13. Since the stresses and strains are almost the same
at the region a bit far from the interface between the fuel meat and
the cladding, a route with length of only 0.12 mm at Path 4 is cho-
sen as the export path, which could reveal the main variation laws
of the mechanical behaviors at the cladding.

As displayed in Fig. 13a, the Mises stress distributions of the
cladding at different burnups are presented. At each burnup, the
values along Path 4 vary slightly along the path, with the maxi-
mums appearing at the point near node F. At the creasing stage
of burnup, the Mises stresses at the cladding increase with burnup.

It also can be observed from Fig. 13b that the equivalent plastic
strains along Path 4 first increase, with the maximums near node F,
and then decrease bit by bit along the path. The points with the
maximum equivalent plastic strains are the same as those with
the maximum Mises stresses along Path 4. Also, the equivalent
plastic strains increase with burnup.

Fig. 13c illustrates the first principal stresses along Path 4 with
rise of burnup. The maximum values at each burnup present at
node F, decrease dramatically along Path 4, and ultimately increase
smoothly toward the outer surface of the cladding. It is found that
the maximum first principal stresses increase with burnup, and the
variation is relative slight. The first principal stresses at the outer
surface keep invariable at different burnups.

In order to investigate the interfacial mechanical behaviors, the
interfacial stresses between the fuel meat and the cladding are fo-
cused on, which consist of the interfacial normal stress rzz and
interfacial shear stress s ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2

xz þ s2
yz

q
. The interfacial coordinate

and the export path are shown in Fig. 7. As depicted in Figs. 14
and 15, the three-dimensional distributions of the interfacial stres-
ses are presented. The maximum interfacial stresses vary with bur-
nup, while the maximum interfacial stresses exist along the corner
path from node F to node G in Fig. 7, which should be chosen as the
export path (path 3 in Fig. 7) for the interfacial stresses.

Fig. 16 denotes the variation of the distributions of the interfa-
cial (a) normal stress (b) shear stress along Path 3 with increasing
burnup. It can be found that the interfacial normal stresses de-
crease along Path 3 with the maximum interfacial normal stresses
been located at point F at each burnup. And the maximum values
at path 3 increase with burnup monotonously. The maximum
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interfacial shear stresses occur in the midst of Path 3 near point F,
and the maximum values decrease with burnup at the low burnups
and then increase a little with burnup.

5.3. Discussions

In Section 5.2, the results of the case with considering the irra-
diation hardening effects of Zircaloy, together with the coupling
features of irradiation swelling of the particles and the irradiation
growth of the cladding, are presented. In this section, comparing
the results under the irradiation hardening effects of the matrix
Fig. 14. The distributions of the interfacial normal stre
and the cladding with the ones without hardening effects, the ef-
fects of irradiation hardening upon the in-pile mechanical behav-
iors are to be evaluated.

Fig. 17 depicts the variation of the maximum Mises stresses, the
maximum equivalent plastic strains and the maximum first princi-
pal stresses along Path 1–2 with increasing burnup. In Fig. 17a, the
maximum Mises stresses of the two considered cases both increase
with burnup holding decreasing rates. At each burnup, the value of
the hardening case is higher than that of the unhardening case, and
the disparities between them increase with burnup. It indicates
that the irradiation hardening of Zircaloy enhances the Mises stress
ss at (a) 5% FIMA, (b) 15% FIMA and (c) 30% FIMA.



Fig. 15. The distributions of the interfacial shear stress at (a) 5% FIMA, (b) 15% FIMA and (c) 30% FIMA.
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at the matrix. At 30% FIMA, the hardening result is about 25% high-
er than the unhardening one. As show in Fig. 17b, the maximum
equivalent plastic strains of the two cases all increase with burnup,
with relatively constant rates. It can be found that the equivalent
plastic strains with hardening effects at higher burnups are lower
than the ones without hardening effects, especially at 30% FIMA
the hardening result decreases about 10%. This variation rule of
the maximums of Mises stresses and the equivalent plastic strains
is mainly due to different constitutive relations induced by fast
neutron fluence. Introduction of irradiation hardening of Zircaloy
stiffens the matrix and cladding, and the points with the same
deformation thus need bigger Mises stresses.

As illustrated in Fig. 18c, the maximum first principal stresses
along Path 2 with increasing burnup are presented. It is found that
the values of both cases increase with burnup between 0% FIMA
and 30% FIMA studied, while with a decreasing rate. But, after
10% FIMA, the values with considering the irradiation hardening
effects are lower than the ones without hardening, and the increas-
ing rate yet decreases sharply, even till 0 when at 20% FIMA. At 30%
FIMA, the hardening result is about 20% lower. It is probably owing
to the different mechanical interactions resulting from different
constitutive relations.

In Fig. 18, the variations of the maximum Mises stresses, the
maximum equivalent plastic strains and the maximum first princi-
pal stresses along Path 4 with increasing burnup are presented. As
shown in Fig. 18a, the maximum Mises stresses of the hardening
case and the unhardening case both increase with burnup. At the
increasing stage of burnup, the maximum Mises stresses of the
hardening case are bigger than those of the unhardening one,
and the disparity between them also increase with burnup, indi-
cating the enhancing effects of the irradiation hardening. Espe-
cially, at 30% FIMA the result with considering the hardening
effect is about 45% higher than the one without the hardening
effect.

It is also found that the maximum equivalent plastic strains of
the both cases depicted in Fig. 18b increase with burnup. However,
the maximum equivalent plastic strains of the hardening case are
yet smaller than those of the unhardening one, with increasing big-
ger disparity. Especially, at 30% FIMA the result with considering
the hardening effect is about 15% lower than the one without the
hardening effect. It is similar to the variation of the maximum
equivalent plastic strains at the matrix. The reason is probably that
the hardening matrix weakens the mechanical interaction between
the fuel meat and the cladding; that is, the compressive loading
from the fuel meat to the cladding is weaker, so the equivalent
plastic strains are relatively smaller than the unhardening case.
However, for the hardening constitutive relations smaller equiva-
lent plastic strains might lead to higher Mises stresses. So, the ob-
tained Mises stresses are strengthened, instead.

From Fig. 18c, the maximum first principal stress of the two
cases varies with the burnup. They both increase with burnup;
while the values of the hardening case increase with decreasing
rate, quite different from that of the unhardening case with
increasing rate. Especially, at 30% FIMA the result with considering
the hardening effect is about 25% lower. As shown in Fig. 12c, the
maximum first principal stresses appear at the interface between
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the cladding and the fuel meat, and are probably related to inter-
laminar tensile stresses at the interface, which will be discussed
in Fig. 19.

Fig. 19 illustrates the variation of the maximum interfacial nor-
mal and shear stresses between the fuel meat and the cladding
with increasing burnup. From Fig. 19a, it can be found that the
maximum interfacial normal stresses of both cases ascend with
burnup, while the values of the hardening case increase with
decreasing rate. These normal stresses are the tensile stresses at
the interface, which is because of the asymmetrical deformation
between node F and node G. And the hardening effects of the mate-
rial lead to weakening of the above deformation disparity. So, the
results with considering hardening effects are much lower than
the ones without the hardening effects at higher burnups. As a re-
sult, the interfacial normal stresses of the hardening case increase
with decreasing rate.

The variations of the interfacial shear stresses with the burnup
are also depicted in Fig. 19b. It can be observed from Fig. 19b that
the maximum interfacial shear stresses of the two cases both de-
crease before 10% FIMA while increase with burnup after 15%
FIMA. As shown in Fig. 19b, the values of the unhardening case in-
crease remarkably with burnup after 15% FIMA; while for the hard-
ening case the stresses increase with lower increasing rates,
especially at high burnup. At 30% FIMA the result with considering
the hardening effect is about 35% lower. The reason is that the
matrix and cladding under the effects of irradiation hardening
become more stiffened at higher burnups and variation of the distor-
tion effects between the fuel meat and the cladding relieves
relatively.

6. Conclusions

In this study, based on previous studies, the irradiation harden-
ing of the matrix and the cladding are considered to assess their ef-
fects upon the in-pile mechanical behaviors of dispersion fuel
elements. With considering different contributions of irradiation
effects, the three-dimensional large-deformation constitutive
models for the fuel particles, the metal matrix and cladding are
developed, respectively. Based on the developed constitutive rela-
tions, the method of virtual temperature increase is further pro-
posed to model the irradiation swelling of the fuel particles; and
the method of anisotropic thermal expansion is put forward to
simulate irradiation growth of the cladding; and a method of mul-
ti-step-temperature loading is brought forward to simulate their
coupling effects. Utilizing the relationship between the irradiation
fast neutron fluence and the loaded temperature after virtual tem-
perature increase, a method is introduced to simulate the irradia-
tion hardening effects of the matrix and cladding at the
increasing stage of burnup. And the proposed methods are per-
formed and validated in ANSYS.
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Fig. 18. The maximum (a) Mises stresses, (b) equivalent plastic strains and (c) first principal stresses of the hardening case and the unhardening case along Path 4 with
increasing burnup.
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Fig. 19. The maximum interfacial (a) normal stresses and (b) shear stresses between the fuel meat and the cladding with increasing the burnup.
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Simulations of the irradiation mechanical behaviors of
dispersion nuclear fuel elements in the finite element program
are divided into two analysis steps, and every analysis step con-
tains a number of time steps and the load history is reflected.
At the first step, the thermal–mechanical analysis induced by
the thermal effects is mainly considered; while at the second
step, the irradiation effects are further introduced into the calcu-
lation with the investigated burnups ranged from 0 and 30%
FIMA. The following conclusions could be obtained for the consid-
ered model in this study:
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(1) Under the effects of the irradiation hardening of the matrix
and cladding, the maximum values of the in-pile Mises
stresses and the equivalent plastic strains at the matrix
increase with burnup.

(2) Considering the hardening effects, the obtained maximums
of the Mises stresses at the cladding are higher than those
of the unhardening case, while the equivalent plastic strains
are lower instead.

(3) The maximums of the first principle stresses at the matrix
and the cladding increase with burnup, while the increasing
rate decreases instead because of the irradiation hardening
effects.

(4) The interfacial normal stresses between the fuel meat and
the cladding under irradiation hardening effects ascend with
burnup with the increasing rate becoming lower and lower.
The maximum interfacial shear stresses decrease with bur-
nup at lower burnups and then increase with burnup.

(5) As for the simulation of the plate-type dispersion fuel ele-
ment, the effects of the irradiation hardening of the matrix
and the cladding induced by the fast neutrons should be
incorporated.

In the future work, the irradiation creep effect should further be
considered.
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