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Intersection-Free and
Topologically Faithful
Slicing of Implicit Solid
We present a robust and efficient approach to directly slicing implicit solids. Different
from prior slicing techniques that reconstruct contours on the slicing plane by tracing the
topology of intersected line segments, which is actually not robust, we generate contours
by a topology guaranteed contour extraction on binary images sampled from given solids
and a subsequent contour simplification algorithm which has the topology preserved and
the geometric error controlled. The resultant contours are free of self-intersection, topo-
logically faithful to the given r-regular solids and with shape error bounded. Therefore,
correct objects can be fabricated from them by rapid prototyping. Moreover, since we do
not need to generate the tessellated B-rep of given solids, the memory cost our approach
is low—only the binary image and the finest contours on one particular slicing plane
need to be stored in-core. Our method is general and can be applied to any implicit rep-
resentations of solids. [DOI: 10.1115/1.4024067]
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1 Introduction

Slicing CAD models is a crucial operation for generating tool
paths in rapid prototyping. Prior slicing algorithms focus on com-
puting the intersection curves between a model represented by po-
lygonal meshes and a sequence of parallel planes, which becomes
an unstable step for the whole procedures of rapid prototyping if
the triangular meshes are self-intersected (or overlapped). In addi-
tion, more and more modeling approaches represent objects with
complex structures by implicit solids since such representations
are mathematically compact and robust. When conventional slic-
ing methods are used, the implicit solids must be first tessellated
into triangular meshes and then intersected by slicing planes.
However, generating a self-intersection free and topologically
faithful polygonal model from an implicit solid is not easy (see
Refs. [1,2]. for detailed discussions). Specifically, the triangular
models produced can have problems like gaps, degenerated trian-
gles, overlapped facets, nonmanifold entities and self-
intersections. Using conventional slicing techniques to generate
contours for rapid prototyping from such problematic triangular
meshes will result in an incorrect object. For example, as shown
in Figs. 1 and 2, unexpected gaps are produced on the Buddha
model fabricated by fused deposition modeling (FDM). This gap
is caused by the self-intersected polygonal model, which brings in
inverse in/out membership classifications to some planar contours
(see the contours on the plane with height¼ 1.79 in. in Fig. 2).

The topology of a fabricated model is usually required to be
homeomorphic to the given solid. This is very important to applica-
tions such as biomedical engineering—e.g., a fabricated model
with an incorrect topology may merge two tubes that should be sep-
arated into one, which is very dangerous for medical treatments
(see Fig. 3). Meanwhile, shape approximation errors between the
extracted contours and the exact ones defined by intersecting
the given solid with the slicing plane must also be controlled. To
fabricate an object with high accuracy in a conventional way of

tessellation, a massive number of triangles may be generated and
storing them in-core will use up the memory of a computer system.
This motivates our research to develop a direct slicing algorithm to
generate self-intersection free and topologically faithful contours
from a general implicit solid.

Problem Definition. For a given implicit solid H ¼ fpjf ðpÞ
� 0;8p2<3g and a slicing plane P, a contour C ¼ M\P is
defined as a topologically faithful contour when M is a surface r-
homeomorphic to the exact surface boundary, @H, of H. In this
paper, we compute contours which are

(1) topologically faithful when the given solid H is r-regular
(2) self-intersection free, and
(3) with the shape approximation error minimized

Our approach consists of three major steps. Firstly, a binary
image B of an r-regular solid H is sampled on the slicing plane P,
where an appropriately selected sampling distance r0 (with its
bound relating to the value r) ensures that the contour �C0 gener-
ated from B is homeomorphic to C. Secondly, �C0 is iteratively
smoothed into �Cm by a constrained Laplacian operator that pre-
vents topological changes and self-intersections. Lastly, a con-
strained contour simplification is applied to simplify �Cm into a
contour ~C, which has fewer line segments and ~C satisfies the three
requirements previously given in the problem definition. Proofs
for the correctness of ~C are also given in this paper. A flow chart
of our direct slicing approach is presented in Fig. 4.

The technical contribution of our approach is two-fold:

• For an r-regular solid represented by the implicit indicator
function (i.e., � for inside and þ for outside), the contours
generated by our approach are topologically faithful, self-
intersection free, and with the shape approximation error con-
trolled. Therefore, the topology and shape of the final model
fabricated by using these contours are preserved. Rigorous
proofs of these good properties are given.

• As a direct slicing approach, it is efficient in computation and
memory-usage since only the information on a particular slic-
ing plane is involved, which is different from those techni-
ques which first polygonize a given solid into B-reps and then
generate contours from the B-reps (Ref. [6]).
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Fig. 1 Incorrect contours generated by slicing a given model will produce a model with unwanted gaps (and/or membranes) in
rapid prototyping: (a) the given Buddha model in implicit representation (actually Layered Depth-Normal Images (LDNI) [3]), (b)
the correct model fabricated from contours generated by our approach, (c) the problematic object fabricated by slicing the
locally self-intersected polygonal model extracted from (a) using a variation [4] of dual-contouring [5], and (d) a zoom-view of
the incorrect layer. The models are fabricated by FDM.

Fig. 2 Tool path of five consecutive layers generated in InsightTM version 7.0 by slicing a polygonal model extracted from the
implicit Buddha solid given in Fig. 1(a) by [4]. Each layer is in thickness of 0.01 in., and the regions of the Buddha model and the
supporting structures are displayed in green and cyan respectively. Pay attention that an incorrect in/out membership classifi-
cation is given on the layer with height 5 1.79 in., which is caused by a local self-intersection on the polygonal model. As a
result, the inside of the Buddha model is filled with supporting structure by mistake.

Fig. 3 A example of tubes in biomedical engineering: (left) the
expected tubes configuration, (right) the manufactured model
with incorrect topology merging two tubes that should be sepa-
rated—this is very dangerous for medical treatments Fig. 4 A flow chart of our direct slicing approach
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Solids represented by several implicit representations, including
layered depth-normal images (LDNI) [3,4], binary space partition
(BSP) [7] and adaptively supported radial basis functions (RBF)
[8], are tested in this paper to demonstrate the functionality of our
approach.

The remainder of the paper is organized as follows. After
reviewing the related work in Secs. 2 and 3 presents the method to
generate the first topologically faithful contours. The smoothing
technique presented in Sec. 4 is applied to the contours to further
improve their fairness while preventing self-intersections. A varia-
tional shape approximation algorithm is introduced in Sec. 5 to
generate topology-preserved and error-bounded contours which
have fewer line segments from the smoothed ones. The experi-
mental results are discussed in Sec. 6 and our paper ends with the
conclusion section.

2 Related Work

The basic problem for directly slicing an implicit solid is to
compute the intersection between the solid and a plane. According
to a review in Ref. [9], the methods can be classified into two cat-
egories: analytical and numerical. Analytical methods find precise
intersection points by solving polynomial equations derived
from implicitization [10]. However, these methods can only be
applied to algebraic surfaces and the computing speed is generally
slow. Numerical strategies like subdivision [11] and marching
[12,13] do not require precise analytical representation of
surface boundary. Subdivision methods intersect a tessellated
piecewise linear approximation of the given implicit surface with
a plane, which have the problem that some small intersection
loops will be missed if the subdivision stops at an improper
level. Marching based methods (e.g. Ref. [14]) always start
from an initial point, and then proceed to march along a curve,
but they suffer from robustness problem at critical points of
contours (i.e., the point where two loops join into one). Tracing
based contour generation algorithms like Ref. [14] may also miss
some small loops. In a follow-up work in Ref. [15], the authors
divide the MLS surfaces into several slabs with each slab having
the same topology, then use a tracing strategy to generate contours
for each slab separately. However, unlike our approach, their
method is specialized for moving least-square surfaces (MLS)
and they do not provide rigorous proof of the self-intersection
free property and the topological faithfulness as our approach.
Recently, their work is further extended to use point set surface
(PSS) to compute spline NC paths for high-speed machining
(Ref. [16]).

In the computer graphics community, divide-and-conquer algo-
rithms like marching cubes (MC) [17,18] and dual contouring
(DC) [5] have been developed to polygonize implicitly defined
scalar fields. To generate a smooth surface, real values are defined
on grid nodes. In Ref. [19], authors introduced a compact method
for extracting smooth isosurfaces on grids with only binary values
stored on nodes, which inspires the constrained smoothing step in
our approach (Sec. 4). The theoretical work presented in Ref. [20]
provides the criteria of topological equivalence between a 3D
object surface and the model reconstructed from discrete binary
samples stored on grid nodes. We apply these criteria to our
approach to govern the steps of binary image sampling and con-
tour extraction (see Sec. 3).

The last step of our algorithm needs to simplify a contour into a
new one with fewer line segments. This relates to mesh simplifica-
tion work in literature, where some approaches collapse mesh ele-
ments greedily (e.g., Refs. [21–24]) and others cluster faces into
several proxies like planes or quadratic surface patches (e.g.,
Refs. [25–33]). Among these methods, the variational shape
approximation (VSA) method in Ref. [33] has the global distor-
tion error minimized. Our contour simplification algorithm fol-
lows the strategy of VSA and is modified to ensure that the
simplified contour is intersection-free and homeomorphic to the
exact contour.

3 Sampling and Contour Generation

We start to analyze the appropriate sampling rate to guarantee
the extraction of topologically faithful contours by briefly review-
ing the relevant definitions and theorems given in Ref. [20].

Definition 1. A solid H � <3 is called r-regular if, for each
point p2 @ H, there exist two osculating open balls of radius r to
@H at p such that one lies entirely in H and the other lies entirely
out.

Theorem 1. For an r-regular solid H, the boundary surface, M,
generated by a topology preserving method on cubic grids is r-
homeomorphic to the exact surface boundary, @H, if the cube
width r0 of grids satisfies

ffiffiffi
3
p

r0 < r.
The above definition and theorem are derived from Definition 1

and Theorem 16 of Ref. [20], which is the foundation of our bi-
nary image sampling and topologically faithful contouring. Note
that r0 here is different from r0 used in Ref. [20]. Details about the
topology preserving methods can also be found in Ref. [20].

3.1 Sampling. To generate topologically faithful contours so
that a model homeomorphic to the exact boundary of H can be
fabricated from them, we sample the 2D solid, H \ P, into a bi-
nary image I and then generate a contour �C0 from I. The following
theorem is derived to guarantee that �C0 is topologically faithful.

Proposition 1. For an r-regular solid H, the contour generated
by a topology preserving method on square grids is topologically
faithful if the width r0 of the squares satisfies

ffiffiffi
3
p

r0 < r.
PROOF. Without loss of generality, we can assume that the slic-

ing plane P overlaps the boundary of a layer of 3D grids used in
Theorem 1. Moreover, the square grids are the boundary of these
3D grids. Therefore, when

ffiffiffi
3
p

r0 < r is given on the planar grids,
the criterion given in Theorem 1 is also satisfied.

Following this proposition, we sample a binary image I from �H
on the slicing plane P with the pixel distance r0. We first rotate the
given solid H into the coordinate system with x–o–y plane parallel
to the slicing plane P. Then, the dimension of the binary image
can be determined by the intersection between P and the bounding
box of H. The resolution is defined according to the value of r0.
Figure 5 shows an example of the binary image sampled from a
solid of Dragon model. Note that the sampling of binary image is
not limited to the planes perpendicular to the major axes. As long
as the in/out membership tests can be efficiently conducted on the
given solid H, we can generate the binary image on a slicing plane
in any orientation. Figure 6 demonstrates the binary images gener-
ated by the slicing planes in different orientations.

3.2 Topologically Faithful Contouring. After obtaining a
binary image, the marching square method introduced in Ref. [17]
is used to generate an approximate contour Ĉ0 that is topologically
faithful. Defining the edge on a square grid with different in/out
status on its two endpoints as a stick, the contour Ĉ0 can be
formed by the line segments linking the middle points of sticks in
all grids. Note that, in the rest of this paper, endpoints are not
included when we refer to a stick (i.e., it is defined on an open
interval). Figure 7 shows the lookup table we used in marching
square method to construct contour edges.

Proposition 2. The contour generated by using the lookup table
shown in Fig. 7 is topologically faithful.

PROOF. The proof is straightforward and quite similar to that of
Proposition 1. As the binary image I is sampled at a rate according
to Proposition 1 and the planar square grids are considered as the
boundary of 3D grids, the only topologically ambiguous configu-
ration shown in the lookup table (i.e., Fig. 7(d)) is derived by the
topology preserving contouring method (e.g., Ball Union in Ref.
[20]). Note that, ambiguity of the configuration shown in Fig. 7(d)
comes from that the contours in this square could be either 1) two
edges E1 ¼ ðv1; v2Þ and E2 ¼ ðv3; v4Þ or 2) another two edge
E1 ¼ ðv1; v3Þ and E2 ¼ ðv2; v4Þ.

Specifically, the contour reconstructed in this way on a slicing
plane P can also be considered as using the plane P to intersect a
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discrete surface of @H generated by the Ball Union method pre-
sented in Ref. [20]. Its topology in each square is the same as
what we list in Fig. 7.

3.3 r-Regularity and Accuracy in Rapid Prototyping. The
contour generated by the above method is ensured to be on a sur-

face homeomorphic to the boundary of an r-regular solid H.
Although not all implicit solids are r-regular, this assumption is
reasonable to the models to be fabricated by rapid prototyping
(RP). The value of r actually relates to the smallest component
that can be fabricated by an RP machine (e.g., the diameter of
plastic filaments on an FDM machine as well as the finest position
that can be provided by motion controller). Most commercial x–y
positioning systems used in rapid prototyping can achieve the pre-
cision of 10�3 in. The diameter of plastic filaments is usually
greater than 10�2. Moreover, for an implicit solid represented by
LDNI [3,4], the accuracy of the solid is also limited by the resolu-
tion of LDNI. It is meaningless to make the grid width of a binary
image smaller than that of LDNI. Therefore, take the Donna
model shown in Fig. 8 as an example, we choose r0�3 to generate
the binary images, slightly larger than that of LDNI
(3:93� 10�3). Usually, selecting r0 with a value no larger than
5� 10�3 is good enough for models fabricated by FDM. For mod-
els with very small values of r, our algorithm needs a grid with
very high resolution which could be a problem of computer mem-
ory. In this case, solid models need to be processed to r-regular
with a larger r by using the techniques like morphological
operators.

4 Constrained Smoothing

Since line segments on the contour �C0 are generated by linking
the middle point of sticks, there is no self-intersection on �C0.
However, the shape of �C0 is not smooth (e.g., the contour shown
in Fig. 10(a)); as such, we apply a Laplacian operator based

Fig. 5 A binary image sampled from a Dragon solid: (a) the solid H is intersected
by a slicing plane P , (b) the region of �H 5 H \ P on the binary image, and (c) a
zoom-view of the binary image, where the nodes inside �H are displayed in solid
dots while outside nodes are shown in hollow

Fig. 6 Binary image generation of slicing in different orienta-
tions: (left) with slicing direction ð0; 1; 0Þ and (right) slicing
along ð1; 1; 1Þ. The bottom row shows the binary images gener-
ated on example slicing planes.

Fig. 7 Lookup table for the marching square method with topology preserved. Sticks are in
yellow. Sampling nodes inside the solid H are shown in black while the outside nodes are
displayed in white. The contour edges linking sticks are labeled as E .
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smoothing technique to improve it. The advantage of Laplacian
smoothing is its efficiency and stability, but the major drawback is
that the unwanted shrinkage always occurs when it is iteratively
applied to a closed shape (in 2D or 3D). A constrained Laplacian
smoothing is developed here, which intrinsically solves the
shrinkage problem since we guarantee to generate topologically
faithful contours. In other words, the smoothed contours cannot
violate the in/out status of any sampling node on the binary image
I. To ensure that, a good strategy is to constrain each vertex vi on
the contour so that it must stay on the stick on which it initially
lies. In addition, by applying this ‘sliding-on-stick’ strategy, we
can guarantee that the resultant contours are self-intersection free.

Proposition 3. When moving the vertices on a contour, no intersec-
tion occurs if the vertices are only moved on the sticks holding them.

PROOF. For a vertex vi that is generated from the stick ti, sliding
it on ti can only bring itself to a new position belonging to the
point set fpjp ¼ aps

i þ ð1� aÞpe
i Þ; a2 ð0; 1Þg, where ps

i and pe
i

are the two endpoints of ti, respectively. For any contour edge E,
if we allow its two vertices vi and vj to slide only on their respec-
tive sticks ti and tj, E can sweep out a range U, which contains
any of its possible occurrence position.

For the contour edges with vi and vj located on two adjacent
sticks ti and tj, the region U is a triangular region formed by the
endpoints of ti and tj excluding the boundaries not overlapped
with ti or tj (e.g., p1p3 and p4 in Fig. 9(a)). For the contour edges
with vi and vj on two opposite sticks (e.g., Fig. 9(b)), U is a square
excluding the boundaries not overlapped with ti or tj (e.g., p1p2

and p3p4 in Fig. 9(b)). Since the sweeping envelopes of the edges
on the contour do not have any overlap with each other, the propo-
sition is thus proved.

Proposition 4. Deforming a topologically faithful contour by
moving its vertices only on the sticks holding them will generate a
contour which is still topologically faithful.

PROOF. The proof of this proposition is straightforward. First,
deforming a contour in this way will not change the “in”–“out”

status of any samples on the binary image I since the contour is
not moved across any of the samples. Second, self-intersections
will not be generated during such a kind of deformation (see Prop-
osition 3).

The constrained smoothing technique introduced in Ref. [19]
ensures every vertex sliding on its stick by projecting the displaced
vertex back to the nearest point of its stick. However, some vertex
may eventually have orthogonal displacement to its stick and the
contour is stuck in an sub-optimal shape (see Fig. 10(e)). We
observed that for each contour vertex vi, its two adjacent vertices
vi�1 and viþ1 have only five configurations for their position on dif-
ferent sticks with considering rotational symmetry (see Fig. 11).
For all these configurations, the line segment connecting vi�1 and
viþ1 intersect with either the stick holding vi (configurations in
Figs. 11(b), 11(c), 11(d), and 11(e)) or an ending point of this stick
(configuration in Fig. 11(a)). Based on this observation, we investi-
gate a sliding-based constrained smoothing without using projec-
tion. On each vertex vi, it is performed in two steps.

(1) Calculating the intersection point vint between the line seg-
ment connecting vi�1 and viþ1 and the stick griping vi with
its two ending points counted.

(2) Moving vi in the ratio of s towards vint

vnew
i ¼ vi þ sðvint � viÞ

where s ¼ 0:4 is selected to balance the efficiency and the stabil-
ity of computation.

The contour �C0 can be smoothed into �Cm by repeatedly applying
these two steps to all vertices until the average movement of verti-
ces in an iteration is less than 10�3 of r0. Figures 10(b), 10(c), and
10(d) give a comparison of the smoothing results between sliding-
based, projection-based constrained smoothing and ordinary Lapla-
cian smoothing. Besides, it is obvious that �Cm is homeomorphic to
�C0 since no intersection occurs during this contour evolution.

Fig. 8 An example model fabricated from the contours generated by our method with r 0�3: (a)
the given Donna model in the LDNI representation, (b) the sliced contours of respective layers
at 2:30, 3:00, and 3:66 in. heights, and (c) the resultant model fabricated by FDM

Fig. 9 The sweeping envelopes for contour edges in grids with different configurations. The shadow regions
represent the sweeping envelops. Note that some vertices and edges are excluded from the sweeping envelops.
These are p1, p3, p4, edge(p3,p4) for configuration 1; p1, p2, p3, p4, edge(p1,p2), edge(p3,p4) for configuration 2;
p1, p3, p4, edge(p1, p3) for configuration 3; and p1, p2, p3, p4, edge(p2, p4) for configuration.

Journal of Computing and Information Science in Engineering JUNE 2013, Vol. 13 / 021009-5

Downloaded From: http://computingengineering.asmedigitalcollection.asme.org/ on 03/19/2014 Terms of Use: http://asme.org/terms



5 Contour Simplification

The smoothed contour, �Cm, usually provides a very good shape
approximation of the exact contour generated by @H \ P. How-
ever, to ensure the topological faithfulness, a relative small value
of r0 may be selected for a model with large dimensions. This
leads to contours with a lot of very short line segments, which sig-
nificantly increase the memory cost. The situation becomes more
serious if the software controlling the RP machine does not run in
an out-of-core manner (i.e., loading the contours for all layers

from the contour file at the same time). Moreover, using too many
small line segments to represent the contours will dramatically
decrease the efficiency of subsequent processing steps in RP like
generation of supporting structure and tool-path planning. Based
on our observation, in the smoothed contours, there are always
several successive edges lying almost in the same straight line,
which implies these edges can be simplified into one single edge
with little distortion error introduced. Therefore, a contour simpli-
fication algorithm preserving topology and shape approximation
error is investigated in this section to further improve the topolog-
ically faithful contours for slicing implicit solids.

5.1 Variational Segmentation. The variational shape
approximation approach [33] imitates the well-known Lloyd’s
algorithm [34] to cluster mesh entities into several regions, and
for each region, it uses a planar proxy to approximate the whole
region. The Lloyd’s algorithm-based relaxation procedure is
employed to minimize the global shape distortion error. We adopt
their basic idea and develop our constrained simplification algo-
rithm for 2D contours.

For any contour, at the very beginning, we randomly select n
edges fEig as seeds which will be used to start growing a cluster.
The number of clusters, n, can be selected to be proportional to
the total number of edges on this contour (1

a with a positive integer
a as clustering ratio). Here, each proxy is a line defined by a point
xi on the line and a normal vector ni perpendicular to the direction
of the line. The proxies, Qi, are initialized by the seed edges.

We need to grow the proxies on the contour simultaneously and
build n clusters minimizing the shape approximation error. For
each seed edge Ei, we insert its two adjacent edges, Ej and Ek,
into a minimal queue, !. The queue is keyed by the distortion
error presented on the edges according to a particular proxy (e.g.,
the edges Ej and Ek inserted according to the proxy Qi have the
weights, DðEj;QiÞ and DðEk;QiÞ, in !). Note that it is possible to
have an edge inserted in the queue more than once (i.e., by differ-
ent proxies adjacent to the edge). Here, the distortion error is
measured by L2 norm. Generally, the L2 error metric for any
region R and its proxy Q is defined as

L2ðR;QÞ ¼
ð ð

x2R

k x�PQðxÞ k2 dx (1)

where PQðxÞ means the orthogonal projection of the argument on
the proxy Q. The L2 distortion error DðE;QÞ between an edge E
and the linear proxy Q can be evaluated by

DðE;QÞ ¼ 1

3
ðd2

0 þ d2
1 þ d0d1Þ k E k (2)

Fig. 10 A comparison among different smoothing strategies
on the contour generated for the binary image region shown in
Fig. 5(c): (a) the contour reconstructed by the topology preserv-
ing marching square method, (b) the shrinking contour after or-
dinary Laplacian smoothing, (c) the resultant contour after
projection-based constrained smoothing, (d) the resultant con-
tour after sliding-based constrained smoothing, and (e) the
zoom-in view of contour vertices stuck in sub-optimal shape

Fig. 11 All the five configurations for the position of vi�1 and viþ1 on different sticks with con-
sidering rotational symmetry
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where d0 and d1 are the orthogonal distance from two endpoints
of E to the line defined on Q and k E k represents the length of
edge E.

The growing of clusters is performed by repeatedly removing
the edge from the top of ! (i.e., the edge with the smallest distor-
tion error). For each edge Et removed from !, we check if it has
been assigned to a proxy. If not, we assign it to the proxy Qp

which is used to evaluate its distortion error, DðEt;QpÞ, in !. Oth-
erwise, no operation is given according to Et. After the edge Et is
assigned to a proxy Qp, the two edges El and Er adjacent to Et are
inserted into ! according to the weights, DðEl;QpÞ and DðEr;QpÞ,
if they have not been assigned to any proxy. The removing and
inserting operations will not stop until ! becomes empty, i.e.,
when every edge has been assigned to a proxy. This relaxation
based clustering process always provides connected and nonover-
lapped segmentations on a contour.

After obtaining an n-clustering result from a set of seed edges,
we need to update each proxy Qi in order to minimize the distor-
tion error between Qi and its corresponding region Ri (the cluster).
We update the linear proxy Qi by recomputing its normal direc-
tion ni and the site point xi where the line passes through. xi is
simply the barycenter of its corresponding region Ri, which is
given by

xi ¼

X
E2Ri

k E k ðvs þ veÞ

2
X
E2Ri

k E k
(3)

where vs and ve are the two endpoints of an edge E. ni could be
determined by computing the eigenvector corresponding to the
smallest eigenvalue of the covariance matrix of Ri. The covari-
ance matrix Mi of Ri can be calculated by

Mi ¼
X
E2Ri

k E k ðACAT þ vsv
T
s þ vsv

T
b þ vbvT

s Þ � xix
T
i

X
E2Ri

k E k

(4)

where

A ¼ ve � vs 0½ �;C ¼
1

3
0

0 0

" #
and vb ¼

1

2
ðve � vsÞ

After updating all n proxies, we search a new seed edge Ei in each
region Ri which has the smallest distortion error according to the
new proxy. Then, a new segmentation is computed starting from
these new seed edges.

After applying this growing-updating process for several itera-
tions (e.g., 20 iterations always can provide satisfactory results),
the whole contour has been successfully segmented into n regions
and the overall distortion error has been minimized (see Fig. 12(a)
for an example).

5.2 Topology and Distortion Verification. After performing
the segmentation of a smoothed contour �Cm, the simplest way to
generate a simplified contour is to replace the edges on �Cm by n
edges where each links the starting and the ending points of a
region Ri. However, simplifying contours in this way will make
some sample points on the binary image I which are originally
‘inside’ the region, H \ P, become ‘outside,’ or vice versa—i.e.,
topological faithfulness is not preserved. Moreover, as shown in
Fig. 13, intersections and degenerate contours can be generated on
the contours which are intersection-free before the simplification.
Another important issue of concern is the bound of distortion error
introduced by simplification. As shown below, we investigate a
novel verification procedure to solve both the topology faithful-
ness and distortion error bound problems together. We notice that
every vertex is guaranteed to be still on its corresponding stick

after smoothing. In other words, the variational clustering actually
starts from a topologically faithful and intersection-free contour.
The verification procedure is based on this assumption of the input
contour.

Fig. 12 An illustration of contour simplification for the
smoothed contour shown in Fig. 10(d): (a) the variational clus-
tering result on the contour with different line type representing
different regions, and (b) the final simplified contour after topol-
ogy and distortion verification

Fig. 13 A contour that is originally intersection-free could
become intersected or degenerate by replacing the curved
region with line segments
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Proposition 5. For a region on the contour defined by a
sequence of connected vertices fv1; v2; � � � ; vng, it can be simpli-
fied into a single edge �E connecting v1 and vn by sliding its
ðn� 2Þ internal vertices fv2; v3; � � � ; vn�1g on their respective
sticks ft2; t3; � � � ; tn�1g if and only if the resultant edge �E inter-
sects all of the sticks: ft2; t3; � � � ; tn�1g.

PROOF. See Fig. 14 for an illustration.

(1) Sufficiency: Suppose the resultant edge �E intersects all of the
sticks ft2; t3; � � � ; tn�1g; the intersection point v0k between �E
and tk is on both �E and tk. Since both vk and v0k is on tk, it is
obvious that vk can move to v0k just by sliding on tk. Hence,
the whole contour region can be simplified into �E by sliding
the n� 2 internal vertices fv2; v3; � � � ; vn�1g on their respec-
tive sticks ft2; t3; � � � ; tn�1g.

(2) Necessity: Suppose that the contour region can be simpli-
fied into a single edge �E by sliding the n� 2 internal verti-
ces fv2; v3; � � � ; vn�1g on ft2; t3; � � � ; tn�1g; each vk on tk

(k2 ½2; n� 1�) can have a corresponding point v0k projected
on the simplified segment �E by sliding vk on tk. v0k is on
both tk and �E. Thus, tk and �E intersect each other. h

This proposition is thus proved.

Deforming an intersection-free and topologically faithful con-
tour by sliding the vertices on the sticks holding them will not
change the properties of topological faithfulness and intersection-
free (see Propositions 3 and 4). Because of this, we develop the
verification procedure below.

For each segmented region Ri, we first estimate its simplified
edge �Ei by connecting its two ending vertices. We verify whether
�Ei can be obtained from sliding the internal vertices on their corre-
sponding sticks by testing if �Ei intersects all these sticks (see
Proposition 5 for the correctness of such a test). If �Ei intersects all
the tested sticks, we go to the distortion error test. The distortion
error between Ri and �Ei can be evaluated by

D0ðRi; �EiÞ ¼
X
E2Ri

DðE; Lð �EiÞÞ (5)

where Lð �EiÞ gives the line equation of �Ei. The simplification on Ri

can pass this test only if D0ðRi; �EiÞ <¼ �, where � is a user speci-
fied distortion tolerance. If either of these two tests fails, the
region Ri is further separated into two regions which are deter-
mined by a local variational clustering conducted only in Ri. This
trial-and-error procedure is recursively performed until all the seg-
mented regions on the contour satisfy both of the two verifica-
tions. Then, each segmented region is converted into a simplified
edge of the contour. Note that this trial-and-error procedure is
guaranteed to stop since in the worst case, each region is a single
edge on the smoothed contour �Cm. Still, the topologically faithful
condition is satisfied and the distortion error for every such region
is simply zero. The effectiveness of our verification technique is
demonstrated in Fig. 12(b).

6 Results and Discussion

We have implemented the proposed approach in a Cþþ pro-
gram. The examples shown in this paper are all tested on a PC
with Intel Core 2 Quad CPU Q6600 2.4 GHz.

The two engineering models, shown in Figs. 15 and 16, give a
comparison between prior slicing algorithm (in commercial soft-
ware) and our approach. Due to the self-intersection in the tessel-
lated triangular meshes from implicit solids, a prior slicing
algorithm may produce incorrect contours, and consequently the
tool path of part material will also have defects (see Figs. 15(b)
and 16(b)). Unwanted films will be produced for both of the two
examples as a result. In addition, the filigree and truss models

Fig. 14 Sliding the six vertices on their respective sticks in
order to form a single edge connecting the starting and ending
vertices of this region

Fig. 15 An example of slicing the Filigree model: (a) a mesh tessellated from implicit Filigree model, (b) the contours and their
corresponding tool path generated by InsightTM version 7.0 on the layer with 0.77 in. height, (c) the contours generated by our
approach for the same layer and their corresponding tool path, (d) the rendered slicing contours generated by our approach
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demonstrate that our approach can easily handle the solids with
complex topology.

In order to verify the effectiveness of our topology verification
technique, we analyzed the resultant contours for Buddha and
Truss models which are shown in Figs. 17 and 18. For the layer at
2.90 in. height of Buddha, self-intersection will be removed if we
use the topology verification (see Figs. 17(c) and 17(d)). Mean-
while, the topology verification technique can successfully pre-
vent degenerate contours (see Figs. 18(c) and 18(d)) caused by
narrow intersection regions.

Three biomedical models, Donna, Hand-complex and Spine are
shown in Figs. 8, 21, and 22, respectively. From the rendered slic-
ing contours shown in Figs. 21(b) and 22(b) and the fabricated
model by FDM in Fig. 8(c), we can see that the resultant contours
provide very good shape approximation of the original solids. For

Hand-complex and Spine, we conduct a study on the effect of
clustering ratio a (see Sec. 5) to the performance of our approach.
As can be seen from Figs. 21(c) and 22(c), the maximum regional
distortion error is generally increasing as a increases. However,
the rate of error increasing becomes slow as a becomes larger
because the approach has to perform more topology and
distortion-error verification operations under this situation. We
also compare the number of resultant contour edges and the time
consumption for different values of a. The resultant contour edge
number first decreases as expected when a < 10, while it
increases slowly after a � 10. This is because the contours require
at least a certain number of edges to guarantee topologically faith-
ful and distortion-error bounded properties. Once the variational
segmentation does not provide enough regions to satisfy these two
properties, more regions will be generated through subdividing

Fig. 16 An example of slicing the Truss model: (a) a mesh tessellated from implicit Truss model, (b) the contours and their cor-
responding tool path generated by InsightTM version 7.0 on the layer with 2.44 in. height, (c) the contours generated by our
approach for the same layer and their corresponding tool path, (d) the rendered slicing contours generated by our approach

Fig. 17 A comparison between resultant contours with and without topology verification: (a)
the given Buddha model in the LDNI representation, (b) a binary image sampled from the layer
with 2.90 in. height, (c) the resultant contour without topology verification, (d) the resultant con-
tour with topology verification
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regions locally in verification stage. Since the subdivided regions
cannot freely move to optimally fit the contour shape as what they
can do in the variational segmentation stage, the more subdivision
are applied, the more contour edges tend to be generated on the
results. Time consumption increases quickly as a becomes too
large because we need to perform more verification operations,
which repeatedly check whether two line segments intersect each
other to detect violation of topologically faithful property. Based
on our experimental tests, selecting a between 10 and 15 shows a
good trade-off. All testing results presented in this paper are gen-
erated by using a ¼ 10.

Our direct slicing approach is general for any implicit represen-
tations. Figures 19 and 20 give demonstration of our approach on

BSP and RBF solids, respectively. In our prototype implementa-
tion of slicing RBF solids, we use the adaptively supported RBF
generator which is available on Ohtake’s software website2. Sta-
tistics of experimental tests are shown in Tables 1–3 for LDNI,
BSP, and RBF representations, respectively. For all the tests on
LDNI, the grid width r0 of binary images is set to be no less than
that of the input LDNI solid. Hence, the resolution of LDNI
should be large enough to make sure the value of r0 is in the order
of 10�3. The column, maxðD0ðRi; �EiÞÞ, reports the maximum re-
gional distortion error defined by Eq. (5) on simplified contours.

Fig. 18 A comparison between resultant contours with and without topology veri-
fication: (a) the given Truss model in the LDNI representation, (b) a binary image
sampled from the layer with 0.30 in. height, (c) the resultant contour without topol-
ogy verification, and (d) the resultant contour with topology verification

Fig. 19 An example of slicing the Hand-complex model: (a) the original Hand-
complex model, (b) the rendered slicing contours, (c) the chart of maximum re-
gional distortion error versus the clustering ratio a, (d) the chart of simplified con-
tour edge number versus a, and (e) the chart of time consumption versus a

2http://www.den.rcast.u-tokyo.ac.jp/	yu-ohtake
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Fig. 20 An example of slicing the Spine model: (a) the original Spine model, (b) the rendered
slicing contours, (c) the chart of maximum regional distortion error versus the clustering ratio
a, (d) the chart of simplified contour edge number versus a, and (e) the chart of time consump-
tion versus a

Fig. 21 A demonstration of our approach on BSP solid: (a) the given Rocker-arm model in BSP representation and the result-
ant rendered contours, (b) the binary image and corresponding contours for the layer with 1.66 in. height, and (c) the binary
image and corresponding contours for the layer with 0.85 in. height

Fig. 22 A demonstration of our approach on RBF solid: (a) the given Armadillo model in adaptively supported RBF representa-
tion and the resultant rendered contours, (b) the binary image and corresponding contours for the layer with 2.90 in. height, and
(c) the binary image and corresponding contours for the layer with 1.30 in. height
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In our tests, the tolerance of regional distortion error is actually
set as square of r0. Therefore, it is easy to find that our constrained
shape simplification can successfully bound the distortion error
with respect to the tolerance. We use the thickness of 0:01 in. for
all the slicing tests, and the number of slicing layers are listed in
the last column of the tables.

7 Conclusion

In this paper, we present a direct slicing approach for implicit
solids. We investigate two main techniques, constrained Laplacian
smoothing and contour simplification, which can produce self-
intersection free and topologically faithful contours. In addition,
we provide the proofs for the correctness of our approach. The
approach presented in this paper also allows good distortion error
control on the generated contours and has been shown to be very
efficient.

Even though uniform binary image works well, the whole
approach could be more efficient if we can make it in an adaptive
resolution. We consider this as our near future work. The chal-
lenge is to retain the self-intersection free and topologically faith-
ful properties on the contours after moving the computation into
an adaptive sampling strategy. Meanwhile, the distortion error
introduced between layers will also be considered and modeled to

further improve the quality of models fabricated from the contours
generated by our approach.
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